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Metsaev-Tseytlin action (1998)

« Sigma model on super-coset manifold

SO4,2) SO(6) PSU(2, 2|4)

AdSs X §° ~
5% S04, 1) % SO5)  SO@. 1) xSO(5)

« Z,grading
— Decomposition of g € psu(2,2/4) — g0 @ oD g o2 g o)
gD = h e so@, 1) x s0(5)

— Commutation relations g0 o] c o) 5 = ;5 4+ n mod 4

« String action
— Left-invariant current jJ” = g(”)_laag(")
— Nonlinear sigma-model with WZW term:

R? (2) 2 (1 3
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2na-Polchinski-Roiban (2003)

Lax pair construction (cf) Lecture by V. Bazhanov
— Lax pair:

X%+ 1 o) 2X 2 x+1 ¢ x—1
La(x)_JEz) 2 114(;1) Eab]é) \/ () \/ ()

— Zero curvature condition:  9,Ly, — 0Ly — [ Ly, Lp] = 0

— Monodromy matrix :  Q(x) = Pexp f La(x)dé®
Y

— Infinite numbers of classically conserved charges

2n
T(x) = STr exp f Lo(x)do
0
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Two approaches on classical string

m

(cf) V. Bazhanov’'s yesterday lectures
— Explicitly solve KdV equation: “soliton”
— Use integrability structure: Lax pair

« EXplicit classical string solutions
— Directly compute energies of string configurations
— Fermions decoupled
— Difficult to relate with gauge theory side

 Algebraic curves based on the integrability
— No direct link to classical string configurations
— Quantum strings can be included easily
— Can relate to strong coupling limit of all-loop Bethe ansatz eqs.
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Classical bosoenic strings on AdS. x S°

« AdS; and S® are decoupled in bosonic action

R2
S == f d%¢ [G(S )0, X"X" + GAdS )BaYmé‘“Y”]
04

« AdS; and S° embedding coordinates
2 2 2 2 2 2 _
X1+"'+X6=1, YO_YI_"'_Y4+Y5—1

 \irasoro constraints
XX+ Y'Y =0, X"Xp+ Y'Y+ XX +Y"Y =0
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String action &2

Sa:’

f d°E|-0aX" 0 X + AX* = 1) = 3 Y™V + A(Y* + 1)

Egs. of motion g9,y —Av, = 0, A=6.r",  Y.¥"=-1
aaaaXm - AXm O, A = aaXmaaXm, Xme = 1

Conserved charges
2n do i ) 2n do ) )
S pg = VA fo 5 VpYq = Yg¥). Jmn = VA fo = XX = XnXip)
(S50.512,534Y12. J34, J56) & (A, 51,5201, 72,73)
Global coordinates

Y| + iY, = sinh p cos ye'?1, Y3 + iY, = sinh p sin ye'f2,
Ys + i¥y = cosh pe”, Xs + iXg = cos ye'¥3,
X| + iX, = siny cos 6e'¥1, X3 + iX4 = siny sin fe'¥2

(dsPaqss = R*|dp* —cosh® pdt* + sinh® p(dy” + cos” ydgy + sin” ydg?)]
(dsz) ¢5 = R? [dy2 + cos? ydcp% + sin? )/(d92 + cos? E)dcp% + sin? ngag)]

6 iIsometry coordinates t, &1, &2, ©1, ©2, ©3
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A point-like [no o dependence] string which rotates on a
great circle of S° with angular momentum J — oo

Ys+iYy = eim', X1+iXy = eim, k= VA, Y1234=X3456=0

« Energy = angular momentum TN
E=J] = Vak e

! | x
N

2nd Asia-Pacific Summer School in
Mathematical Physics, Canberra




MN string

Berenstein, Maldacena, Nastase (2002)

A point-like string in the planar-limit R = o0 with p, y >0

402
3
(dsz) AdSs = R? [dp2 — cosh? pdt2 + sinh? p(dn,bz + cos? ;[fdgb% + sin® wdqb% ]

(dsz) §5 = R? [dyz + cos? ydr,o% + sin’ y(d@2 + cos? Gdgo% + sin’ ngo%)] ,
/
dgds

ds* = R*|dp® - (1+p)di* + dy* + (1 — y))dg3 + p*(dQ3)” + y*(dQ)*| + O(R™?)
(r = Rp, Y = Ry)
L P 0 2 2 2 )
= R(dy3—dt") +dr” - r2dt? +dy yd<,03+r(dQ) +y(dQ) + O(R™ )

X

for = uxt £ —
B

= —ddxTdx — (P(r? + y)AxH? + dr? + dy? + A (dQ3) + yz(ang)2
\ )

Y
2+ =x2 d?2 + di? = dx2
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Light-cone gauge.: xt =1
Orthogonal directions have only quadratic fluctuations
o' pt 2
s=L f dt f g do—ll(aaﬂ?—“—fﬂ with pt = /
a’ 0 2 2

uR?

Light cone energy exact in all orders of 2

£ 2 S0 2
— n n
2p” =E-J = E Ny 1% + o = A E Ny 1+/1—J2

/
n=—oco (a p n=—~oo

Relation to the SYM (u =1)

0y Tr'zf], E=1]

2
i (2] _ n
a,ahl0y o Tr[x?z7+.. ], E—J+2\/1+/112
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Neumann-Rosochatius reduction

_4

Arutyunov, Russo, Tseytlin (2002)

T

—, 02 =0
> ¥3

t = kT, cos (0, 7) = ri(x), sinb(o, 1) = rp(x), ¢j(0,7) = WT+fi(x), x = €O +pT

e Astringin RixS> - p=0,y=

« Effective 1d integrable Lagrangian (Neumann-Rosochatius)

99 2 2 1 C? 9 9 2 2
— —_— , — —_ —
Lyg = (a"=p ); r oy + @ wir; jZIrj 1

« Conserved charges and Virasoro constraints

A K A 1 B 2
= 2 E: () K2 =
E = zﬂafd/\/, JJ_2yra;2_ﬁ2de( —Cj+aw;r j) jzlcja)JﬂBK =10
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Exact solution Va Va Jé

EFE=—¢& J=—"Y, v=—
04

2 2
2
E = 2\/(1—1)2)(1—6)1((1—6), g =2 : vz [K(1 —€)—-E(l —¢€)],
— Ve
1 —? ‘
E-9 = 2 1_v26[E(1—E)—(1—\/(l—vze)(l—e))K(l—E)],
- 1_V2€[in(1—i|1—e)—K(l—e)]
v 1 —v2 |2 V2

Infinite J limit
E —
\

Finite-size correction

J = 2sin(p/2) [1 — 4sin®(p/2) exp (—
)

sin(p/2) 2)

Giant magnon
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sin§ p 5T
Cos O = ,  tany = tan—=tanhg, = _
cosh & 2 sin &
— Energy of the string E = \/_X sin 2
0

— Pohlmeyer reduction: S? angle 6 is related to the sine-Gordon field, GM
is mapped to the SG “Soliton” & = 2tan—1(¢)

— Dual to magnons in the SYM spin chain SRR NV |
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Dyonic giant magnon

Chen, Dorey, Okamura (2007)

GMIin Rxs3 - 1Z1|° + |Z5|? = 1 (21 =sin 0 (TteL) 7, = cos get(wTte2))

sin & p -
Cos 6O = =, tangolztanitanhg, £ = ao+p8T1

cosh &

— Related to classically integrable complex sine-Gordon mod

: A
— Energy-charge relation: E —J; = \/QQ +- sin? g, Jo=Q
— Dual to magnon bound states “Bethe string” () ¢
o A
- iQ
—
.V
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Algebraic curves of AdS/CFT

o ek 12+ 1 ) 2x 2) x+1 (1 x—1 (3
Lax pair : La(x)_]u ljg) _leabjl(o) / () / ()

— Satisfy STr[Ly] =0
e Monodromy matrix: o =pexp 95 L, (x)de®
~ Satisfy spet[(s)] = 1 ’

— Eight eigenvalues of the monodromy matrix define quasi-momenta

Q(a’:) ~ (e/l’pl’ eZPQ, ezp37 ezp4|elp1’ e?’p2, 671]93, ezp4)

4
— Unimodularity: Y [p;(z) — p;(2)] =2k, k=17
i=1
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* Algebraic curves on eight Riemann sheets

— Discontinuities across the branch cuts

ie{1,3,1,3),

r Y o W o

—0O

NS S

(P1,P2,P3,D4|P1, D2, D3, D4)

pi(x +1i0) — p;(x — i0) = 2mn;;, z e ClY
j€{3,4,3,4} s°: (1,3),(1,%9),(2,3),(2
AdSS : (iag) ) (T,Z-) ) (233) ) (i
Fermions: (1,3),(1,4),(2,3),(2
(1,3),(1,%),(2,3),(2
P = X X X X ——
gl - — ngg Xg Xg -
] SEE IS T
- ) (G ¢ oot~ pl
§8 8898 48 $828 ~
- — | St ¢t oo (e =~ p2
P e g A L A LI S S S
55 S S 1 S
- < ¢ (4 4 A 4 (4 4 5825 p4
~ $898 §8 89
p3 _~ oG & C G =
A 8 9 :
P, = &5 O ) —
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* Properties of quasi-momenta

— Virasoro constraint:

{o+, at, B+, B+|a+, o+, B+, B+ }

{ﬁlaﬁ23ﬁ3:ﬁ4|ﬁlaﬁ23ﬁ3aﬁ4} — +O(1)
1+ 1
[ P1 [(+E-S1+ Sy
— Conserved charges Po +E+S1 -85

P3 —&—-851 -5
ﬁ4 :27T _5+81 +82 _l_O(_)
D1 r | +J1+ J2— T3 x2
P2 +J1 — J2 + J3
p3 —J1+ T2+ I3

\ P4 ) \ ~ 1 —J2—J3

VA

B =22 lim 2(51(2) + P2(2)

— Inversion relation from automorphism of psu(2,2|4)

— Filling fraction VA

- 1 —

S@'jZ:I:

p12(x) = —po1(1/z) — 27Tm
p3,4(x) = —pa3(1l/x) + 27m
1 p1,23.4(x) = —p21.43(1/x)
) pil@)da

2nd Asia-Pacific Summer School in
Mathematical Physics, Canberra



Continuum limit of BAE

* Takelimits L, M — oo, wu;~ 1L

- M : M
u; +1/2 u; — up + 1 , 1 2 1
Lin%ti2_ S in2—E T onin;, — —=23% —27n;
u; — 1/ U; — Up — J “ o x; L T;— T J
J k#j J k Ti=7 J k#j ") k

* Bethe roots condensate and form cuts on the complex plane

| V)
NS,

M
* Define density of roots p(x) = % > 6(x —xj)
j—1
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Energy :

A M A
8m2L2 =175 8n2L JC x2
. 1
Continuum BAE : — =2 [ dy Ply) + 2mip(x) — 27y
x JO "z —y=x10
_ ply) _ 1 1
Resolvent : G(z) = /Cdyw_y - sz_xk
1
G(x +1i0) + G(x —i0) = — 4+ 27ny
X
1
Quasi-momentum: p(z) = G(w)—g — p(x+1i0)+p(x—i0) = 27ny

To complete the match, one needs all-loop and all-sector BAE
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Summary

Green-Schwarz superstring on AdS5 x S5
Nonlinear sigma model on coset

Classical integrability through Lax pair

Exact solutions such as BPS, BMN, Giant magnons

Quasi-momenta and algebraic curve through monodromy
matrix

Next: exact worldsheet S-matrix
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