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Excitation spectrum

 Excitation over the vacuum

T[Z-x1Z - x2Z - x3Z - DxnZ -]
A 0 _—

Any field except Z, Z
Py ® X§ S X& ® Do Z

a,a=1, 2 ,a,a=3, 4

— Each SYM field is a “meson” made of a “quark™ and an “anti-quark”

Pup = dads, XL = baVsr XL =Vady DacZ = Yats
— Fundamental representation of su(2|2)

A= (Cba‘wa) — (@'517(!52’1/)377704)
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Centrally extended su(2|2) symmetry

« Symmetry of the excitations: su(2|2) x su(2|2) Beisert (2008)
Lab ‘ @ab Ldb de
(Srer) (e
« Fundamental representation @ = (¢a|va) = (91, ¢2(|¥3, 14)
« Commutation relations

I I
L8] = obr - oot [Rf , Jy] = o - 5007,
| I
L2.3] = —sgrb+ sobue, [Rf , JY] = —auF + S0,
QF.Qf) = epe®C, (Q)*.QF) = ePeylt,

1
(@f.Qf) = RS + oL + ot
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 From the algebra, central charge is

1 1
HZ—@'Q(er———a:_+—):\/1-|—169251n2E
T T~ 2
¢ With o+4t _o-—1_% 2T_ s _ a1+ /14 160%sin%8
ot r= g @ = 4gsink
e Comparing with BMN limit
—J14 22 2 _ VA
E=ytten (pﬁ’_ J> I="2r
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S-matrix from su(2|2) symmetry

- S-matrix S=S®S§, g — g Beisert (2008)
A po A p1
« S-matrix should commute with su(2|2)
I b ‘ @ b time
S(pl,m),( R )] =0 A
o7 RS ‘0% D
bews space

« S satisfies Yang-Baxter equation
Arutyunov, Frolov, Zamaklar (2008)

S12(p1,p2) S13(p1,Pp3) S23(P2,p3) = S23(P2,P3) S13(P1,P3) S12(P1,P2)

A
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e S:16 X 16 matrix

(aB)(ab) (ab)(ap)

(ab)(aB) (aB)(ab)

0

Xy — X
A, §2%=p, A =[Sp—L1n
1 b 1 x_z‘- - xl mn2
a __ _ — — —
SA-B), Shi=-@A+B), . [xz -G g = s+
1 Ba 1 i =3, (x] =) x5 - x7x3) | i
—(D-E), S ,==(D+E), S
2(1 ) ap 2( 1 ) e = & 2ixy x5 (X7 = XM D= s,
__ Be  gab _ __ab_ . p Pty — D - x7x3)° ’
2 e 2 T T
G, Sgo=H, S4a=K, S5q=L E = Sp|1-2 (x7 — xD)(xTxs — xTxh) ,
1 2 172 172
o S02i(x1_ - xf)(xg - Jc;)(xir —x;)
(x] = x)( = X[
G = s m SO—(Xg —)m
(x3 —x])in (x] —x;)ﬁzj
+_ - +_ o+
K = So(xl _xl)ﬂ_z O(-xl _-xz)@
(xl‘—xg)m’ (XI—XI)ﬁz
n =P/ i(z— —zh) m =np1)e??2, m=nlp), T =np1), i2=n(p)er/?
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I

Dressing phase

 YBE, symmetry DO NOT determine the overall function

« Crossing symmetry from space<—>time

A po A p1 N N
=) =
= N
time —_—
A =
' [ 1
L p1 p2 time N
> space A S S
I
— space

* Unitarity :
S(p1,p2) - S(p2,p1) =1
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« Crossing-unitarity from a singlet operator

1(p) = CY(p) Al(p) Al(D) = —ie® Al (p) A} (D) +eP Al (p) AL(D)

Charge conjugation

1
z*(p)
H: P — _H: —P

2= (p) =

B | VR
p2 P2 P2 Do Al Im) = ) Al(e) Alro) Al(a)— —~
= M p2) 5 (p1.72) Al (p2) Al(p1) AL (2)
— = C*(p2) 5} (p1.92) Sy (1, 52)| Al (p2) AL (2) Al (p1)
" = I(p2) Al(p1) x CTWs]
P1
1 — —
_ (E_xg)(ml_x;) gl
So(p1,p2) So(p1,P2) = So(py,po)? = 21 — %2 172 51 po)?
(=) et D) o —apl=
1 12
1 Ty
-7 1=
= — 12 2 =
o(p1,p2) o(p1,p2) = = i Janik (2006)
1 i —£ 1 - m—l-m_
T 172
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Zhukovsky map ot =

Forrealu: =% >1

cuts occur when

Crossing cuts:

T+

v
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* Janik relation can be written as

1 1 g
¥ ¥ -
o(xz,y)o!(z,y) = :Bxg yl a:i=a:(u:|:1>, yT =z
1 - 1 — + _ 2
Yy rty
* Apply y_ contour
1 1
o’ (z,y) o' (z,y) = 1 {1 )
S xyT T aty

 Define a translation

D=ed : Df(u) = f(uti/2) =ePS = gD

« RHS of ()
1 1 1 1 1\ D 1\ D7t 1\ D+D71 N
l-FFl-=7F - mFFl-=5F (157 L ot [
T 1 7 1 ~—7_ 1 7_ 31 - |71 1 il g il
A The oty Ty~ Ty Ty~ Ty~ Ty~ :
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* Define o(z,y) = exp{i|x@@t,y7)+x@",y") —x@T,y") - x@",v)|}

o1(z,y) = exp{i|x(z,y7) - x(,y )|}
y _ . o[ _ + + — _ 0'1(517—'_,'9)
o~ (z,y) = exp{i[x@t,y7) +x(1/z7,yT) —x@t, ) —x(1/27,y )]}—01(1/33_ »
a .CC+
o+ (z,y) = exp{i|x(1/at,y7) +x(a7,yT) —x(1/at,yH) —x(a"y7)|} = ;ﬁti_ y:)q)

« LHS of (*) =RHS of (¥

. 1\ D+tD7!
riat,y) o1(1/at,y) _ loa(ap)or(1/e,y)) =[gl(x,y)gl(1/x,y)]D—D1—(x y+)

01(213_;'3}) Ul(l/m_,y) - [01($,y)01(1/x,y)]9_1 =
D4+D—1

r— L \D-D T
(e () = (m = )

exp {i [x(z,y7) + x(1/z,y7)|}
exp {i [x(z,y1) + x(1/z,y)]}

o1(z,9)o1(1/z,y) = exp {i [x(z,y7) — x(z,3) + x(1/2,37) = x(1/z,y)]} =

1\ —f(D)

_ il
eilx@y)+x(/zp)] = (L fpy=2%t0"
) —1
VT D—D
z—1 —/(D) —f(D)
i@ y)+x(L/zy)+x(@,1/y)+x(1/2,1/y)] — ( y T y) — (a: 41 y — l) = (u—v)~ D)
VT oo T T Y
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. D—l—Dil D—Q D2 00 o 00 -
— = = = D — D
« Using FfD)=F—F5=7"F55"7 7o n; n;

AN D2y p2n u—v—in_l‘(1+iu—z’f0)
(u=w)&n= Hlu—fv—l—zn (1 —idu—+iv)

ot (@) +x(1/2y)+x (.1 /y)+x(1/z,1/y)] — (1 +iu —iv)
M(1 —du+ )

 Interms of u, v near the cuts

x(u +10,v +i0) + x(u — i0,v +i0) + x(u + i0,v — i0) + x(u — O, v—zO)——‘ T o — )
i M1 —iu—+iv)

. . dw f(w
« Riemann-Hilbert problem E(uti0) — €(u—i0) = f(uw) » )y = [ 2T (——]

r2miw —u

1 20+i0 dw *(W) =3ty 1
y(u) = (z(u u u) = |x(u) — f(u) — x(u-+ 10 y(u—i0) = F(u) — u)=KyxF = F(w
x(u) (() ())ﬁ() F(u) = (() _r_(_”))f() x(u +i0) + x( ) (u) x(u) /2{&}02_”(&)7 L w—u (w)
1 (14 iu—iv)
X(uyv) = ;K’U * Koy % r(]_ —ut ZU) ZhUk(])-VSky map 1
z = x(w), z+—:E, z = z(u), m+f:E
1 % g T g
2g9+i0 oy T(u) — z(w) 1
Ky« F = / , - F(w)
—2g+i0 Z'Mm(w) oy @
dz 29+i0 dw 1
- F 1/2)) — —f F : :
ﬁ{ 1 2miz s Wt 1/2) 29+i0 2miz(w) — ks (w) antisymmetrize
KyxKyxF = 9y 1 j£ dz 1 (g(z—i—l/z),g(z’—l— l/z’))—i—(symmetric T u—v, oy
2/|=1 2miy — 2’ J|z|=1 2miz —
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1)

ES dressing phase

o

Beisert-Hernandez-Lopez, Beisert-Eden-Staudacher

* Integral Representation: Dorey, Hofman, Maldacena (2006)

o(z1,22) = exp {i [x(27,23) + x(27,23) — x(=T,23) — x(a7,23)]}

X(cc,y)z—ijl( dz j{z dz' 1 1 |nr{1+’ig(21+%—22—%)]

|2]=1 27i =12miz — 2y —ZInT [1—ig (21 + = — 22— 1)]

z2

 QOriginally conjectured based on weak and strong coupling
results

 Direct derivation from Janik relation Volin
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Checks

_._a

« Weak coupling limit : S-matrix from coordinate Bethe ansatz
— Lecture by R. Nepomechie

e Strong coupling limit: worldsheet string theory
— Dressing phase

— Matrix structure
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Weak coupling expansion

a1 1 INnT[l4ig(a+E -z -2
x(@ y)——§£ 2m?é’ 2mix — zy — 2/ _ 1 _,_1
|2|=1 |2/|=1 y—2Inr[1 zg(zl—l— 2o zg)]
(6. @)
Cr,s . :
x(z,y) = — ) ﬂ(g) 2= ei® o = i
r.s=1
orile) — z/zvr dp (27 dg’ Jirdise! In [1 4 2ig(cos ¢ — cos ¢)]
TENd 0o 2rdo 2rn Inl" [1 — 2ig(cos ¢ — cos ¢')]
— mein (T oo Jr(2gt)Js(2gt)
= 2sin (2(r s)) ./0 dt e~ 1)

Cn+r+s—1D'C2Cn+1r—+ s)!

Cr.s = 3 rtst2n  o(_1)ngj Er—s 2n 4+ r + s
(9) nglg (=1)%sin (2( )> n!(n—l—r)!(n—{—s)!(n—l—fr—l—s)!C( )
o?(u,0) = exp{2i|x(=T,y7) +x(e",y ) —x@t,y1) —x(",v7)|}

1+ 256((3El 5 (j’;u?)(zz”v ;42)2)2 + 0(¢®)
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* Strong coupling expansion
e a(q) = i pe— () —rGn—r+s - 1rG0n+r+s5-3))
e 2(—2m)" (n — L)F((—n -7+ s+ 3N E(—n+r+s+1))

n=1
8gr_1—20 —1)rts—1 1 _
— s,r s,r+1 4 (—-1) . > + O(g 1)
rs T r=—3S
1 1 1
O (z,y) = (w+—y—) In (1—) — 4=
L Yy LY Ly
. 1 1 . 1 ?l(fu—u)
il R e i
o(u,v) ~ 1 1 1
1 - Ty 1 —yT 1 Ty Arutyunov, Frolov, Staudacher (2004)
1
i X T4 T
So(p1,p2)* = 21720 (p1,p2)°
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e Scattering of two giant magnons
Top view

« Scattering amplitude of two sine-Gordon solitons:
T = p1

) 4ig(costt—cos£2)

Siﬂ2 P144’IP2

S(p1,p2) =
Sin2 PlzPQ

— Exact S-matrix for su(2) sector

P4 .
+i-d e P
’LLJ ~ 29 COSE

5 1 B 1 1 - 1 2i(u1—u2)
Y o sz, | afeg
S(p1,p2) = A(p1,p2)° = S§ = = 1 1

- F
doq) g S| 255
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Worldsheet S-matri>

J

Klose,McLoughlin,Roiban,Zarembo (2007)

« So far we considered S-matrix from gauge theory spin chains

 String perturbative computation (large A ) of S-matrix is also
possible
— Fluctuation around BMN in light-cone gauge
— Keep the terms with R-2
— Effective Lagrangian contains
* Quadratic terms in terms of oscillator algebra [BMN limit]

* (Quartic interaction terms

1 1 1|(l’| = _ - 2/ =y - - o
L= 20,075+ n [z?(aaz?)z— 20, + (P -PAK +33)|, =73z

\/Z
« Can compute scattering amplitudes on the worldsheet

2nd Asia-Pacific Summer School in
Mathematical Physics, Canberra




(ex) :(p1)y;(p2) = ye(P2)yi(P1)

Redefinition: B B
X =y1+iy2, X =yi1—w2, Y =y3z+ws, Y =y3—ys

: 4
Interactions: . 5= Z v? S = 2\/_(XX +YV)(X'X 4+ YY)
j=1

Mode expansions:

A} (p)ez(w ET>+A (Pe” @] Z=X,Y, ep)=y1+p

Z(o, 1) = / \/Tp

 Scattering processes 21\(12\1) Zo(p2) — Zh(ph) Z, (1))

L <31 1 |
K|

1 — = — —
——= (OlAZ (P)AZ () : f dodr(XX+YY)(X'X +Y’Y):A;(p1)A;2(pz)|0>

22
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Kinematical factors
1

\/616263612/

dodret(P1Hp2—p] —pPh)o ji(e1+er—€] —€r)T

1
= , ,5(p1+p2—p’1—P’2)5(€1+€2—€’1—€'2)
61626162
1 1
_ 5(p1 — P1)0(p2 — Ph) + 3(p1 — p5)3(p2 — ph)|
€160 dep  dep
dp1 ~ dp>
1
= 8(p1 — P1)6(p2 — p2) + 6(p1 — P2)5(p2 — 1))
€2P1 — €1P2

Scattering processes Y (P1)Y (p2) = Y (p2)Y(p1)

p2 P2
! l l 2 l, : i ot
S OAYPDAY(PD Y Y YV AL (DA} (20
2\1/;)% * é}: }ilffp:— 2P [5(131 —p1)8(p2 — p2) + 6(p1 — p2)6(p2 — P’l)]

Match with all the S-matrix elements
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\ -1 JLa = \ J ol R 3 _;.J ¢
Applications of S-matrix
Symmetries
matrix
e \

Wrapping |
Problem All-loop BAE
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« At each crossing, S-matrix

N
e’it ] S(pj,pr) =1
k77,1
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* When the scattering is non-diagonal

|

e D/

Both ends are identified (PBC)

Pk CLk

CL

I

*(p2,pj) - “(pn,pj) =1

252 @NbN

=/

» Transfer matrix /% . T(p;fp1,--- ,paD% = 1

a

* Need to diagonalize transfermatrix [Lecture by Nepomechie]

— Main difference is “inhomogeneity”
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.

|\ & L : .J T D2 \// - o3 | -1 |
Asymptotic Bethe-Yang equation
_____ p X« N Beilsert-Staudacher
® 1 = 2 uyy—ugp+5 TF 1 1/zy 07,
b1 U1j — U2k — % 1 L — 1/z1570;

1
1
1
1
1
1
I K . K i K 7
: ¢ upj —Upp — @ TP u2j —ugpt+ 3 r U2 — U1kt 3
O L= 1l -
1
1
1
1
1
1
1
1

. g ) 1
1 U2j — U2k F 0Ty UDj — UL — 5 gy U2~ ULE — 5

K K 4
1 = T ou3j— u%"'z Y T3 — Ty

=1 U3j — U2k — 5 1 T35 — Tqy,

$4_|_; L — UgL -I- 1
S = H o (51143,374]@) ;

— — K —
el Kl l—l/:c‘afj:vl;ﬁ K3 Tyj — T3k Ks Ty; — Tsk 71— 1/:1:4j:1:7k
Ll x ]I I —— 11 =—— 1l
I I 1 —1/2F + + 1—1/2F
:® : E=IE /$4j$1k k=1T4; — L3k k=1T4; — T8k k=1~ — /$4j397k
| 1 = ﬁ“5j_“6k+%K4 w55 — T4,
1 I _ [ -
: (D : k=1 U5j — U6k — 3 k=1%5] — Tak
I I K . K i K '
L] = ] Ve ver—? > uej —usp+ 5 v1 uej —urkt 5
1 1 . ; ' . 7
: : Ke '—qu—I—% e 1—1/$7jfl,‘j__k

""" L= JI -2 Il

: =
k=1 UTj — Uek — 5 p—=1 1 — 1/a7T4;
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—

Simpler form of BAE

Dyn amiC transformation Beisert, Roiban; Hentschel, Plefka, Sundin
K17 — Ki17-1, K3s— K3s+1, L—L-1

L'=L-K - Ky

K . K3+K :
. T ougj —ugp — 1 i tugj —ugp+ 5
h=1U2j U2k T gy u2j —ugp— 3
K | K
T8 Uz —uakt 3 Tf 73— g
7 . _
k=1 Y3j — U2k — 3 k=1 T3j ~ Ty
/
S L K . Ka4+ K — K+ K _
L4 - > ’U,4j—U4k‘|‘1 3t 13343'_553:% 51 75543'_335!{:
— = ]I o°(zaj, za)— : o o
:E4j k=1 Ugqj — Udk — v p— $4j_$3k k=1 £E4j—$5k
K i K +
1 — T Ysi ekt 5 17 %55~ Tay

T .
k=1 U55 — U6k — 5 p=1 %55 — T4k
Keg

1 = ] z

k=1 U6j —Uek T 1 =y Ugj —Usk— 35

. Kg+K ;
u6j—u6k—’t, 51 7u6j—u5k—|—%
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But asymptoetic BAE is wrong!

 Derived from PBC based on S-matrix

* S0, valid only when infinite L

« What If L Is finite?
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