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Introduction and Overview
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AdS / CFT duality

» Type |IB superstrings on A4dSs x S°
dual to
N =4 SU(N.) super-Yang-Mills theory

[Maldacena (1997)]
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Parameter relations: Ar R2

't Hooft coupling constant A = Negsy,

Free superstring theory corresponds to a planar
limit of SYM gy — 0 = N, — oo with fixed A

Quantitative check is tricky since it is a strong-weak
duality

— SYM perturbation for 1 <« 1
— String perturbationfor ¢/ <1 = A>1
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« Composite SYM operator
O(x) = Tr | XYZFx*(D,Y) ...
« String configuration in a target space

o \AdSs $3

worldsheet

N~
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Interacting quantum strings

*  Quantum gauge theory
Loop expansion
%)
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expansion

Perturbative gauge theory

free

Planar limit strings
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quantum €
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classical strings
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Integrability line
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Integrability

Appears in the planar limit

Perturbative integrability

Certain integrable models appear in perturbative computations
Classical string solutions from some classical integrable systems

Nonperturbative integrability

Only a few physical quantities are exactly computable so far

Exact results for any

value of A

Anomalous dimensions

Worldsheet S-matrix
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N=4 Super Yang-Mills theory

« N=4 SUWN:) SYM

T I 2
2r f d*x {—ZFﬁV + (D@ + 0%, 0P| + gDy — ifTa[ D, )(]}
SYm

« R-symmetry : N=4 SUSY so(6) = su(4)
Scalar fields : ®% a=1,...,6 |
 Gauginos : X> X fundamental in su(4)

S —

e All in adjoint rep. in SUW,) R-charge
A, 1
)(‘é )?2, 404
(2 6
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4d conformal field theory

One-loop B-function oy

3
Bzuagﬂ:—gYM 11 ZC——ZC =0

ou 1672 3

B=0 at all orders of perturbation

— Three loops in superspace formulation
— All loops in light-cone gauge

« No scale dependence
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N=4 superconformal algebra

Lorentz generators L,

Translations : P,
Conformal boosts ' Ky,
Dilatation : D

- su(2,2) =so(2,4)

=

Supercharges :

—d
QCZCL’ > Qaf o

Superconformal bopsts :S%, S ,,

R‘Sym metl’y . Su (4) 32 super charges
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psu(2,2|4) commutation relations

[DRER|S=

[D, Qaal = _%Qa’as [D, ag;] = —%ag,

] =0

|D.K,| = iK,

] —
_Sc'm

2

[D.58] =254, [D.Sad| =

lL]JVa P/IJ = =1(NuaPy — navPu), lL,uv,

|Pus Kv| = 2i(Lyy — D)
{ Quas ) = Va40%Pus {Qoas Qars) = {
[P Qoa| = [P @] =0, [, Qual]
(KX, Qaal = ¥ 4¥S

SBa’

K. 8] = [Kun S aa| = 0

—a —b

Os> Qs

Ka| = =itquaKy — nayKp)

}:0

Vo Ovar [, 05| = i, P70

—d
K, 04| = v, €S
_b — —_

S 0

b}

, b

_ 1Ja |
Q- S} = ieapo ™ bR1s + Y04 Loy = 5

_a—

QS g

1
zEafﬁéaD

dﬁégD
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« Conformal symmetry - No mass spectrum
. Conformal dimension spectrum for a local operator [D, O(0)] = —i A O(0)

« Loweredby K: O'(0) = [K,J,O(O)] — [D, O’(O)] =—i(A=1)0(0)

_ |D.K,| = +i K,
* Primary operator : [Kﬂ, O(O)] =0
. Descendent operators : (ex) [PwO| = =i6,0  [p.P]=-iP,
|D.8,0| =i (A +1)8,0

« Superconformal raising and lowering ops.

: 0= _Lo® ay - Lga 5. 1=t5
00w =300 DD ~5T S35 PTul T —— o
« Superconformal primary : ] l

a A _ T A _ —
[56,00)] = [Saa:00)] = 0 ron®__

2nd Asia-Pacific Summer School in
Mathematical Physics, Canberra




Cartan subalgebra [D.R] = [Luw R] _ [D, L/W] 0

Irreducible rep. are given by eigenvalues of these operators

D Lyy R
~ ~ /—/\ -~ S .
( A 9SI’SZ|J13J29J3)
Scalar fields . . _ . _ .
Z=01+1Dy, Y = D3+ 1Dy, X=(D5+ICD6
Z=0|-iDy, Y=D03-i0y, X=bs5-—idg
(1,0,0] +1,0,0), (1,0,0]0,«1,0), (1,0,0]0,0,*1)
Gauginos and gauge fields ;4 F. D
3 1 I 1 1 1 1
(5 §O|+§,i§,_2) (2,m,0]0,0,0), ( 5 5|OOO)

General gauge invariant composite operators
O(x) = Tr [O1(x)O02(x) ... O (x)]

Y2 -BPS operator Tr|z"| — (L,0,0|L,0,0)
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Chiral primary or BPS operator

* Impose further condition [Qu.0©)]=0.  for some a.a

— Jacobi identity [{Qaa:e SE} ,5(0)] _ l_i%ﬁ (o "Ry - £agdtD + (ng(glaélw, 5(0)] =0

a

— For the Lorentz scalar operator : [z, 0(0)] = 0 o S B
. 10 0 0 1
1J ) b A, g —
o) |R17,0(0)| = A 62 O(0) 2 [0 1 0 o0 Bl Ot O ~
( )a[ ] a o= 00 -1 0 — ()
00 0 -1

— Satisfied if R-charge = conformal dimension A = J;
Tr|z"| - (L.,0,0IL,0,0)

— This commutes with half SUSY charges and conformal dimension is
protected and gets no quantum corrections
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Anomalous Dimension

Conformal dimensions of composite operators

5mn
(On(x0n(O) = 3

Anomalous dimension is defined by A =Ag+ vy

can be calculated by
— Direct perturbation theory
— Renormalization group under dilatation

Operator mixing by RG dilatation
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Perturbative computation

_.

(ex) Konishi operator o(x)zTr[Zcpa(x)z] OO = 1|2A
a X—Yy
* Tree-level ,
* ¢ ¢ gz N2 6.2
. A B .. C D\ _|°YM ©
<. (Dfa(x)B(Da(x)A - q)l;(y)Dq)b();)C ->0 = [ ) ] X — P
g%M 61(4:'615?6“"9 . Ix—y| 2.
871'2 Ix—y|2 21 f y d‘fdg?) 271- l ln(Azlx—ylz)
|z - x|4|z W P & -y
* One-loop * -
v g
<: Dy (X)pPu(0)} 2 O SDHME : [ - f d* 7T DD DD )(2) )
4 t t 0

XM

A1\ 12 31 ’ 1
(OR(X)OR()’)> - (871'2) Ix — y|4 \1 B 4_ In(lc = yl )] - X — y|2(2+*3/1/4ﬂ2)
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Under dilatation x —

One-loop corrections

Operator mixing (ex)

{Tr (ZZZZXX].Tr[ZZZXZX].Tr[ZZXZZX].Tr [ZXZZZX] }

Dilatation matrix

aXxX

O(x) = a_AO(ax)

e

su(2) sector

O = ZH(N)Oy,

_dzZ
dlnA

.z

B
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l.

Mapping to integrable spin chain

Finding the eigenvalues of the dilatation matrix is very
difficult problem but fortunately ...

Mapping the matrix to a Hamiltonian of integrable spin chain
has been discovered [(ex) so(6), su(2) spin chains]

(ex) su(2) sector {Tr|zt|, Tr|z5 x|, T [ZE I xzm x], T | xE )

One-loop dilatation - Heisenberg spin chain model

— Map: [ =12), [)=IX)
—  Vacuum state: Ferromagnetic vac. €= BPS |} ... ) = Tr {ZL]
—  Excited states:

T T R B —Tr[ZXZXZZ—I—...]—I—...

— Dilatation I' = 11— 7
87rle;‘ [ O1+1]
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(ex) SO(6) sector

e Scalar fields {Z, Y. X. Z. Y, Y}
« Composite operators
(Tt |XYZXYZXZ---|,...| = Tr|®; -+ @ | = 0fyiy ()
 Two-point function i
P (0" ") 01y, )
* Tree level A Al
Frfres \ressrnnnnnnns $ir \
J2 Lig)
A )L ! [5j1 ---5jL + 6j1 ---5jL + ] cyclic permutations
82/ |x—yPL U i T P
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* One-loop level : nearest neighbor only

(a) (b) (c) g S P ' i

>< E P .

onenommatzaion~ X X X
* Wave-function renormalization VAN
Z@ - 1 InA - (25””5” _ gl s 5JH1+1)
1672 []4+1 i 1141 s+ 1
VAL InA - 671571
1672 I 141
A 1+ilnA §lig7m1
{2 i 0141
Z=1+ In A-(5~- SI1 _ 25J1+15Jl 25j15j1+1)
1672 ‘Dl {41 I i

 Dilatation matrix

L
A
=<2 Z (1 — Py + —Kl l+1) Minahan, Zarembo (2003)
I=1
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* 1D spin chain, XXX model
L
— =
H= Z (1— O‘l- Ul—I—l)
=1
0 =1® -®ler'®le: @1 : oL oL Matrix

7=(26) = (25) 7=(5 )

« Exactly solved by H. Bethe
« Bethe ansatz equations for real Bethe roots

» Lectures by Rafael Nepomechie
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ui—i/2)
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* Bethe roots so far were real but complex roots can exist
o L2 |imit:
— Introduce a complex pair of root with imaginary parts w; = uf* + ia

— For positive imaginary root: LHS of BAE (uj+7;/2+m)L ' e
uj —i/2 + i B \i,Q i
oV
— RHS of BAE : there should be another Bethe root which makesa _° o o
denominator vanish : ;, =« + i(a — 1) ° .
— Repeat the process until the imaginary part is still positive A‘ N
)

— For negative imaginary root: LHS of BAE (ZJJ_“;@:E)L =0
— RHS should vanish by adding ., — % 4+ i(_a 4+ 1)

— For finite # of roots, o should be an integer or a half-integer
* Bethe string

(n) _ r,n+1-27
UJ == u + 5 ,

1=1,...,n
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* Low lying states are given by “long strings” rather than real

rootsS pm—v 1 __n n @) A u
. j; (u§“>)2 +1 @R+ ne = w2+ 7 " ° .‘—
« BAE for the strings can be obtained by N S
multiplying elementary BAE for each . o
component of a string ° °
— Elementary BAE ° ¢
M 012
el(uj)L = l_[ ez(uj — uy) en(u) = Z t ;ZiQ,
k+ j
— BAE for strings
ﬁu +i(n+1-2))/2+i/2 uR+in/2_e(uR)
L +1(n+1—2])/2—t/2 uR —inj2 " (\SV v
L _
enJ(uJ) l_[ Eny, ”IK(”J MK) Epm = e|n—m|e|2n_m|+2 " 'ei+m_2€n+m

* For finite L : strings are deformed
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Summary

e e e e T AT

* AdS/CFT duality: string theory and SYM theory

« Today: Focused on perturbative SYM side
— Planar limit: Integrability in computing anomalous dimensions

— Operator mixing is solved by integrable spin chains in one-loop

— New states (“Bethe strings™) appear

« Tomorrow: String theory side as a strong coupling limit
— Classical string states

— Strong coupling limit of all-loop conjectures
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