
Quantum chromodynamics

Ross Young, University of Adelaide

27th Canberra International
Physics Summer School — 2023,
Australian National University

January, 2023
Version compiled: January 20, 2023



Contents

1 Foundations 2
1.1 What is quantum chromodynamics? . . . . . . . . . 3
1.2 How come QCD? . . . . . . . . . . . . . . . . . . . . 7
1.3 Why were we led to the theory of QCD? . . . . . . . 21

2 QCD formalism 27
2.1 Non-Abelian gauge theory . . . . . . . . . . . . . . . 28
2.2 Gauge fixing . . . . . . . . . . . . . . . . . . . . . . 38

3 Running coupling 50
3.1 Feynman rules . . . . . . . . . . . . . . . . . . . . . 51
3.2 Vacuum polarisation . . . . . . . . . . . . . . . . . . 54
3.3 Mini-appendix on some massless integrals in dim reg 66

4 Lattice QCD 68
4.1 Euclidean, discretised path integrals . . . . . . . . . 69
4.2 Defining lattice actions . . . . . . . . . . . . . . . . 74
4.3 Correlators and the spectrum . . . . . . . . . . . . . 81

1



1 Foundations
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1.1 What is quantum chromodynamics?

Quantum chromodynamics (QCD) is the fundamen-
tal theory underlying the strong nuclear force — a
gauge theory describing the interactions of quarks
and gluons.

e-

• Nuclear physics was born with the discovery of the atomic nu-
cleus by Rutherford in 1911.

• Subsequently, Chadwick discoverd the neutron in 1932— similar
in mass to a proton, but electrically neutral.

• 2 basic building blocks to build up the chart of nuclides:

Wikipedia

protons
& neutrons, or collectively “nucleons”.
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• The forces that bind nuclei must be strong:
– Nuclei are compact.
– Bindingmust be sufficient to overcomeCoulomb repulsion be-

tween protons.
• Yukawa (1935) proposed a (spinless) meson as a potential force
carrier with mass scale:

mpion ≃ 200melectron

[
≃ 1

10
mproton

]
.

The mass scale was predicted on the basis of the size of nuclei,
where massive particle exchange gives rise to potential energy: The class of particles that participate in the strong inter-

action are collectively referred to as “hadrons”. Our
simplest (empirical) examples are the proton, neutron
and pion... we’ll get to talking about a range of other
states soon.V (r) ∝ e−mr

r
, “Yukawa potential”.
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• We all know the ultimate solution to this puzzle: a gauge field
theory describing coloured quarks.
The building blocks of QCD:
– A set of different quark flavours: “up”, “down”, “strange”...

Each quark field carries 3 colour charges
– Interactions of the theory are constructed by demanding a (lo-

cal) gauge symmetry in this colour degree of freedom.
– In analogywith the photonofQED,wemust have gauge bosons

that communicate the colour force: gluons. As we will see, gluons themselves carry colour charge
and are therefore are able to directly interact with them-
selves — a key feature that distinguishes a non-Abelian
gauge theory from QED.
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• Hadrons are emergent phenomena:

u

u

d d

d

u
d

u

Proton Neutron Pion
mp ' 938MeV
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mn ' 939MeV
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m⇡ ' 140MeV
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and a host of other states that we’ll come back to...
• It is worth noting that, in the early days, there was a tremendous
conceptual challenge to consider the construction of a Lagrangian-
based theory that does not contain the observed states.
So how did we get over this conceptual challenge?
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1.2 How come QCD?
Here we wish to highlight three key features supported the estab-
lishment of QCD: confinement, asymptotic freedom and evidence
for the gluon.

Confinement: the charm revolution.

The discovery of the charm quark helped to both es-
tablish the quark model, and gave support for there
being three colours of quarks.

• Theproduction of hadrons in electron–positron annihilation gives
a relatively clean production process. One can also produce hadrons in hadron–hadron col-

lisions, but of course we need then to understand the
complexities of both the initial and final states of the
process.
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• First, let’s consider the simpler process of muon production at
lowest order in QED

e− e+

µ+µ−

q

k

p′
p

k′

In the relativistic limit, this cross section is given by: There’s nothing too special about the relativistic limit,
but it makes the expressions simpler, where for
ECM ≫ 2mµ the mass terms become negligible.

σ(e+e− → µ+µ−) = 4π
3

α2

E2
CM

, with α = e2

4π
. (1.1)

Note of course that σ is frame independent, and we
could of course replace E2

CM with the total invariant
mass (squared) of the e+e− (orµ+µ−) pair, e.g. s or
q2 .

• Now suppose that we have electromagnetically-charged quarks.
We’ll ignore any possible interactions between the quarks, and
just assume that ultimately they will turn into hadrons.
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• The calculation takes the same for as themuon case, with the γqq
vertex modified to include the quark charge factor. The charge of an up quark is 2/3 of that carried by

a positron. For notation, let’s denote the electromag-
netic coupling by Q and the fractional charge by Q,
i.e.Qu ≡ Que = 2

3 e.

For example,
the production rate of red-antired up quarks will be given by:

σ(e+e− → urur) = 4π
3

(2
3

)2 α2

E2
CM

. (1.2)

• For the total cross section, we sum over all posssible final states.
– If the u quark hasNc possible colours, then we sum over all of

them such that:

σ(e+e− → uu) = 4π
3

(2
3

)2
Nc

α2

E2
CM

. (1.3)

– Finally, we assume that the uu pair will ultimately produce
hadrons, and hence the total rate for producing hadrons is
givenby summingover all possible quark flavours (with charge
factors):

σ(e+e− → hadrons) = 4π
3

∑
f

Q2
f

Nc
α2

E2
CM

. (1.4)

• Most importantly, if we consider the ratio of hadron production
relative to muon production, we have a very simple prediction in
terms of quarks: Of course this simple prediction should only be valid

in the region where ECM ≫ 2mf , for the heaviest
flavour of quark (f ) that is energetically available.

R = σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

= Nc

∑
f

Q2
f . (1.5)
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• To make this concrete, let’s first consider ECM > 2 GeV ≫ 2ms,
but below the threshold for charm production: We’ve not yet talked about the scale of quark masses,

but let’s take it that the up, down and strange quark
masses are much less that 1 GeV.

R = σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

= Nc

[(2
3

)2
+

(
−1

3

)2
+

(
−1

3

)2
]

= 2
3
Nc. (1.6)

And, if we go well above charm quark production, we expect this
ratio to change to: Here we’re assuming we know that the charge of the

charm quark is Qc = + 2
3 .

R = σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

= 10
9
Nc. (1.7)
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• Here we take a look at the situation compiled by the Particle Data
Group in 1977 (a supplement to the 1976 edition):
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California Institute of Technology (1977); point has been corrected for experimental 
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where O(e+e - ~ p+~-) is A summary of the cross-section ratio R = 

+ - P+U- O(e e + ) 

taken from QED as 86.8/E 2 nb-GeV 2, and O(e+e - ÷ hadrons) is generally taken as 
c.m. 

the cross section of 3-or-more-prongs plus non-coplanar 2-prongs, as compiled by 
Schwitters and Straunch [Ann. Rev. Nucl. Sei. 26, 89 (1976)]. Between 3 and 8 
GeV there is an overall normalization uncertainty of the order of 10%, and a further 
slowly varying uncertainty of as much as 15%. Below 3 GeV, the normalization 
uncertainty is of the order of 50%. 

Considering our rather simplified assumptions, the agreement is
incredible!
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• In addition to predicting the overall rates of hadron production,
the other key feature of this figure shows the distinct line features
of the J/ψ(3100) and ψ(3685).
– If the e+e− energies are tuned to just the right value, there is

amassive increase in the observed cross section.
– And simply from the Heisenberg uncertainty principle, these

very narrow widths correspond to very long-lived states. The lifetimes of the J/ψ and ψ are O(1,000) times
longer than typical qq hadronic states. To quote David
Griffiths from his book: “It’s as though someone came
upon an isolated village in Peru or Caucasus where
people lived to be 70,000 years old. That wouldn’t be
some actuarial anomaly, it would be a sign of funda-
mentally new biology at work.”

• Thesemust correspond to bound states of somenew type of quark:
the charm quark.

• As above, we noted that we had a conceptual challenge in the es-
tablishment of QCD, where the quark fields of the Lagrangian do
not appear as observed particle states.

If QCD is to be the correct theory of the strong inter-
action, it must generate a mechanism for quark con-
finement.

• Fortunately, since the charm quarks are relatively heavy com-
pared to the QCD scale, we can approximate the cc interaction
in terms of a potential model. The treatment of charmquarks in a non-relativistic con-

fining potential was essential for establishing QCD as
the fundamental theory, however resolving the nature
of confinement for light quark systems remains an ac-
tive area of research.
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Asymptotic freedom

Although quarks appear to be confined, their interactions appear
to be rather weak at high energies.

The vanishing of the strong coupling constant at
(asymptotically) large energies is referred to as
asymptotic freedom.

• Tomorrow we will explore the running of the coupling in more
detail.

• Herewewill highlight the scaling phenomena observed in deep-
inelastic scattering:
– In electron–proton scattering at high energies, the proton can

be modelled by a distribution of weakly-interacting quarks.
The deviations from non-interacting are given precisely by
the predications of QCD.
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Elastic scattering

“VIRTUAL” PHOTON 
EXCHANGE

q

k

k0

p ! p0

electron
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p
<latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit>

p0
<latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit>

q
<latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit>

k0
<latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit>

• If we measure the electron scattering angle and final energy, we
specify the momentum transfer q completely.

• In the elastic case, the final state is a proton, and hence we have

p′2 = p2 = m2
p = (p+ q)2 = p2 + q2 + 2p · q,

and hence we only have a single independent scattering parame-
ter:

Q2 ≡ −q2 = 2p · q (1.8)
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Inelastic scattering

q

k

k0electron
<latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit>

proton
<latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

p
<latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit>

p0
<latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit>

q
<latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit>

k0
<latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit>

q

k

k0electron
<latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit><latexit sha1_base64="tAbP2FLaggHpiJcuuxFxeCU6jT8=">AAAB+nicdVDLSgNBEJz1bXytevQyGARPYTZITG4BLx4VjBGSJcxOenVwdnaZ6VXDmk/x4kERr36JN//GyUNQ0YKGoqqb7q4oU9IiYx/ezOzc/MLi0nJpZXVtfcPf3Dq3aW4EtESqUnMRcQtKamihRAUXmQGeRAra0fXRyG/fgLEy1Wc4yCBM+KWWsRQcndTzN7sId2iSAhQINKke9vwyqzCHWo2OSFBngSONRr1abdBgbDFWJlOc9Pz3bj8VeQIaheLWdgKWYVhwg1IoGJa6uYWMi2t+CR1HNU/AhsX49CHdc0qfxqlxpZGO1e8TBU+sHSSR60w4Xtnf3kj8y+vkGNfDQuosR9BisijOFcWUjnKgfWncw2rgCBdGulupuOKGC3RplVwIX5/S/8l5tRKwSnB6UG7Wp3EskR2yS/ZJQA5JkxyTE9IigtySB/JEnr1779F78V4nrTPedGab/ID39gmh0ZTc</latexit>

proton
<latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit><latexit sha1_base64="welqep0TFdObBRNkQqrhiU1FHIE=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsJuItl4C3jxGME8IAlhdjJJhszOLDO9YlzyJV48KOLVT/Hm3zh5CCpa0FBUddPdFcaCG/C8Dyeztr6xuZXdzu3s7u3n3YPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBVOLud+65Zpw5W8gWnMehEZST7klICV+m6+C+wOdJTGWoGSs75b8IpBxS8FZewV/SDwLqpzUi57fgX7RW+BAlqh3nffuwNFk4hJoIIY0/G9GHop0cCpYLNcNzEsJnRCRqxjqSQRM710cfgMn1plgIdK25KAF+r3iZRExkyj0HZGBMbmtzcX//I6CQyrvZTLOAEm6XLRMBEYFJ6ngAdcMwpiagmhmttbMR0TTSjYrHI2hK9P8f+kWSr6Npnr80Ktuooji47RCTpDPgpQDV2hOmogihL0gJ7Qs3PvPDovzuuyNeOsZo7QDzhvn0JRlBk=</latexit>

k
<latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit><latexit sha1_base64="lvRy68QTzu8a7yDi4gQa58B5VZM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSazosV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr3VYa9TyOIlzAJVyDBzVowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Az4OM5Q==</latexit>

p
<latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit><latexit sha1_base64="KWOWrdKg9jhmtIbsfMx7VGFST/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSKxmWK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asK6n3GZpAYlWy0KU0FMTBZfkxFXyIyYWUKZ4vZWwiZUUWZsNiUbgrf+8ibp3FQ9t+q1biuNeh5HES7gEq7Bgxo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz/XF4zq</latexit>

p0
<latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit><latexit sha1_base64="5YQUXhmBj2ZeatO5H7eDsgfLKDw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nloFxxq+4CZJ14OalAjuag/NUfxiyNuEImqTE9z03Qz6hGwSSflfqp4QllEzriPUsVjbjxs8WlM3JhlSEJY21LIVmovycyGhkzjQLbGVEcm1VvLv7n9VIM634mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV9XPbfq3dcqjXoeRxHO4ByuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADeWjRs=</latexit>

q
<latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit>

k0
<latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit><latexit sha1_base64="41ZHpLecr+9QZUuOL9ofkLC3gBM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KokI9ljw4rGK/YA2lM120y7ZbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4LoduZ3nrg2IlGPOEm5H9OREqFgFK30EF0MKlW35s5BVolXkCoUaA4qX/1hwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlIW0RHvWapozI2fzy+dknOrDEmYaFsKyVz9PZHT2JhJHNjOmOLYLHsz8T+vl2FY93Oh0gy5YotFYSYJJmT2NhkKzRnKiSWUaWFvJWxMNWVowynbELzll1dJ+6rmuTXv/rraqBdxlOAUzuASPLiBBtxBE1rAIIRneIU3J3JenHfnY9G65hQzJ/AHzucPL/2NFg==</latexit>

• In the inelastic case, we break the proton apart:

(p+ q)2 ≥ (mp +mπ)2.

• In general, we require two Lorentz scalars to specify scattering,
e.g.:

W 2 ≡ (p+ q)2, total invariant mass of final-state hadron,
(1.9)

Q2 ≡ −q2, momentum transfer. (1.10)
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Parton model
• If we go to large Q2, we probe the short-distance features of the
target.

• Consider amodelwhere a fast-movingproton is a beamofweakly-
interacting partons (quarks or gluons) We consider that we a have a distribution of partons,

each carrying a fraction of the momentum of the total
momentum of the proton.

pz ! 1

q
x p

<latexit sha1_base64="cx8Kj8MyDfxGPzDcvG2kPuxt7gw=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBgyzZarW9Fbx4rOC2QruUbJptQ7PZJcmKpfQ3ePGgiFd/kDf/jemHoKIPBh7vzTAzL0wF1wbjDye3tLyyupZfL2xsbm3vFHf3mjrJFGU+TUSibkOimeCS+YYbwW5TxUgcCtYKh5dTv3XHlOaJvDGjlAUx6UsecUqMlfz7zglKu8USdivYq517CLvlCq5VTi3BHsblKvJcPEMJFmh0i++dXkKzmElDBdG67eHUBGOiDKeCTQqdTLOU0CHps7alksRMB+PZsRN0ZJUeihJlSxo0U79PjEms9SgObWdMzED/9qbiX147M1E1GHOZZoZJOl8UZQKZBE0/Rz2uGDViZAmhittbER0QRaix+RRsCF+fov9Js+x62PWuz0r16iKOPBzAIRyDBxdQhytogA8UODzAEzw70nl0XpzXeWvOWczsww84b591jo5r</latexit><latexit sha1_base64="cx8Kj8MyDfxGPzDcvG2kPuxt7gw=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBgyzZarW9Fbx4rOC2QruUbJptQ7PZJcmKpfQ3ePGgiFd/kDf/jemHoKIPBh7vzTAzL0wF1wbjDye3tLyyupZfL2xsbm3vFHf3mjrJFGU+TUSibkOimeCS+YYbwW5TxUgcCtYKh5dTv3XHlOaJvDGjlAUx6UsecUqMlfz7zglKu8USdivYq517CLvlCq5VTi3BHsblKvJcPEMJFmh0i++dXkKzmElDBdG67eHUBGOiDKeCTQqdTLOU0CHps7alksRMB+PZsRN0ZJUeihJlSxo0U79PjEms9SgObWdMzED/9qbiX147M1E1GHOZZoZJOl8UZQKZBE0/Rz2uGDViZAmhittbER0QRaix+RRsCF+fov9Js+x62PWuz0r16iKOPBzAIRyDBxdQhytogA8UODzAEzw70nl0XpzXeWvOWczsww84b591jo5r</latexit><latexit sha1_base64="cx8Kj8MyDfxGPzDcvG2kPuxt7gw=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBgyzZarW9Fbx4rOC2QruUbJptQ7PZJcmKpfQ3ePGgiFd/kDf/jemHoKIPBh7vzTAzL0wF1wbjDye3tLyyupZfL2xsbm3vFHf3mjrJFGU+TUSibkOimeCS+YYbwW5TxUgcCtYKh5dTv3XHlOaJvDGjlAUx6UsecUqMlfz7zglKu8USdivYq517CLvlCq5VTi3BHsblKvJcPEMJFmh0i++dXkKzmElDBdG67eHUBGOiDKeCTQqdTLOU0CHps7alksRMB+PZsRN0ZJUeihJlSxo0U79PjEms9SgObWdMzED/9qbiX147M1E1GHOZZoZJOl8UZQKZBE0/Rz2uGDViZAmhittbER0QRaix+RRsCF+fov9Js+x62PWuz0r16iKOPBzAIRyDBxdQhytogA8UODzAEzw70nl0XpzXeWvOWczsww84b591jo5r</latexit><latexit sha1_base64="cx8Kj8MyDfxGPzDcvG2kPuxt7gw=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBgyzZarW9Fbx4rOC2QruUbJptQ7PZJcmKpfQ3ePGgiFd/kDf/jemHoKIPBh7vzTAzL0wF1wbjDye3tLyyupZfL2xsbm3vFHf3mjrJFGU+TUSibkOimeCS+YYbwW5TxUgcCtYKh5dTv3XHlOaJvDGjlAUx6UsecUqMlfz7zglKu8USdivYq517CLvlCq5VTi3BHsblKvJcPEMJFmh0i++dXkKzmElDBdG67eHUBGOiDKeCTQqdTLOU0CHps7alksRMB+PZsRN0ZJUeihJlSxo0U79PjEms9SgObWdMzED/9qbiX147M1E1GHOZZoZJOl8UZQKZBE0/Rz2uGDViZAmhittbER0QRaix+RRsCF+fov9Js+x62PWuz0r16iKOPBzAIRyDBxdQhytogA8UODzAEzw70nl0XpzXeWvOWczsww84b591jo5r</latexit>

pz ! 1
<latexit sha1_base64="+jmqRvqMsAsmPX8aHdqqdYce7aM=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSb1VXcFNy4r2Ac0oUymk3boZBJnJoUY+h1uXCji1o9x5984TSOo6IELh3Pu5d57/JgzpRH6sEpLyyura+X1ysbm1vZOdXevo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cjX3u1MqFYvErU5j6oV4JFjACNZG8uLBvasj6DIR6HRQrSH7DDmX5ycQ2ShHThpOvQGdQqmBAq1B9d0dRiQJqdCEY6X6Doq1l2GpGeF0VnETRWNMJnhE+4YKHFLlZfnRM3hklCEMImlKaJir3ycyHCqVhr7pDLEeq9/eXPzL6yc6aHgZE3GiqSCLRUHCoflzngAcMkmJ5qkhmEhmboVkjCUm2uRUMSF8fQr/J5267SDbuTmtNRtFHGVwAA7BMXDABWiCa9ACbUDAHXgAT+DZmlqP1ov1umgtWcXMPvgB6+0TH96SSw==</latexit><latexit sha1_base64="+jmqRvqMsAsmPX8aHdqqdYce7aM=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSb1VXcFNy4r2Ac0oUymk3boZBJnJoUY+h1uXCji1o9x5984TSOo6IELh3Pu5d57/JgzpRH6sEpLyyura+X1ysbm1vZOdXevo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cjX3u1MqFYvErU5j6oV4JFjACNZG8uLBvasj6DIR6HRQrSH7DDmX5ycQ2ShHThpOvQGdQqmBAq1B9d0dRiQJqdCEY6X6Doq1l2GpGeF0VnETRWNMJnhE+4YKHFLlZfnRM3hklCEMImlKaJir3ycyHCqVhr7pDLEeq9/eXPzL6yc6aHgZE3GiqSCLRUHCoflzngAcMkmJ5qkhmEhmboVkjCUm2uRUMSF8fQr/J5267SDbuTmtNRtFHGVwAA7BMXDABWiCa9ACbUDAHXgAT+DZmlqP1ov1umgtWcXMPvgB6+0TH96SSw==</latexit><latexit sha1_base64="+jmqRvqMsAsmPX8aHdqqdYce7aM=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSb1VXcFNy4r2Ac0oUymk3boZBJnJoUY+h1uXCji1o9x5984TSOo6IELh3Pu5d57/JgzpRH6sEpLyyura+X1ysbm1vZOdXevo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cjX3u1MqFYvErU5j6oV4JFjACNZG8uLBvasj6DIR6HRQrSH7DDmX5ycQ2ShHThpOvQGdQqmBAq1B9d0dRiQJqdCEY6X6Doq1l2GpGeF0VnETRWNMJnhE+4YKHFLlZfnRM3hklCEMImlKaJir3ycyHCqVhr7pDLEeq9/eXPzL6yc6aHgZE3GiqSCLRUHCoflzngAcMkmJ5qkhmEhmboVkjCUm2uRUMSF8fQr/J5267SDbuTmtNRtFHGVwAA7BMXDABWiCa9ACbUDAHXgAT+DZmlqP1ov1umgtWcXMPvgB6+0TH96SSw==</latexit><latexit sha1_base64="+jmqRvqMsAsmPX8aHdqqdYce7aM=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSb1VXcFNy4r2Ac0oUymk3boZBJnJoUY+h1uXCji1o9x5984TSOo6IELh3Pu5d57/JgzpRH6sEpLyyura+X1ysbm1vZOdXevo6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cjX3u1MqFYvErU5j6oV4JFjACNZG8uLBvasj6DIR6HRQrSH7DDmX5ycQ2ShHThpOvQGdQqmBAq1B9d0dRiQJqdCEY6X6Doq1l2GpGeF0VnETRWNMJnhE+4YKHFLlZfnRM3hklCEMImlKaJir3ycyHCqVhr7pDLEeq9/eXPzL6yc6aHgZE3GiqSCLRUHCoflzngAcMkmJ5qkhmEhmboVkjCUm2uRUMSF8fQr/J5267SDbuTmtNRtFHGVwAA7BMXDABWiCa9ACbUDAHXgAT+DZmlqP1ov1umgtWcXMPvgB6+0TH96SSw==</latexit>

Lorentz contracted
<latexit sha1_base64="d0kKbFXlVGdXoN+owQLbFewhs7s=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVcEUwZsLCwimAckIcxObpIhszPLzF0xLils/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+8JYyks+v63t7K6tr6xmdnKbu/s7u3nDg5rVieGQ5VrqU0jZBakUFBFgRIasQEWhRLq4fBy4tfvwFih1S2OYmhHrK9ET3CGTurk8i2EezRReq0NKHygXCs0jCN0x51cwS/6U9BlEsxJgcxR6eS+Wl3Nk8g9xCWzthn4MbZTZlBwCeNsK7EQMz5kfWg6qlgEtp1OjxjTE6d0aU8bVwrpVP09kbLI2lEUus6I4cAuehPxP6+ZYK/UToWKEwTFZx/1EklR00kitCsMcJQjRxg3wu1K+YBNMzA260IIFk9eJrWzYuAXg5vzQrk0jyND8uSYnJKAXJAyuSIVUiWcPJJn8krevCfvxXv3PmatK9585oj8gff5A+tOmNw=</latexit><latexit sha1_base64="d0kKbFXlVGdXoN+owQLbFewhs7s=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVcEUwZsLCwimAckIcxObpIhszPLzF0xLils/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+8JYyks+v63t7K6tr6xmdnKbu/s7u3nDg5rVieGQ5VrqU0jZBakUFBFgRIasQEWhRLq4fBy4tfvwFih1S2OYmhHrK9ET3CGTurk8i2EezRReq0NKHygXCs0jCN0x51cwS/6U9BlEsxJgcxR6eS+Wl3Nk8g9xCWzthn4MbZTZlBwCeNsK7EQMz5kfWg6qlgEtp1OjxjTE6d0aU8bVwrpVP09kbLI2lEUus6I4cAuehPxP6+ZYK/UToWKEwTFZx/1EklR00kitCsMcJQjRxg3wu1K+YBNMzA260IIFk9eJrWzYuAXg5vzQrk0jyND8uSYnJKAXJAyuSIVUiWcPJJn8krevCfvxXv3PmatK9585oj8gff5A+tOmNw=</latexit><latexit sha1_base64="d0kKbFXlVGdXoN+owQLbFewhs7s=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVcEUwZsLCwimAckIcxObpIhszPLzF0xLils/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+8JYyks+v63t7K6tr6xmdnKbu/s7u3nDg5rVieGQ5VrqU0jZBakUFBFgRIasQEWhRLq4fBy4tfvwFih1S2OYmhHrK9ET3CGTurk8i2EezRReq0NKHygXCs0jCN0x51cwS/6U9BlEsxJgcxR6eS+Wl3Nk8g9xCWzthn4MbZTZlBwCeNsK7EQMz5kfWg6qlgEtp1OjxjTE6d0aU8bVwrpVP09kbLI2lEUus6I4cAuehPxP6+ZYK/UToWKEwTFZx/1EklR00kitCsMcJQjRxg3wu1K+YBNMzA260IIFk9eJrWzYuAXg5vzQrk0jyND8uSYnJKAXJAyuSIVUiWcPJJn8krevCfvxXv3PmatK9585oj8gff5A+tOmNw=</latexit><latexit sha1_base64="d0kKbFXlVGdXoN+owQLbFewhs7s=">AAACBHicbVC7SgNBFJ31GeMraplmMAhWYVcEUwZsLCwimAckIcxObpIhszPLzF0xLils/BUbC0Vs/Qg7/8bJo9DEAxcO59w7c+8JYyks+v63t7K6tr6xmdnKbu/s7u3nDg5rVieGQ5VrqU0jZBakUFBFgRIasQEWhRLq4fBy4tfvwFih1S2OYmhHrK9ET3CGTurk8i2EezRReq0NKHygXCs0jCN0x51cwS/6U9BlEsxJgcxR6eS+Wl3Nk8g9xCWzthn4MbZTZlBwCeNsK7EQMz5kfWg6qlgEtp1OjxjTE6d0aU8bVwrpVP09kbLI2lEUus6I4cAuehPxP6+ZYK/UToWKEwTFZx/1EklR00kitCsMcJQjRxg3wu1K+YBNMzA260IIFk9eJrWzYuAXg5vzQrk0jyND8uSYnJKAXJAyuSIVUiWcPJJn8krevCfvxXv3PmatK9585oj8gff5A+tOmNw=</latexit>

• Suppose we scatter elastically from a single quark: In this simplified model, we see that the observed scat-
tering at a particular x = 2p·q

−q2 , directly identifies the
momentum fraction carried by the struck quark. And
hence the rate of scattering encodes the probability of
finding a quark with that x

(xp)2 = (xp+ q)2 = (xp)2 + 2p · q + q2 ⇒ 0 = 2x p · q + q2.

• In this model the scattering should be specified in terms of the
single variable, x: “Bjorken scaling”.
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Scaling

19. Structure functions 23

NOTE: THE FIGURES IN THIS SECTION ARE INTENDED TO SHOW THE REPRESENTATIVE DATA.

THEY ARE NOT MEANT TO BE COMPLETE COMPILATIONS OF ALL THE WORLD’S RELIABLE DATA.
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Figure 19.8: The proton structure function F p
2 measured in electromagnetic scattering of electrons and

positrons on protons (collider experiments H1 and ZEUS for Q2 ≥ 2 GeV2), in the kinematic domain
of the HERA data (see Fig. 19.10 for data at smaller x and Q2), and for electrons (SLAC) and muons
(BCDMS, E665, NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown.
The H1+ZEUS combined values are obtained from the measured reduced cross section and converted to F p

2

with a HERAPDF NLO fit, for all measured points where the predicted ratio of F p
2

to reduced cross-section
was within 10% of unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have
been slightly offset in Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other
data are rebinned to the x values of these data. For the purpose of plotting, F p

2
has been multiplied by 2ix ,

where ix is the number of the x bin, ranging from ix = 1 (x = 0.85) to ix = 24 (x = 0.00005). References:
H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and HERAPDF
parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given in [86]) ;
E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys. B483, 3
(1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992).

• Bjorken scaling: cross section, at any x, should be independent
of Q2.

• In reality, the observed evolution is weakly dependent on logQ2.
And QCD predicts this dependence with great accuracy!
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Evidence for gluons: 3-jet events

If we are to describe the interactions between quarks
by a gauge theory, we should expect to see evidence
for the presence of the gauge bosons: the gluons.

A QED prototype: ee → eeγ
• In QED, we can produce photons in electron-positron collisions:
ee → eeγ

• We radiate a photon in the collision: “Bremsstrahlung”.

18



Radiating a gluon
• If we have a gauge theory with gluons as the analog of the photon,
we should similarly anticipate the process e+e− → qq̄g:

• But we have confinement: quarks and gluons must strip (soft)
particles from the vacuum to form colour singlet states.

• However, if each of the qq̄g are hard (i.e. high-energy) we should
observe collimated jets of colour-singlet hadrons → 3-jet events!

By momentum conservation, the 3 jets must lie in a
plane, and it will be most easily to identify the signa-
ture if each has similar energy and hence they are each
separated by 120◦ .
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First observation of 3-jets
• First observation of a 3-jet eventwas reported at the 1979Lepton-
Photon Conference (Fermi National Accelerator Laboratory).

• Prediction for rate can be made from QCD: another success!
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1.3 Why were we led to the theory of QCD?

The theory of QCDwasn’t created in a vacuum. As ex-
periments probed the high-energy (or short distance)
features of hadronic systems, therewas a search to de-
velop a consistent theory that could describe a range
of puzzling phenomena.

• For context, let’s remind ourselves of a brief history of the evolu-
tion of particle physics in the lead up to the pre-QCD era: The full progression is of particle physics is of course

much richer than summarisedhere. Andwe justwant to
highlight key features that a relevent to understanding
the strong nuclear force.1932 The neutron was discovered.
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1935–1947 Yukawaproposes pion as carrier of strong force. Even-
tually disentangled from the similar-in-mass muon.

©1947 Nature Publishing Group
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in nodules are catalysed by a compound such as 
hremoglobin, which has the remarkable property of 
oxygenation and is therefore an excellent oxygen 
carrier but a very inefficient catalyst. Although one 
cannot dismiss the possibility that under certain 
conditions hremoglobin may act as an oxido-reduction 
catalyst, no evidence is so far available that this 
applies to hremoglobin of root nodules. 

On the other hand, the fact that this hremoglobin 
is present in root nodules of every leguminous plant, 
that the pigment is formed only in nodules produced 
by an 'efficient' strain of Rhizobium, that the pigment 
is localized only within the large cells containing 
symbiotic organisms and that nitrogen fixation by 
nodules is strongly inhibited by small concentration 
of carbon monoxide, leave very little doubt that the 
activity of hremoglobin is linked with the process of 
symbiotic nitrogen fixation. The presence of bremo-
globin in root nodules, therefore, will have to be taken 
into consideration in all further studies of nitrogen 
fixation by leguminous plants. 

We are very grateful to Dr. H. G. Thornton for the 
strains 505 and 507 of Rhizobium used in this investi-
gation. 
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PROCESSES INVOLVING CHARGED 
MESONS 

By DR. C. M. G. LATTES, H. MUIRHEAD, 
DR. G. P. S. OCCHIALINI and 

DR. C. F. POWELL 
H. H. Wills Physical Laboratory, University of Bristol 

I N recent investigations with the photographic 
method1.2, it has been shown that slow charged 

particles of small mass, present as a component of 
the cosmic radiation at high altitudes, can enter 
nuclei and produce disintegrations with the emission 
of particles. It is convenient to apply the 
term 'meson' to any particle with a mass intermediate 
between that of a proton and an electron. In continu-
ing our experiments we have found evidence of mesons 
which at the end of their range, produce secondary 
meson's. We have also observed transmutations in 
which slow mesons are ejected from disintegrating 
nuclei. Several features of these processes remain to 
be elucidated, but we present the following account 
of the experiments because the results appear to bear 
closely on the important problem of developing a 
satisfactory meson theory of nuclear forces. 

In identifying the tracks of mesons we employ the 
method of grain-counting. The method allows us, in 
principlea, to determine the mass of a pal'ticle which 
co.mes to the end of its range in the emulsion, provided 
that we are correct in assuming that its charge is 
of magnitude jej. We define the 'grain-density' in 
a track as the number of grains per unit length of 

the trajectory. Knowing the range-energy curve for 
the emulsion', we can make observations on the 
tracks of fast protons to determine a calibration 
curve showing the relation between the grain-density 
in a track and the rate of loss of energy of the particle 
producing it. With this curve, the observed distri-
bution of grains along the track of a meson allows us 
to deduce the total loss of energy of the particle in 
the emulsion. The energy taken in conjunction with 
the observed range of the particle then gives a measure 
of its mass. 

We have found that the above method gives 
satisfactory results when, in test experiments, it is 
applied to the determination of the mass of protons 
by observations on plates developed immediately 
after exposure. The errors in the observed values, 
based on grain-counts along individual tracks, are 
only a little greater than those corresponding to the 
statistical fluctuations associated with the finite 
number of grains in a track. As we have previously 
emphasized, however, serious errors arise when 
the method is applied to the plates exposed for several 
weeks to the cosmic rays2. These errors are due 
mainly to the fading of the latent image in the time 
elapsing between the passage of the particle and the 
development of the plate. 

We have attempted to allow for fading by determ-
ining a calibration curve for each individual plate 
by grain-counts on the tracks of a number of protons, 
chosen at random from those originating in 'stars'. 
Such a calibration curve corresponds to an average 
value of the fading of the tracks in the plate. While 
we thus obtain improved mean values for the mass 
of particles of the same type, as shown by test 
measurements on the tracks of protons other than 
those used in making the calibration, the individual 
values are subject to wide variations. In no case, 
however, have mass determinations by grain-counts 
of particles, judged to be protons from the frequency 
of the small-angle scattering, given values exceeding 
2,400 me or less than 1,300 m 6 • 

In these circumstances it is not possible to place 
serious reliance on the masses of individual mesons 
determined by grain-counts ; and we employ the 
method, in the present experiments, only to distin-
guish the track of a meson from that of a proton. In 
searching a plate, an experienced observer quickly 
learns to recognize the track of a meson by inspection, 
provided that its range in the emulsion exceeds 
lOO!J-. Nevertheless, we regard it as established that 
a particular track was produced by a meson only if 
both the grain-density and the frequency of the 
Coulomb scattering correspond to the values charac-
teristic of a particle of small mass. We have con-
sidered the possibility that as a result of a rare com-
bination of circumstances we might, in spite of the 
above precautions, wrongly attribute the track of a 
proton to a meson of mass less than 400 m 6 • It is 
difficult to give a numerical estimate of the prob-
ability of making such an error, but we believe it to 
be very small. 

Secondary Mesons 
We have- now made an analysis of the tracks of 

sixty-five mesons which come to the end of their 
range in the emulsion. Of these, forty show no 
evidence for the production of a secondary particle. 
The remaining twenty-five lead to the production of 
secondary particles. Fifteen of them produce dis-
integrations with the emission of two or more heayy 
particles, and from each of the remaining ten we 
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Fig. 1. O BSERVATION BY li1RS. I. ROBERTS. PHOTOMICROGRAPH WITH COOKE X 45 'FLUORITE' OBJECTIVE. !LFORD 'NUCLEAR RESEARCH', 
BORON-LOADED C2 EMULSION. m 1 IS THE PRHURY AND m, THE SECONDARY MESON. THE ARROWS, IN THIS AND THE FOLLOWING 
PHOTOGRA PHS, INDICATE POINTS WHERE CHANGES IN DIRECTION GREATER THAN 2 ° OCCUR, AS OBSERVED UNDER THE MICROSCOPE. ALL 

THE PHOTOGRAPHS ARE COMPLETELY UNRETOUCHED 

observe a single secondary particle. Of these latter 
events, the secondary particle is in four cases a 
hydrogen or heavier nucleus; in four other cases 
the identification is uncertain, and in the last two 
cases it is a second meson. 

Fig. 1 is a reproduction of a mosaic of photo-
which shows that a particle, ml> has 

come to the end of its range in the emulsion. The 
frequent points of scattering and the rapid change 
of grain-density towards the end of the range show 
that the track was produced by a meson. It will 
be seen from the figure that the track of a second 
particle, m 2, starts from the point where the first 
one ends, and that the second track also has all the 
characteristics of that of a particle of small mass. 
A similar event is shown in Fig. 2. In each case the 
chance that the observation corresponds to a chance 
juxtaposition of two tracks from unrelated events is 
less than 1 in 109 • 

Grain-coun,ts indicate that the masses of the 
primary particles in Figs. 1 and 2 are 350 ± 80 
and 330 ± 50 me, respectively ; and of the secondary 
particle in Fig. 1, 330 ± 50 me, the limits of error 
corresponding only to the standard deviations 
associated with the finite numbers of grains in the 
different tracks. All these values are deduced from 

calibration curves corresponding to an average value 
of the fading in the plate, and they will be too high 
if the track was produced late in the exposure, and 
too low if early. We may assume, however, that the 
two-component tracks in each event were produced 
in quick succession and were therefore subject to theo 
same degree of fading. In these circumstances the-
measurements indicate that if there is a difference> 
in mass between a primary and a secondary meson. 
it is unlikely that it is of magnitude greater than 
100 me. The evidence provided by Fig. 2 is not so 
complete because the secondary particle passes out 
of the emulsion, but the variation in the grain density 
in the track indicates that it was then near the end 
of its range. We conclude that the secondary mesons 
were ejected with nearly equal energy. 

We have attempted to interpret these two events 
in terms of an interaction of the primary meson with 
a nucleus in the emulsion which leads to the ejection 
of a second meson of the same mass as the first. Any 
reaction of the type represented by the equations 

A N+ o BN o AN+ o .nN o ) z !-'-_.- z_,+!L+, or z f-L +,___,__, z+,+!L_,, (1 

in which A represents any stable nucleus known to 
be present in the emulsion, involves an absorption 

Fig. '2. OBSERVATION BY MISS M. KURZ. COOKE X 45 ' FLUORITE' OBJEOTIVE. !LFORD 'NUCLEAR RESEARCH' EMULSION, TYPE C2, BORON-
LOADED. THE SECONDARY MRSON, m 1 , LEAVES THE EMULSION 

incoming outgoing

“…we have found evidence of mesons which, at the end of
their range, produce secondary mesons.”

And if physics were governed by neat clean principles, we
wouldhave beendone! Atoms are held together by theCoulomb
field, and the compact nuclei of protons and neutrons are
held together by the pion field (and neutrinos resolved en-
ergy and angular momentum conservation in weak decays).
But...
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1947–1950 The first “strange” meson was found (1947). Cos-
mic rays strike a lead plate: downstream a pair of charged
pions are observed:

K0 → π+π−, (1.11)

These weren’t immediately named kaons, and not was
it obvious how similar the K0 and K+ are — but it
makes our story easier.

and shortly after (1949), another type charged particle is
observed to decay to 3 charged pions:

K+ → π+ π+ π−. (1.12)

these are clearly heavier than 2 and 3 pions — but still rela-
tively light. “Mesons” were initially identified by being intermedi-

ate in mass, i.e. between an electron and the proton;
whereas “baryons” were heavy, at least as heavy as the
proton.

And by 1950, another strange track was seen — something
neutral decays to a proton and pion:

Λ → p+π−, (1.13)

but this time it must be heavier thanmp +mπ.
1952 Brookhaven Cosmotron began operation, and so began an

era of discovering all types of new states.

A feature of these new states is that they are produced
rapidly, ∼ 10−23 seconds; yet decay slowly, ∼ 10−10

seconds: there must be different underlying mecha-
nisms at work!
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1961–1964 The Eightfold Way
Symmetry Patterns for Baryons and 
Mesons

Gell-Mann and Ne’eman (independently) identify a classi-
fication scheme for the various new states that were being
found: and importantly provide aprediction for theΩ− baryon.
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1964 Quarks are proposed as the underlying building blocks that
underlie the patterns seen in the eightfold way.

Quarks
<latexit sha1_base64="Ba6AHmB1/bvdvX+gQQ4xeoZs/Gw=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquCHosevHYgm2FdinZNG1Dk+ySTMS69Jd48aCIV3+KN/+NabsHbX0w8Hhvhpl5cSq4gSD49gpr6xubW8Xt0s7u3n7ZPzhsmcRqypo0EYm+j4lhgivWBA6C3aeaERkL1o7HNzO//cC04Ym6g0nKIkmGig84JeCknl/uAnsELbOGJXpspj2/ElSDOfAqCXNSQTnqPf+r20+olUwBFcSYThikEGVEA6eCTUtda1hK6JgMWcdRRSQzUTY/fIpPndLHg0S7UoDn6u+JjEhjJjJ2nZLAyCx7M/E/r2NhcBVlXKUWmKKLRQMrMCR4lgLuc80oiIkjhGrubsV0RDSh4LIquRDC5ZdXSeu8GgbVsHFRqV3ncRTRMTpBZyhEl6iGblEdNRFFFj2jV/TmPXkv3rv3sWgtePnMEfoD7/MHmp2TsA==</latexit><latexit sha1_base64="Ba6AHmB1/bvdvX+gQQ4xeoZs/Gw=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquCHosevHYgm2FdinZNG1Dk+ySTMS69Jd48aCIV3+KN/+NabsHbX0w8Hhvhpl5cSq4gSD49gpr6xubW8Xt0s7u3n7ZPzhsmcRqypo0EYm+j4lhgivWBA6C3aeaERkL1o7HNzO//cC04Ym6g0nKIkmGig84JeCknl/uAnsELbOGJXpspj2/ElSDOfAqCXNSQTnqPf+r20+olUwBFcSYThikEGVEA6eCTUtda1hK6JgMWcdRRSQzUTY/fIpPndLHg0S7UoDn6u+JjEhjJjJ2nZLAyCx7M/E/r2NhcBVlXKUWmKKLRQMrMCR4lgLuc80oiIkjhGrubsV0RDSh4LIquRDC5ZdXSeu8GgbVsHFRqV3ncRTRMTpBZyhEl6iGblEdNRFFFj2jV/TmPXkv3rv3sWgtePnMEfoD7/MHmp2TsA==</latexit><latexit sha1_base64="Ba6AHmB1/bvdvX+gQQ4xeoZs/Gw=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquCHosevHYgm2FdinZNG1Dk+ySTMS69Jd48aCIV3+KN/+NabsHbX0w8Hhvhpl5cSq4gSD49gpr6xubW8Xt0s7u3n7ZPzhsmcRqypo0EYm+j4lhgivWBA6C3aeaERkL1o7HNzO//cC04Ym6g0nKIkmGig84JeCknl/uAnsELbOGJXpspj2/ElSDOfAqCXNSQTnqPf+r20+olUwBFcSYThikEGVEA6eCTUtda1hK6JgMWcdRRSQzUTY/fIpPndLHg0S7UoDn6u+JjEhjJjJ2nZLAyCx7M/E/r2NhcBVlXKUWmKKLRQMrMCR4lgLuc80oiIkjhGrubsV0RDSh4LIquRDC5ZdXSeu8GgbVsHFRqV3ncRTRMTpBZyhEl6iGblEdNRFFFj2jV/TmPXkv3rv3sWgtePnMEfoD7/MHmp2TsA==</latexit><latexit sha1_base64="Ba6AHmB1/bvdvX+gQQ4xeoZs/Gw=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquCHosevHYgm2FdinZNG1Dk+ySTMS69Jd48aCIV3+KN/+NabsHbX0w8Hhvhpl5cSq4gSD49gpr6xubW8Xt0s7u3n7ZPzhsmcRqypo0EYm+j4lhgivWBA6C3aeaERkL1o7HNzO//cC04Ym6g0nKIkmGig84JeCknl/uAnsELbOGJXpspj2/ElSDOfAqCXNSQTnqPf+r20+olUwBFcSYThikEGVEA6eCTUtda1hK6JgMWcdRRSQzUTY/fIpPndLHg0S7UoDn6u+JjEhjJjJ2nZLAyCx7M/E/r2NhcBVlXKUWmKKLRQMrMCR4lgLuc80oiIkjhGrubsV0RDSh4LIquRDC5ZdXSeu8GgbVsHFRqV3ncRTRMTpBZyhEl6iGblEdNRFFFj2jV/TmPXkv3rv3sWgtePnMEfoD7/MHmp2TsA==</latexit>

Anti-quarks
<latexit sha1_base64="E/WvwpWXxexEkKvjrOwOUSRYYpM=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIXgy7Iugx6sVjBPOAZAmzk0kyZGZ2nekV4xL8FS8eFPHqf3jzb5wke9DEgoaiqpvurjAW3IDnfTu5hcWl5ZX8amFtfWNzy93eqZko0ZRVaSQi3QiJYYIrVgUOgjVizYgMBauHg6uxX79n2vBI3cIwZoEkPcW7nBKwUtvdawF7AC3TCwX8+C4hemBGbbfolbwJ8DzxM1JEGSpt96vViWgimQIqiDFN34shSIkGTgUbFVqJYTGhA9JjTUsVkcwE6eT6ET60Sgd3I21LAZ6ovydSIo0ZytB2SgJ9M+uNxf+8ZgLd8yDlKk6AKTpd1E0EhgiPo8AdrhkFMbSEUM3trZj2iSYUbGAFG4I/+/I8qZ2UfK/k35wWy5dZHHm0jw7QEfLRGSqja1RBVUTRI3pGr+jNeXJenHfnY9qac7KZXfQHzucPQ0GVuw==</latexit><latexit sha1_base64="E/WvwpWXxexEkKvjrOwOUSRYYpM=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIXgy7Iugx6sVjBPOAZAmzk0kyZGZ2nekV4xL8FS8eFPHqf3jzb5wke9DEgoaiqpvurjAW3IDnfTu5hcWl5ZX8amFtfWNzy93eqZko0ZRVaSQi3QiJYYIrVgUOgjVizYgMBauHg6uxX79n2vBI3cIwZoEkPcW7nBKwUtvdawF7AC3TCwX8+C4hemBGbbfolbwJ8DzxM1JEGSpt96vViWgimQIqiDFN34shSIkGTgUbFVqJYTGhA9JjTUsVkcwE6eT6ET60Sgd3I21LAZ6ovydSIo0ZytB2SgJ9M+uNxf+8ZgLd8yDlKk6AKTpd1E0EhgiPo8AdrhkFMbSEUM3trZj2iSYUbGAFG4I/+/I8qZ2UfK/k35wWy5dZHHm0jw7QEfLRGSqja1RBVUTRI3pGr+jNeXJenHfnY9qac7KZXfQHzucPQ0GVuw==</latexit><latexit sha1_base64="E/WvwpWXxexEkKvjrOwOUSRYYpM=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIXgy7Iugx6sVjBPOAZAmzk0kyZGZ2nekV4xL8FS8eFPHqf3jzb5wke9DEgoaiqpvurjAW3IDnfTu5hcWl5ZX8amFtfWNzy93eqZko0ZRVaSQi3QiJYYIrVgUOgjVizYgMBauHg6uxX79n2vBI3cIwZoEkPcW7nBKwUtvdawF7AC3TCwX8+C4hemBGbbfolbwJ8DzxM1JEGSpt96vViWgimQIqiDFN34shSIkGTgUbFVqJYTGhA9JjTUsVkcwE6eT6ET60Sgd3I21LAZ6ovydSIo0ZytB2SgJ9M+uNxf+8ZgLd8yDlKk6AKTpd1E0EhgiPo8AdrhkFMbSEUM3trZj2iSYUbGAFG4I/+/I8qZ2UfK/k35wWy5dZHHm0jw7QEfLRGSqja1RBVUTRI3pGr+jNeXJenHfnY9qac7KZXfQHzucPQ0GVuw==</latexit><latexit sha1_base64="E/WvwpWXxexEkKvjrOwOUSRYYpM=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAIXgy7Iugx6sVjBPOAZAmzk0kyZGZ2nekV4xL8FS8eFPHqf3jzb5wke9DEgoaiqpvurjAW3IDnfTu5hcWl5ZX8amFtfWNzy93eqZko0ZRVaSQi3QiJYYIrVgUOgjVizYgMBauHg6uxX79n2vBI3cIwZoEkPcW7nBKwUtvdawF7AC3TCwX8+C4hemBGbbfolbwJ8DzxM1JEGSpt96vViWgimQIqiDFN34shSIkGTgUbFVqJYTGhA9JjTUsVkcwE6eT6ET60Sgd3I21LAZ6ovydSIo0ZytB2SgJ9M+uNxf+8ZgLd8yDlKk6AKTpd1E0EhgiPo8AdrhkFMbSEUM3trZj2iSYUbGAFG4I/+/I8qZ2UfK/k35wWy5dZHHm0jw7QEfLRGSqja1RBVUTRI3pGr+jNeXJenHfnY9qac7KZXfQHzucPQ0GVuw==</latexit>

u
<latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit><latexit sha1_base64="HdrHs+9WrEY+c6wp70bq3BGtMmw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A4a2M+Q==</latexit>d

<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

s
<latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit>

ū
<latexit sha1_base64="Yu+2mRMW+/8/je9lINVP4UxrxEg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdnaZhxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eUCa6N7397a+sbm1vbpZ3y7t7+wWHl6LilU6soa9JUpKoToWaCS9Y03AjWyRTDJBKsHY3vZn77iSnNU/loJhkLExxKHnOKxkntXoQqt9N+perX/DnIKgkKUoUCjX7lqzdIqU2YNFSg1t3Az0yYozKcCjYt96xmGdIxDlnXUYkJ02E+P3dKzp0yIHGqXElD5urviRwTrSdJ5DoTNCO97M3E/7yuNfFNmHOZWcMkXSyKrSAmJbPfyYArRo2YOIJUcXcroSNUSI1LqOxCCJZfXiWty1rg14KHq2r9toijBKdwBhcQwDXU4R4a0AQKY3iGV3jzMu/Fe/c+Fq1rXjFzAn/gff4An2mPvg==</latexit><latexit sha1_base64="Yu+2mRMW+/8/je9lINVP4UxrxEg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdnaZhxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eUCa6N7397a+sbm1vbpZ3y7t7+wWHl6LilU6soa9JUpKoToWaCS9Y03AjWyRTDJBKsHY3vZn77iSnNU/loJhkLExxKHnOKxkntXoQqt9N+perX/DnIKgkKUoUCjX7lqzdIqU2YNFSg1t3Az0yYozKcCjYt96xmGdIxDlnXUYkJ02E+P3dKzp0yIHGqXElD5urviRwTrSdJ5DoTNCO97M3E/7yuNfFNmHOZWcMkXSyKrSAmJbPfyYArRo2YOIJUcXcroSNUSI1LqOxCCJZfXiWty1rg14KHq2r9toijBKdwBhcQwDXU4R4a0AQKY3iGV3jzMu/Fe/c+Fq1rXjFzAn/gff4An2mPvg==</latexit><latexit sha1_base64="Yu+2mRMW+/8/je9lINVP4UxrxEg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdnaZhxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eUCa6N7397a+sbm1vbpZ3y7t7+wWHl6LilU6soa9JUpKoToWaCS9Y03AjWyRTDJBKsHY3vZn77iSnNU/loJhkLExxKHnOKxkntXoQqt9N+perX/DnIKgkKUoUCjX7lqzdIqU2YNFSg1t3Az0yYozKcCjYt96xmGdIxDlnXUYkJ02E+P3dKzp0yIHGqXElD5urviRwTrSdJ5DoTNCO97M3E/7yuNfFNmHOZWcMkXSyKrSAmJbPfyYArRo2YOIJUcXcroSNUSI1LqOxCCJZfXiWty1rg14KHq2r9toijBKdwBhcQwDXU4R4a0AQKY3iGV3jzMu/Fe/c+Fq1rXjFzAn/gff4An2mPvg==</latexit><latexit sha1_base64="Yu+2mRMW+/8/je9lINVP4UxrxEg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdnaZhxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eUCa6N7397a+sbm1vbpZ3y7t7+wWHl6LilU6soa9JUpKoToWaCS9Y03AjWyRTDJBKsHY3vZn77iSnNU/loJhkLExxKHnOKxkntXoQqt9N+perX/DnIKgkKUoUCjX7lqzdIqU2YNFSg1t3Az0yYozKcCjYt96xmGdIxDlnXUYkJ02E+P3dKzp0yIHGqXElD5urviRwTrSdJ5DoTNCO97M3E/7yuNfFNmHOZWcMkXSyKrSAmJbPfyYArRo2YOIJUcXcroSNUSI1LqOxCCJZfXiWty1rg14KHq2r9toijBKdwBhcQwDXU4R4a0AQKY3iGV3jzMu/Fe/c+Fq1rXjFzAn/gff4An2mPvg==</latexit> d̄

<latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit><latexit sha1_base64="YmRwnOF/QWhKXLRIzHIFKH2CMEA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6hGwSW2DTcCe6lCGgcCu8Hkbu53n1BpnshHM03Rj+lI8ogzaqzUHQRU5eFsWK25dXcBsk68gtSgQGtY/RqECctilIYJqnXfc1Pj51QZzgTOKoNMY0rZhI6wb6mkMWo/X5w7IxdWCUmUKFvSkIX6eyKnsdbTOLCdMTVjverNxf+8fmaiGz/nMs0MSrZcFGWCmITMfychV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI66VzVPbfuPVzXmrdFHGU4g3O4BA8a0IR7aEEbGEzgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AYWUj60=</latexit>

s̄
<latexit sha1_base64="OzK/UEuia4ZNzv5PQ+QkVqReE68=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdmaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0ZU2qhNKdCA0TXLKm5VawTqoZJpFg7Wh8N/PbT0wbruSjnaQsTHAoecwpWie1exHq3Ez7lapf8+cgqyQoSBUKNPqVr95A0Sxh0lKBxnQDP7VhjtpyKti03MsMS5GOcci6jkpMmAnz+blTcu6UAYmVdiUtmau/J3JMjJkkketM0I7MsjcT//O6mY1vwpzLNLNM0sWiOBPEKjL7nQy4ZtSKiSNINXe3EjpCjdS6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU2gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPnF+PvA==</latexit><latexit sha1_base64="OzK/UEuia4ZNzv5PQ+QkVqReE68=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdmaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0ZU2qhNKdCA0TXLKm5VawTqoZJpFg7Wh8N/PbT0wbruSjnaQsTHAoecwpWie1exHq3Ez7lapf8+cgqyQoSBUKNPqVr95A0Sxh0lKBxnQDP7VhjtpyKti03MsMS5GOcci6jkpMmAnz+blTcu6UAYmVdiUtmau/J3JMjJkkketM0I7MsjcT//O6mY1vwpzLNLNM0sWiOBPEKjL7nQy4ZtSKiSNINXe3EjpCjdS6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU2gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPnF+PvA==</latexit><latexit sha1_base64="OzK/UEuia4ZNzv5PQ+QkVqReE68=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdmaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0ZU2qhNKdCA0TXLKm5VawTqoZJpFg7Wh8N/PbT0wbruSjnaQsTHAoecwpWie1exHq3Ez7lapf8+cgqyQoSBUKNPqVr95A0Sxh0lKBxnQDP7VhjtpyKti03MsMS5GOcci6jkpMmAnz+blTcu6UAYmVdiUtmau/J3JMjJkkketM0I7MsjcT//O6mY1vwpzLNLNM0sWiOBPEKjL7nQy4ZtSKiSNINXe3EjpCjdS6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU2gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPnF+PvA==</latexit><latexit sha1_base64="OzK/UEuia4ZNzv5PQ+QkVqReE68=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhN7JbDJkdmaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0ZU2qhNKdCA0TXLKm5VawTqoZJpFg7Wh8N/PbT0wbruSjnaQsTHAoecwpWie1exHq3Ez7lapf8+cgqyQoSBUKNPqVr95A0Sxh0lKBxnQDP7VhjtpyKti03MsMS5GOcci6jkpMmAnz+blTcu6UAYmVdiUtmau/J3JMjJkkketM0I7MsjcT//O6mY1vwpzLNLNM0sWiOBPEKjL7nQy4ZtSKiSNINXe3EjpCjdS6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU2gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPnF+PvA==</latexit>

– Quarkmodel: All mesons can be identified as qq̄ states,
and all baryons are qqq.
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1964 Within the quark model, single-flavour states such as the
Ω− (sss) or ∆++ (uuu) appear to be at odds with the Pauli
exclusion principle. Greenberg proposes a new quantum
number, such that each quark one of a triplet of possible
states: 3 colours. Gell-Mann introduced the term “colour” in the 1970s.

1962–1964 Gell-Mann (again) identifies current algebra in sym-
metries of the strong interaction: Symmetries in the vector
and axial-vector flavour currents in QCD. Importanly, sym-
metries are broken, but weakly.

1973 A lot happened:
– The charm discovery,
– Promoting the colour quantum number to a gauge sym-

metry,
– Non-Abelian gauge theories provide candidate for asymptotically-

free theory.
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2 QCD formalism

27



2.1 Non-Abelian gauge theory

Gauge invariance and QED

• From a theoretical point of view, the construction of QCD ap-
pears as a very natural extension of the gauge symmetry princi-
ple, that has proven so successful for quantum electrodynamics
(QED). GWS theory unifies QED with the electroweak force,

with the gauge bosons arising fromanon-Abelian SU(2)
group. Gauge theories don’t immediately permit mas-
sive gauge bosons, and the Higgs mechanism proved
successful in overcoming this.

• To recap the Abelian case, quantum electrodynamics is based on
the invariance of the theory to local U(1) transformations:

ψ(x) → ψ′(x) = eieω(x)ψ(x), (2.1)
Aµ(x) → A′

µ(x) = Aµ − ∂µω(x), (2.2)

where ψ is a fermion field (typically the electron) and Aµ is the
corresponding gauge potential, which gives rise to photon exci-
tations.
Importantly, we note that the phase rotation, ω(x), is dependent
on spacetime.
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• It can be shown that the following Lagrangian under this gauge
transformation: If you’ve not seen this before, it’s worth convincing

yourself that this Lagrangian is invariant under the
transformation specified above. We find that the par-
tial deriviative in the fermion Lagrangian acts on the
phase rotation, and the transformation of Aµ exactly
compensates the extra term. And note that it is straght-
forward to show thatF is invariant under this transfor-
mation.

L = −1
4
FµνF

µν + ψ (iγµ∂µ − eγµAµ −m)ψ, (2.3)

with

Fµν = ∂µAν − ∂νAµ. (2.4)

For notation, we’ll make use of the covariant derivative,
here written as

Dµ = ∂µ + ieAµ,

and Feynman’s slash notation, e.g.D/ = γµDµ .
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Non-Abelian gauge invariance and QCD

• Extending the gauge principle a non-Abelian group, we first In the current understanding of the Standard Model,
there are 6 known flavours of quarks, hence the sum
over f runs over u, d, s, c, b, t. In practice, if one
is only considering low energies, one only needs to
consider the (energetically) active flavours, where the
heavy flavours can be integrated out (resulting in a
modified coupling for consistency).

state
that the QCD Lagrangian can be expressed compactly by:

L = −1
4
F aµνF

aµν +
∑
f

ψ̄f (iD/ −mf )ψf , (2.5)

with an implicit sum a = 1, . . . , 8 running over the independent
gauge field components, Aaµ, where we have one for each genera-
tor of the symmetry group. We will often write the gauge field in
a more compact notation:

Aµ =
8∑

a=1
Aaµt

a
N , (2.6)

noting that A encodes 4 matrices in colour space — one 3 × 3
matrix for each spacetime direction.

• The form of the covariant derivative looks similar to that of the
Abelian case:

Dµ = ∂µ − igAµ, (2.7)

but we now identify Aµ as a matrix in colour space, and the ordi-
nary derivative is diagonal in colour, hence this term is implied
to be propotional to an identity matrix.
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• In the above Lagrangian, we’ve started with the final answer, but
where is the gauge invariance that we desired?

• Firstly, the gauge symmetry that we desired is that we can rotate
the colour components (for any quark flavour) into each other
without changing the physics:

ψf (x) → ψ′
f (x) = Ω(x)ψf (x), (2.8)

We can picture ψf as a 3-component column vector
and Ω as a 3 × 3 matrix. In terms of colour compo-
nents, i, j,= 1, 2, 3, we can write the transformation
in index notation:

ψ
i
f → (ψ′

f )i = Ωij
ψ

k
f .

where Ω is a spacetime-dependent element of the SU(3) group,
which we can write as:

Ω(x) = eiω
a(x)taN , (2.9)

The SU(3) generators are commonly represented by the
Gell-Mann matrices, up to a factor of 2 in the normali-
sation, taN = λa/2.

being parameterised by 8 rotation angles ωa(x) — one for each
generator.
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• An easy way to demonstrate the gauge symmetry of the fermionic
part of the action is to rewrite the Lagrangian in terms of the
transformed fields: For unitary symmetries of interest to us, of course we

simply have Ω†Ω = I.

L = ψ(iD/ −m)ψ = ψΩ†︸︷︷︸
ψ′

Ω(iD/ −m)Ω†︸ ︷︷ ︸
(iD/ ′−m)

Ωψ︸︷︷︸
ψ′

, (2.10)

which clearly represents the symmetry of the theory, provided
that we identify the tranformation of the covariant derivative:

D′
µ = Ω(x)DµΩ†(x). (2.11)

• Given the transformation law forD, we can determine the trans-
formation of the gauge potential:

A′
µ = ΩAµΩ† + i

g
Ω(∂µΩ†). (2.12)
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The field strength tensor

• We have constructed the formulation of a (locally) gauge invari-
ant action for our “matter” fields. Just as in the Abelian case, we
require a description of the kinetic energy in the gauge fields.

• It turns out that we can define the non-Abelian field strength ten-
sor in terms of the commutator of covariant derivatives: It’s important to note that the commutator is not a dif-

ferential operator — it’s simply a function that takes a
value in the Lie algebra of our symmetry group.

Fµν ≡ i

g
[Dµ, Dν ]. (2.13)

• Given the form of the commutator, it is evident that the field
strength tensor is an element of the Lie algebra, and can hence
be expressed as: Just as forA, F can be expressed independently of the

representation.

Fµν = F aµνT
a. (2.14)

We can determine the components of F by writing out explicitly
in terms of the gauge potential:

Fµν = (∂µAν − ∂νAµ) − ig[Aµ, Aν ], (2.15)
= ∂µA

a
νT

a − ∂νA
a
µT

a − igAaµA
b
ν [T a, T b], (2.16)

=
(
∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν

)
T a, (2.17)

∴ F aµν = ∂µA
a
ν − ∂νA

a
µ + gfabcAbµA

c
ν . (2.18)

In the absence of the non-Abelian commutators, you
should recognise the usual field strength tensor of QED.
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• We could construct the transformation law for F using A, how-
ever it is easier to use the commutator form and the covariant
derivative transformation (D′ = ΩDΩ†), giving: We see that the field strength exhibits a homogeneous

transformation law, in constrast to the gauge potential
(see Eq. (2.12)).

Fµν(x) → F ′
µν(x) = Ω(x)Fµν(x)Ω†(x). (2.19)

• We note that unlike the Abelian Fµν , the non-Abelian case is not
itself invariant under gauge transformations. In the non-Abelian case, F will not generally commute

with Ω, hence giving rise to a non-trivial transforma-
tion law. Physically, we note that at weak coupling
(where we neglect the commutator), F will look like
electromagetic E and B fields, but having independent
components for each of the generators of the group.
Since theseE andB fields are charged under the gauge
group, it is not surprising that they will rotate into one
another under a gauge tranformation.

Of course to con-
struct a gauge invariant action, we need to form products that
transform invariantly under the gauge symmetry.
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The gauge action

• The simplest possible Lagrangian we can construct is built from
F 2, where the Lorentz indicies are contracted to form a Lorentz
scalar, and we take a trace over colour to ensure gauge invari-
ance: The conventional factor of − 1

2 here is simply chosen
to ensure the canonical normalisation in terms of the
connection to the Hamiltonian.

Lgauge = −1
2

Tr (FµνFµν) . (2.20)

• To confirm that this is gauge invariant, we insert the transforma-
tion law for F :

Lgauge → −1
2

Tr
(
F ′
µνF

′µν
)
, (2.21)

= −1
2

Tr
(
ΩFµνΩ† ΩFµνΩ†

)
= Lgauge, (2.22)

where the equality easily drops out by the cyclic property of the
trace.
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• Finally, to write out in terms of components we use the normali-
sation of the group generators:

Lgauge = −1
2

Tr
(
F aµν t

a
N Fµν b tbN

)
, (2.23)

= −1
2
F aµνF

µν b Tr
(
taN t

b
N

)
︸ ︷︷ ︸

1
2 δ
ab

= −1
4
F aµνF

µν a, (2.24)

which agrees with the form we originally introduced in Eq. (2.5).
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Interaction terms

• To make the Lagrangian more explicit, as an example we write
out the up quark Lagrangian in detail:

ψiu [(i∂/−mu)δij + gA/ a(taN )ij ]ψju, (2.25)

with i, j = 1, 2, 3 running over the colour indices and tN the gen-
erators of the (3-dim’l) fundamental representation of SU(3).

• And writing out the gauge part explicitly, we have:

−1
4
F a

µνF
a µν = −1

4
(∂µA

a
ν − ∂νA

a
µ)2︸ ︷︷ ︸

kinetic energy

−gfabc (∂µAa ν)Ab
µA

c
ν︸ ︷︷ ︸

3-gluon vertex

− 1
4
g2fabcfade Ab µAc νAd

µA
e
ν︸ ︷︷ ︸

4-gluon vertex

. (2.26)
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2.2 Gauge fixing

Conceptual picture

• In order to construct the Feynman rules of the theory, it is es-
sential to specify a gauge-fixing condition. Just as for the photon
in QED, the gluon matrix is highly singular — and hence we are
unable to invert to define the propagator. This is a consequence
of an unphysical degeneracy associated with the gauge degree of
freedom.

• Therefore to define the propagator we prescribe a gauge fixing
condition. Choosing a (generalised) Lorenz gauge-fixing condi-
tion, ∂ · A = 0, gives rise to the ξ-dependence of the gluon prop-
agator (see Lect 3 below). This works just the same as for QED.

• In QED, we supplement this gauge-fixed propagator by the con-
dition that only the physical degrees of freedom propagate in ex-
ternal (in/out) states — photons are transverse, i.e. real photons
only have two physical polarisations. To somewhat oversimplify the issue,Aµ has 4 degress

of freedom, but photons only have 2.– Internal photon lines sum over all components of the gauge
potential, yet it turns out that the unphsical degrees of free-
dom never contribute to closed loops.
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• However, the story is a little more complicated in QCD. In this
case, additional interaction vertices make it possible for the un-
physical degrees of freedom to contribute to loop effects.
– As it turns out, there is a prescription that we can implement

that exactly cancels the unphysical effects in gluon loop graphs;
this is known as the Faddeev-Popov procedure.

– The consequence of this is to introduce unphysical “ghost” fields
having the properties that they are scalar, Grassmann-valued
(anti-commuting) fields charged under the adjoint represen-
tation. It may seem odd to see anti-commuting scalars, since

this doesn’t match with the statistics of any particles we
know of — the ghost fields are purely a mathemetical
trick to patch up something unphysical in our treatment
of gluons.
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Fixing the gauge

• Let’s quick recap the issue in QED.
• We consider just the gauge/photon part of theQEDaction, where
we want to do path integrals of the form: Sorry, I’m talking about path integrals before remind-

ing us all what path integrals are. Hopefully we have
some familiarity with these by now.∫

DAeiS[A], DA ≡ DA0DA1DA2DA3. (2.27)

• To highlight the problem, we transform the action tomomentum
space:

S = 1
2

∫
d4k

(2π)4 Ãµ(k)
[
−k2gµν + kµkν

]
Ãν(−k). (2.28)

• From the point of view of the path integral, where we wish to
integrate over DA, we have a nice simple quadratic form, which
should be easy to compute as a Gaussian integral.

• However, we easily identify that this matrix is singular: the ac-
tion will vanish whenever Ãµ(k) = kµω̃(k), for any ω̃.
– With the action vanishing, the integrand of the functional in-

tegral is unity over a huge volume of gauge space and hence
badly divergent.

40



• This divergence is a consequence of gauge invariance — we are
integrating over a space of physically-equivalent field configura-
tions.

• In the functional integral, we should really consider that we only
want to integrate over the physicalHilbert space—any states that
are equivalent by a gauge transformation are not independent
(and hence shouldn’t be double counted).

• By exploiting the gauge symmetry of the theory, we can choose
to fix the gauge and hence eliminate the unphysical degrees of
freedom.
– There are many gauge fixing conditions on the market, and

eachhave their advantages depenging on the situation inwhich
they are being used. One common choice is the Lorenz gauge:

∂µAµ = 0, (2.29)

which has the attractive feature that it transforms invariantly
under Lorentz transformations.
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– Whatever our choice of gauge fixing prescription, it can be
helpful to consider a pictorial representation:

Gauge “orbits”:
regions of constant physics

Gauge-fixing condition: subspace interacting all orbits

SPACEAµ

gauge-fixed solutiongauge transformation

Aµ
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Each contour depicts a space of gauge-equivalent configura-
tions.

– A suitable gauge fixing condition should have a unique solu-
tion for every gauge configuration. Note that Lorenz gauge alone doesn’t entirely specify

the gauge, andwe typically eliminate the final gauge de-
gree of freedom by placing a restriction on the photon
polorisation vector.• While straightforward classically, imposing a condition (such as

the Lorenz gauge) on quantum field operators is challenging.
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• The somewhat ad hoc prescription thatwe generally all learn first
is to add a term to the photon action that explicitly breaks the
gauge degeneracy:

SGFphoton →
∫
d4x

[
−1

4
FµνF

µν − 1
2ξ

(∂ ·A)2
]
. (2.30)

• Importantly, this breaks the singular nature of the photon ma-
trix, and allows us to invert and hence define the propagator (≡
Green’s function):

∆µν(k) = i

k2 + iε

{
−gµν + (1 − ξ)kµkν

k2

}
, (2.31)

... and then we all run away setting ξ = 1 and forget we ever
went through this story.
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Faddeev-Popov in QED

• Within the path integral formalism, there exists a neat mathe-
matical trick that introduces the gauge-fixing term in the action
in a more systematic way — and importantly, gives us a strategy
that can more readily be extended to non-Abelian theories.

• The basic idea is that we would like a strategy that would allow
us to factorise the functional integral into:∫

“gauge transforms” ×
∫
“distinct gauge orbits”.

• For the sake of our argument, let’s assume that we would like to
impose something like the Lorenz gauge-fixing condition: ∂ ·Ā =
0. The bar Ā indicates that we have selected a gauge con-

figuration that satisfies the Lorenz condition,

i.e. Āµ = A
µ + ∂

µ
ω,

where ω is appropriate chosen for any arbitraryA.

• In general, we choose an arbitrary function that we wish to con-
strain, e.g. G(Ā) = 0, and set:

G(Ā) = ∂µĀ
µ −K(x), (2.32)

with K being just another arbitrary function that we can’t (yet)
attach any meaning to.

• To force G to be zero, we can introduce a convenient functional
delta function:

1 =
∫

DGδ[G(Ā)]. (2.33)
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• We see that G depends on the gauge transformation:

G(Ā) = ∂µA
µ(x) + ∂2ω(x) −K(x), (2.34)

and we perform a change of variables, G → ω:

1 =
∫

DGδ[G(Ā)] =
∫

Dω det
[
δG(Ā)
δω

]
δ[∂ · Ā−K]. (2.35)

• We’ve just created a highly-convoluted way of writing the iden-
tity, but let’s insert this in our original functional integral:∫

DADω det
[
δG(Ā)
δω

]
δ[∂ · Ā−K] eiS[A]. (2.36)

• The Jacobian is independent of A (in Abelian theory) and can be
factored out of the A integral.
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• Now we can do a shift of the integration variable A → Ā, with
DA = DĀ and using the gauge invariance of the action, we have:∫

DAeiS[A] =
∫

Dω det
[
δG(Ā)
δω

]
︸ ︷︷ ︸

factorised!

∫
DĀ δ[∂µĀµ −K ′]eiS[Ā],

(2.37)

and now Ā is just a dummy variable and we’re free to change it
back to the label A if we wish. Note that we modified K → K ′

in this transformation, butK was arbitrary, so it’s just become a
new arbitrary function which we’ll just go back to usingK.

• The Dω integral will be some factor, but is independent of A and
hence just a constant that will fall out in the normalised ratio,
Z[J ]/Z[0].

• We have now a delta function that restricts ∂ · A to the arbitrary
functionK we introduced earlier.
– Since K is arbitrary, we can just average over it with a Gaus-

sian: As above, the overall normalisation of the functional
integrals is irrelevant, however, we’ve kept a factor of
Nξ just as a normalisation of the Gaussian integral that
we’ve introduced.

∫
DA eiS[A] = Nξ

∫
DK exp

{
−i

∫
d4x

K2(x)
2ξ

}
×

∫
Dω det

[
δG(Ā)

δω

] ∫
DA δ[∂µAµ − K]eiS[A].

(2.38)
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– Finally, the δ function allows us to eliminate the K integral
and we have:∫

DAeiS[A] = Nξ

∫
Dω det

[
δG(Ā)
δω

]
×

∫
DAeiS[A] exp

{
−i

∫
d4x

(∂ ·A2)
2ξ

}
. (2.39)

Phew!
• Look at that! We’ve factored our path integral into some irrele-
vant constants corresponding to integration over gauge degrees
of freedom, and an integral overDA that has precisely the ad hoc
gauge-fixing term that we had introduced earlier.
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Faddeev-Popov in a non-Abelian theory

• The extension to the non-Abelian case, e.g. QCD, carries through
in much the same way as the calculation above. The distinction
however is that the gauge transformation is no longer indepen-
dent of the gauge potential.

• By expanding the gauge transformation defined above (2.12), an
infinitessimal gauge transformation can be expressed as: We’ve been explicit here to indicate that the covariant

derivative is acting in the adjoint representation.

Āaµ = Aµ + 1
g
Dab
µ ω

b. (2.40)

• The argument of the Faddeev-Popov determinant is no longer in-
dependent of A. Explicitly, we have:

δ

δωb(y)
(∂ · Āa(x)) = 1

g
∂ ·Dabδ(4)(x− y). (2.41)

• We can represent this functional determinant as a Grassmann
Gaussian integral: If you’ve seenGrassmann integration before, we remind

ourselves that themutli-dimensional complexGaussian
can be expressed as:∫

dθ⃗
∗
dθ⃗ e

−θ⃗∗Aθ⃗ = detA.

For the ghost fields, we conventionally use c̄ for the
complex conjugate.

det
[
δG(Ā)
δω

]
=

∫
Dc̄Dc exp

{
i

∫
d4x c̄ (−∂ ·D) c

}
, (2.42)

where we have introduced the Grassmann variables cc̄, ghost
fields, to define the functional determinant. Importantly, the op-
erator ∂ ·D lives has adjoint indices and hence the c′s live in the
adjoint space— i.e. we have one ghost field for each type of gluon.
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• As mentioned earlier, we therefore recognise the ghost fields as
Lorentz scalars, but are anticommuting and hence obey Fermi
statistics.

• While the determinant factormust be treated explicitly, it doesn’t
depend on ω and hence the integration over ω still factorises as
an overall constant. There’s a subtlety here, ω only factorised because we

considered a perturbatively small gauge transforma-
tion, where the gauge transformation, Eq. (2.40), is lin-
ear in ω. This will be fine if the gauge fields are small,
i.e. in perturbation theory. Going beyond perturbation
theory brings us back to the questioning the legitimacy
of Eq. (2.35)— but that feels like a story for another day.

• We summarise this by noting that we work with a modified ac-
tion, that both includes the 1/(2ξ) term and a new contribution
from the ghost fields — and the path integral is extended to in-
clude integration over these Grassmann fields.
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3 Running coupling
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3.1 Feynman rules
Without derivation, we simply state the Feynman rules of pertur-
bative QCD:
• Gluon propagator
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= iδab
p2 + iε

[
−gµν + (1 − ξ)p

µpν

p2

]
. (3.1)

• Quark propagator Just as a reminder on the conventions here: the Greek
letters µ, ν, . . . denote Lorentz components; whereas
α, β, . . . are understood as Dirac indices. The colour
components i, j, . . . represent components of the fun-
damental (running over 1, 2, 3); and a, b, . . . denote
components of the adjoint representation (1, . . . , 8).
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<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

= iδij(p/+mf )αβ
p2 −m2

f + iε
. (3.2)

• Ghost propagator

k1
<latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit>

k2
<latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit>

k3
<latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

d,�
<latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

b, µ
<latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit>

c
<latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

= iδab
p2 + iε

. (3.3)
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• Quark–gluon vertex While not derived explicitly, you can see these terms in
the interactions described above.

k1
<latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit>

k2
<latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit>

k3
<latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

d,�
<latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

b, µ
<latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit>

c
<latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

= igγµαβt
a
ij = igγµαβ

λaij
2
. (3.4)

• Triple-gluon vertex

k1
<latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit>

k2
<latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit>

k3
<latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

d,�
<latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

b, µ
<latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit>

c
<latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

= gfabc [gµν(k1 − k2)ρ + gνρ(k2 − k3)µ + gρµ(k3 − k1)ν ] ,

≡ gfabcΓµνρg3 (k1, k2, k3). (3.5)

For convenience, we’ve itroduced the vertex function
Γ

g3 to collect the Lorentz structure of the 3-gluon ver-
tex.
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• Four-gluon vertex

k1
<latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit>

k2
<latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit>

k3
<latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

d,�
<latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

b, µ
<latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit>

c
<latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

=
−ig2[

fabef cde(gµρgνσ − gµσgνρ)
+facef bde(gµνgρσ − gµσgνρ)
+fadef bce(gµνgρσ − gµρgνσ)

]
.

(3.6)

• Ghost–gluon vertex

k1
<latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit><latexit sha1_base64="xjs2OZPbG/0/wnof4ps/hfh15mc="></latexit>

k2
<latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit><latexit sha1_base64="WL28MgvHwfOWdID2qHcBwnh9OWw="></latexit>

k3
<latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit><latexit sha1_base64="xYjz82dLeJ7ds+bDmAsBFlj4ct0="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

a, µ
<latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit><latexit sha1_base64="P84x95FSF/cXDsT8Ey7ScXTxGic="></latexit>

b, ⌫
<latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit><latexit sha1_base64="Mcg9zeRAFQi8gGskAeFAj42EA0o="></latexit>

c, ⇢
<latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit><latexit sha1_base64="Yn8lx49UKI0RAxHxMeROZ6wJZhI="></latexit>

d,�
<latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit><latexit sha1_base64="jhO+TkZ/SW36J09jpojQQLFlzNU="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

b, µ
<latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit><latexit sha1_base64="rEzhEJgoHW2RGEZBwkXqV+qWo/M="></latexit>

c
<latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit><latexit sha1_base64="GppJgq36KGtOO4QKgwPY2kbLwzw="></latexit>

a
<latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit><latexit sha1_base64="9Qk3DvxakLh4nX4RHYgk25uGDbg="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

b, ⌫
<latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit><latexit sha1_base64="vd6WiGzuWIgX+rZY9lBcSLlJh+A="></latexit>

a, µ
<latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit><latexit sha1_base64="dPc1Wpw807ms698ZBCgKCchzgsA="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

↵, i
<latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit><latexit sha1_base64="te3S33Rm1kMzNuxaIW5QmC40+bE="></latexit>

�, j
<latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit><latexit sha1_base64="SSHNH8ZgXvs/W40xtAPhFH64tOM="></latexit>

b
<latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit><latexit sha1_base64="WCWcw3dDFIFreCzQ4FAsQazjUNo="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

p
<latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit><latexit sha1_base64="/18n3aLMmARkB3hIFpzCN9MEUqE="></latexit>

= −gfabcpµ. (3.7)

53



3.2 Vacuum polarisation

Vacuum polarisation in QED (recap)

• Let’s quickly recap the features of vacuum polarisation in QED
(see also lectures by A Williams).

• In general, we describe the vacuum polarisation tensor in terms
of all 1-particle irreducible corrections to the photon propagator:

27

• Since we must satisfy the Ward identity, this tensor can be writ-
ten in terms of a single scalar function:

Πµν(q) ≡
(
q2gµν − qµqν

)
Π(q2). (3.8)

• The full correction to the photon propagator can be obtained by
summing the sequence of 1-PI graphs:

54



• Because the tensor structure acts as a projector, this sum is rather
straightforward to compute as a geometric series: I’mhoping you’ve seen this or something similar before.

In this calculation, we started with Feynman gauge
propagtors ξ = 1, but have different qµqν terms after
resumming the interactions — this is a typical feature
and, by gauge invariance, doesn’t affect any physical ob-
servables.= i

q2(1 − Π(q2))

(
−gµν − qµqν

q2

)
− i

qµqν
q4 .

(3.9)
• Without repeating the details, we’ll simply note that the effect of

Π is to induce a q2-dependent scaling of the field normalisation,
which ultimately can be absorbed into a running of the effective
charge.

• And how to calculate...
• We quickly revisit the calculation ofΠ at one-loop order. Writing
down the diagram and evaulating traces, we have:

Vacuum Polarisation: 1-loop calculation

• Explicit calculation, O(e2)

• Denominator: Feynman parameters

• Taking just the denominator above, we can rewrite  
 
 
 
and we complete the square in the denominator

 75

µ �

q

k + q

k

i�µ�
2 (q) = (�1)

�
d4k

(2⇤)4
Tr [(ie�µ)DF (k) (ie�

�)DF (k + q)]

= �4e2
�

d4k

(2⇤)4
kµ(k + q)� + k�(k + q)µ � gµ� [k.(k + q)�m2]

(k2 �m2 + i⇥)[(k + q)2 �m2 + i⇥]

1

A1A2 . . . An
=

⌅ 1

0
dx1dx2 . . . dxn �

�⇤
xi � 1

⇥ (n� 1)!

(x1A1 + x2A2 + . . . xnAn)
n

⇥
� 1

0
dx

1

[l2 + x(1� x)q2 �m2 + i�]2

1

(k2 �m2 + i�)[(k + q)2 �m2 + i�]
=

� 1

0
dx

1

[k2 + 2x k.q + xq2 �m2 + i�]2

l = k + xq

iΠµν (loop)
QED (q) = (−1)(−ie)2

∫
d4k

(2π)4 tr [γµSF (k)γνSF (k + q)] , (3.10)

= −4e2
∫

d4k

(2π)4
kµ(k + q)ν + kν(k + q)µ − gµνk.(k + q))

[k2 + iε][(k + q)2 + iε]
(3.11)

Note that the trace identities are unmodified near 4 di-
mensions. For convenience, we’ve set the mass of the
fermion in the loop to zero,m → 0. One may need to
take caution with infrared singularities, but this won’t
affect the leading UV renormalisation

• We shift to d dimensions and write down the corresponding ex-
pressions for the tensor integrals (see the mini-appendix, §3.3):

iΠµν (loop)
QED (q) = −4e2

[
2

(
qµqν − 1

d
gµνq2

)
B2(q2) + qµqνB1(q2) − gµνq2B1(q2)

]
.

(3.12)
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and using the ralationships to express in terms of a single scalar
function:

iΠµν (loop)
QED (q) = −2e2d− 2

d− 1
B0(q2)

(
q2gµν − qµqν

)
. (3.13)

• Isolating the scalar function Π(q2), and inserting the expansion
for B0 near d ∼ 4, we have: For those watching closely, we cancelled the i on the

LHS with the i appearing in the expansion ofB0 . Also,
note that “const” will differ from the constant in the
expansion specified in Eq. (3.45).

Π(loop)
QED (q2) = −4

3
αQED

4π

[
2

4 − d
+ log −q2

µ2 + const + O(4 − d)
]
,

(3.14)

where we’ve substituted for the fine structure constant, αQED =
e2

4π .
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Gluon self-energy at one loop

• Now let’s consider the gluon self energy (QCD vacuum polarisa-
tion) at one-loop order, O(g2).

• We have the follow diagrams:

iΠµµ′

aa′ (q) =

(3.15)

• As in the QED case, gauge invariance dictates that the polarisa-
tion tensor is transverse; and colour conservation will also guar-
antee that the tensor should be diagonal in colour. Hence we
should expect to be able to write:

iΠµµ′

aa′ (q) = δaa′

(
q2gµµ

′ − qµqµ
′) Π(q2) (3.16)

• Let’s go through the diagrams one by one...
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Quark loop (I)

• This loop looks almost identical to the one in QED above: a0, µ0
<latexit sha1_base64="6Ps5mW69ogQ/LUspZWpcA/EWFEU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRaph1J2RbDHghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTm7nfveJKs1i+WCmCQ0EHkkWMYKNlR5xtebXfJFWB+WKW3cXQOvEy0kFcrQG5S9/GJNUUGkIx1r3PTcxQYaVYYTTWclPNU0wmeAR7VsqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66cmagQZk0lqqCTLRVHKkYnR/Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgrb68TjpXdc+te/fXlWYjj6MIZ3AOl+DBDTThDlrQBgICnuEV3hzlvDjvzseyteDkM6fwB87nD1r+j2s=</latexit><latexit sha1_base64="6Ps5mW69ogQ/LUspZWpcA/EWFEU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRaph1J2RbDHghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTm7nfveJKs1i+WCmCQ0EHkkWMYKNlR5xtebXfJFWB+WKW3cXQOvEy0kFcrQG5S9/GJNUUGkIx1r3PTcxQYaVYYTTWclPNU0wmeAR7VsqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66cmagQZk0lqqCTLRVHKkYnR/Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgrb68TjpXdc+te/fXlWYjj6MIZ3AOl+DBDTThDlrQBgICnuEV3hzlvDjvzseyteDkM6fwB87nD1r+j2s=</latexit><latexit sha1_base64="6Ps5mW69ogQ/LUspZWpcA/EWFEU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRaph1J2RbDHghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTm7nfveJKs1i+WCmCQ0EHkkWMYKNlR5xtebXfJFWB+WKW3cXQOvEy0kFcrQG5S9/GJNUUGkIx1r3PTcxQYaVYYTTWclPNU0wmeAR7VsqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66cmagQZk0lqqCTLRVHKkYnR/Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgrb68TjpXdc+te/fXlWYjj6MIZ3AOl+DBDTThDlrQBgICnuEV3hzlvDjvzseyteDkM6fwB87nD1r+j2s=</latexit><latexit sha1_base64="6Ps5mW69ogQ/LUspZWpcA/EWFEU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRaph1J2RbDHghePFeyHdJeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTm7nfveJKs1i+WCmCQ0EHkkWMYKNlR5xtebXfJFWB+WKW3cXQOvEy0kFcrQG5S9/GJNUUGkIx1r3PTcxQYaVYYTTWclPNU0wmeAR7VsqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66cmagQZk0lqqCTLRVHKkYnR/Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgrb68TjpXdc+te/fXlWYjj6MIZ3AOl+DBDTThDlrQBgICnuEV3hzlvDjvzseyteDkM6fwB87nD1r+j2s=</latexit>

a, µ
<latexit sha1_base64="LwKeDPFVndcNDtNA1UJV/qf9t7g=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgjkGvHiMYB6QXcLsZDYZMjO7zEMISz7CiwdFvPo93vwbJ8keNLGgoajqprsrzjjTxve/vY3Nre2d3dJeef/g8Oi4cnLa0alVhLZJylPVi7GmnEnaNsxw2ssUxSLmtBtP7uZ+94kqzVL5aKYZjQQeSZYwgo2TurgW1kJhB5WqX/cXQOskKEgVCrQGla9wmBIrqDSEY637gZ+ZKMfKMMLprBxaTTNMJnhE+45KLKiO8sW5M3TplCFKUuVKGrRQf0/kWGg9FbHrFNiM9ao3F//z+tYkjShnMrOGSrJclFiOTIrmv6MhU5QYPnUEE8XcrYiMscLEuITKLoRg9eV10rmuB349eLipNhtFHCU4hwu4ggBuoQn30II2EJjAM7zCm5d5L96797Fs3fCKmTP4A+/zB5cQjwk=</latexit><latexit sha1_base64="LwKeDPFVndcNDtNA1UJV/qf9t7g=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgjkGvHiMYB6QXcLsZDYZMjO7zEMISz7CiwdFvPo93vwbJ8keNLGgoajqprsrzjjTxve/vY3Nre2d3dJeef/g8Oi4cnLa0alVhLZJylPVi7GmnEnaNsxw2ssUxSLmtBtP7uZ+94kqzVL5aKYZjQQeSZYwgo2TurgW1kJhB5WqX/cXQOskKEgVCrQGla9wmBIrqDSEY637gZ+ZKMfKMMLprBxaTTNMJnhE+45KLKiO8sW5M3TplCFKUuVKGrRQf0/kWGg9FbHrFNiM9ao3F//z+tYkjShnMrOGSrJclFiOTIrmv6MhU5QYPnUEE8XcrYiMscLEuITKLoRg9eV10rmuB349eLipNhtFHCU4hwu4ggBuoQn30II2EJjAM7zCm5d5L96797Fs3fCKmTP4A+/zB5cQjwk=</latexit><latexit sha1_base64="LwKeDPFVndcNDtNA1UJV/qf9t7g=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgjkGvHiMYB6QXcLsZDYZMjO7zEMISz7CiwdFvPo93vwbJ8keNLGgoajqprsrzjjTxve/vY3Nre2d3dJeef/g8Oi4cnLa0alVhLZJylPVi7GmnEnaNsxw2ssUxSLmtBtP7uZ+94kqzVL5aKYZjQQeSZYwgo2TurgW1kJhB5WqX/cXQOskKEgVCrQGla9wmBIrqDSEY637gZ+ZKMfKMMLprBxaTTNMJnhE+45KLKiO8sW5M3TplCFKUuVKGrRQf0/kWGg9FbHrFNiM9ao3F//z+tYkjShnMrOGSrJclFiOTIrmv6MhU5QYPnUEE8XcrYiMscLEuITKLoRg9eV10rmuB349eLipNhtFHCU4hwu4ggBuoQn30II2EJjAM7zCm5d5L96797Fs3fCKmTP4A+/zB5cQjwk=</latexit><latexit sha1_base64="LwKeDPFVndcNDtNA1UJV/qf9t7g=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgjkGvHiMYB6QXcLsZDYZMjO7zEMISz7CiwdFvPo93vwbJ8keNLGgoajqprsrzjjTxve/vY3Nre2d3dJeef/g8Oi4cnLa0alVhLZJylPVi7GmnEnaNsxw2ssUxSLmtBtP7uZ+94kqzVL5aKYZjQQeSZYwgo2TurgW1kJhB5WqX/cXQOskKEgVCrQGla9wmBIrqDSEY637gZ+ZKMfKMMLprBxaTTNMJnhE+45KLKiO8sW5M3TplCFKUuVKGrRQf0/kWGg9FbHrFNiM9ao3F//z+tYkjShnMrOGSrJclFiOTIrmv6MhU5QYPnUEE8XcrYiMscLEuITKLoRg9eV10rmuB349eLipNhtFHCU4hwu4ggBuoQn30II2EJjAM7zCm5d5L96797Fs3fCKmTP4A+/zB5cQjwk=</latexit>

q
<latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit><latexit sha1_base64="krso6WybLBf6Jt3BundpHsWKmwk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbuboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJb3ZpqgH9GR5CFn1Fip+TgoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A2JuM6w==</latexit>

k + q
<latexit sha1_base64="1uOEkxe/BU5IVwD9KL2vHGLK95w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gDWWz3bRLN5u4OxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVA04S7kd0qEQoGEUr3Y8vHvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrsuq5Ve/uqlKv5XEU4QRO4Rw8uIY63EIDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcG3I2V</latexit><latexit sha1_base64="1uOEkxe/BU5IVwD9KL2vHGLK95w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gDWWz3bRLN5u4OxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVA04S7kd0qEQoGEUr3Y8vHvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrsuq5Ve/uqlKv5XEU4QRO4Rw8uIY63EIDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcG3I2V</latexit><latexit sha1_base64="1uOEkxe/BU5IVwD9KL2vHGLK95w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gDWWz3bRLN5u4OxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVA04S7kd0qEQoGEUr3Y8vHvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrsuq5Ve/uqlKv5XEU4QRO4Rw8uIY63EIDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcG3I2V</latexit><latexit sha1_base64="1uOEkxe/BU5IVwD9KL2vHGLK95w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gDWWz3bRLN5u4OxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57SeujYjVA04S7kd0qEQoGEUr3Y8vHvvlilt15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYljzM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nrsuq5Ve/uqlKv5XEU4QRO4Rw8uIY63EIDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcG3I2V</latexit>

i
<latexit sha1_base64="qBVGNizdWwPa/ecXWv6TqzC20Kw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw/LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfgQQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/Me4zj</latexit><latexit sha1_base64="qBVGNizdWwPa/ecXWv6TqzC20Kw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw/LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfgQQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/Me4zj</latexit><latexit sha1_base64="qBVGNizdWwPa/ecXWv6TqzC20Kw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw/LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfgQQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/Me4zj</latexit><latexit sha1_base64="qBVGNizdWwPa/ecXWv6TqzC20Kw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEaI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSiw/LFbfqLkE2iZeTCuRoDstfg1HM0gilYYJq3ffcxPgZVYYzgfPSINWYUDalY+xbKmmE2s+Wh87JlVVGJIyVLWnIUv09kdFI61kU2M6Imole9xbif14/NWHdz7hMUoOSrRaFqSAmJouvyYgrZEbMLKFMcXsrYROqKDM2m5INwVt/eZN0bqqeW/Vat5VGPY+jCBdwCdfgQQ0acA9NaAMDhGd4hTfn0Xlx3p2PVWvByWfO4Q+czx/Me4zj</latexit>

j
<latexit sha1_base64="Db4frh6Jo+05s6HCsqutmae4FHw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+22m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ATT+4XfeUKleSwfzSxBP6IjyUPOqLFSczIoV9yquwTZJF5OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5L/VRjQtmUjrBnqaQRaj9bHjonV1YZkjBWtqQhS/X3REYjrWdRYDsjasZ63VuI/3m91IQ1P+MySQ1KtloUpoKYmCy+JkOukBkxs4Qyxe2thI2poszYbEo2BG/95U3Svql6btVr3lbqtTyOIlzAJVyDB3dQhwdoQAsYIDzDK7w5E+fFeXc+Vq0FJ585hz9wPn8Azf+M5A==</latexit><latexit sha1_base64="Db4frh6Jo+05s6HCsqutmae4FHw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+22m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ATT+4XfeUKleSwfzSxBP6IjyUPOqLFSczIoV9yquwTZJF5OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5L/VRjQtmUjrBnqaQRaj9bHjonV1YZkjBWtqQhS/X3REYjrWdRYDsjasZ63VuI/3m91IQ1P+MySQ1KtloUpoKYmCy+JkOukBkxs4Qyxe2thI2poszYbEo2BG/95U3Svql6btVr3lbqtTyOIlzAJVyDB3dQhwdoQAsYIDzDK7w5E+fFeXc+Vq0FJ585hz9wPn8Azf+M5A==</latexit><latexit sha1_base64="Db4frh6Jo+05s6HCsqutmae4FHw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+22m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ATT+4XfeUKleSwfzSxBP6IjyUPOqLFSczIoV9yquwTZJF5OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5L/VRjQtmUjrBnqaQRaj9bHjonV1YZkjBWtqQhS/X3REYjrWdRYDsjasZ63VuI/3m91IQ1P+MySQ1KtloUpoKYmCy+JkOukBkxs4Qyxe2thI2poszYbEo2BG/95U3Svql6btVr3lbqtTyOIlzAJVyDB3dQhwdoQAsYIDzDK7w5E+fFeXc+Vq0FJ585hz9wPn8Azf+M5A==</latexit><latexit sha1_base64="Db4frh6Jo+05s6HCsqutmae4FHw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+22m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ATT+4XfeUKleSwfzSxBP6IjyUPOqLFSczIoV9yquwTZJF5OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5L/VRjQtmUjrBnqaQRaj9bHjonV1YZkjBWtqQhS/X3REYjrWdRYDsjasZ63VuI/3m91IQ1P+MySQ1KtloUpoKYmCy+JkOukBkxs4Qyxe2thI2poszYbEo2BG/95U3Svql6btVr3lbqtTyOIlzAJVyDB3dQhwdoQAsYIDzDK7w5E+fFeXc+Vq0FJ585hz9wPn8Azf+M5A==</latexit> j0

<latexit sha1_base64="1k/nbAEC/1xg8n6dLj8VwXQ36II=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeCF49V7Ae0oWy2k3btZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/3jeL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu7uq1Gt5HEU4gVO4AA+uoQ630IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay54jRU=</latexit><latexit sha1_base64="1k/nbAEC/1xg8n6dLj8VwXQ36II=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeCF49V7Ae0oWy2k3btZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/3jeL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu7uq1Gt5HEU4gVO4AA+uoQ630IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay54jRU=</latexit><latexit sha1_base64="1k/nbAEC/1xg8n6dLj8VwXQ36II=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeCF49V7Ae0oWy2k3btZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/3jeL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu7uq1Gt5HEU4gVO4AA+uoQ630IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay54jRU=</latexit><latexit sha1_base64="1k/nbAEC/1xg8n6dLj8VwXQ36II=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEsMeCF49V7Ae0oWy2k3btZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0/3jeL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0rqsem7Vu7uq1Gt5HEU4gVO4AA+uoQ630IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay54jRU=</latexit>

i0
<latexit sha1_base64="QaODcHA2ysWLiJv4CWAY/jtnzYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgV8OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzVh3c+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+rnlv17muVRj2PowhncA5X4MENNOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/ACzzjRQ=</latexit><latexit sha1_base64="QaODcHA2ysWLiJv4CWAY/jtnzYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgV8OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzVh3c+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+rnlv17muVRj2PowhncA5X4MENNOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/ACzzjRQ=</latexit><latexit sha1_base64="QaODcHA2ysWLiJv4CWAY/jtnzYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgV8OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzVh3c+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+rnlv17muVRj2PowhncA5X4MENNOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/ACzzjRQ=</latexit><latexit sha1_base64="QaODcHA2ysWLiJv4CWAY/jtnzYw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkYI8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgV8OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzVh3c+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtK+rnlv17muVRj2PowhncA5X4MENNOAOmtACBiE8wyu8ORPnxXl3PpatBSefOYU/cD5/ACzzjRQ=</latexit>
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iΠµµ′ (I)
aa′ (q) = Nf (−1)(ig)2

∫
d4k

(2π)4
iδjj′

q2 − iε

iδii′

(k + q)2 + iε

× Tr
[
γµk/γµ

′(k/+ q/)
]
taijt

a′
j′i′ , (3.17)

where the only appreciable difference is the additional colour fac-
tors, which giveTr tata′ = CF δ

aa′ = 1
2δ
aa′ , and a sumover flavours

(amounting to a factor of Nf which just counts each massless
quark).

• We hence recycle the solution that we obtained above (3.13):

iΠµµ′ (I)
aa′ (q) = −CFNfg

2δaa
′ 2(d− 2)
d− 1

B0(q2)
(
q2gµν − qµqν

)
.

(3.18)

Yes, 2CF is equal to 1, but we have it as explicit for the
moment.
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4-point bubble (II)

• Since there is no momentum transfer this loop is simply propor-
tional to

∝
∫
ddk

1
k2 ,

Even if we hadmomentum tranfer, it would be a single-
propagator bubble with no mass term — by transla-
tional invariance we could return it’s form to the same
integral and we’d still conclude that it vanishes.

which vanishes in dimensional regularisation—easy, we’re done:

iΠµµ′ (II)
aa′ (q) = 0. (3.19)
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Gluon loop (III)

• Using our Feynman rules, we write down the gluon loop contri-
bution to the vacuum polarisation:

q
+h

->

q br b'rs q/
-> ->core,
↳certaat
cr

<h
iΠµµ′ (III)

aa′ (q) = g2 1
2

∫
d4k

(2π)4
iδbb′(−gνν′)

(q + k)2 + iε

iδcc′(−gρρ′)
k2 + iε

fabcfa
′b′c′

× Γµνρg3 (q,−q − k, k)Γµ
′ν′ρ′

g3 (−q, q + k,−k),
(3.20)

The 1
2 factor is a symmetry factor, and we’re working in

the gauge ξ = 0 (Feynman gauge).
where the vertex factors (defined above) are explicitly given by

Γµνρ
g3 (q,−q − k, k) = [gµν(2q + k)ρ + gνρ(−2k − q)µ + gρµ(k − q)ν ] , (3.21)

Γµ
′ν′ρ′

g3 (−q, q + k,−k) =
[
gµ

′ν′
(−2q − k)ρ

′
+ gν

′ρ′
(2k + q)µ

′
+ gρ

′µ′
(q − k)ν

′]
.

(3.22)
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• The colour factors also simplify (using our knowledge of Lie al-
gebras), where we have: Wemake no distinction between upper or lower colour

indices — the location is purely for aesthetics. Sums
over repeated indices are assumed.

δbb′δcc′fabcfa
′b′c′ = fabcfa

′bc = CAδ
aa′
, (3.23)

with CA = N for SU(N).
• Contracting our Lorentz indicies and performing some (tedious,
but not complicated) algebra, we find: In anticipation of performing our loop integrals in di-

mensional regularisation, we’ll do this generally for d
dimensions. Here that just means that we’re identify-
ing Tr δ = d.

gνν′gρρ′Γµνρ
g3 Γµ′ν′ρ′

g3

= [gµν(2q + k)ρ + gνρ(−2k − q)µ + gρµ(k − q)ν ]

×
[
δµ′

ν (−2q − k)ρ + gνρ(2k + q)µ′
+ δµ′

ρ (q − k)ν

]
, (3.24)

= −gµµ′
(5q2 + 2k2 + 2q · k) + (6 − d)qµqµ′

+ 2(3 − 2d)kµkµ′
+ (3 − 2d)(qµkµ′

+ kµqµ′
), (3.25)

≡ Nµµ′
. (3.26)

• Putting these together, we have:

iΠµµ′ (III)
aa′ (q) = −1

2
g2Ncδaa′µd−4

∫
ddk

(2π)d

Nµµ′

(k2 + iε)((q + k)2 + iε)
.

(3.27)

• We can now easily read off the relevant integrals using the results
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quoted in the mini appendix (Section 3.3),

µ4−d
∫

ddk

(2π)d
Nµµ′

(k2 + iε)((q + k)2 + iε)
= −gµµ′(5q2B0(q2) + 2q2B1(q2)) + (6 − d)qµqµ′

B0(q2)

+ 2(3 − 2d)
(
qµqµ

′ − 1
d
gµµ

′
q2

)
B2(q2)

+ 2(3 − 2d)qµqµ′
B1(q2). (3.28)

• Putting all our factors back together, and expressing all in terms
of the single scalar function B0, we have:

iΠµµ′ (III)
aa′ (q) = g2Ncδ

aa′ B0(q2)
4(d − 1)

[
(6d − 5)q2gµµ

′
− (7d − 6)qµqµ

′
]

.

(3.29)

• We immediately recognise that this term on it’s own is not trans-
verse — it doesn’t satisfy gauge invariance! To make this more
obvious let’s separate off the offending term:

iΠµµ′ (III)
aa′ (q) = g2Ncδ

aa′ B0(q2)
4(d − 1)

[
(6d − 5) (q2gµµ

′
− qµqµ

′
)︸ ︷︷ ︸

transverse

−(d − 1)qµqµ
′
]
,

(3.30)

where the leftover qµqµ′ term will not satisfy gauge invariance.
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Ghost loop (IV)

• The ghost loops act in such away to cancel the unphysical degrees
of freedom that propagated in our gluon loop.

• Using our Feynman rules, we have:

q
+h

->

q br q/conocep-> ->

↳certaat
cr

<h

q
+h

->

q/

ab,-.e
->

ecos

dou
<

<hiΠµµ′ (IV)
aa′ (q) = (−1)(−g)2

∫
d4k

(2π)4
iδcc′

k2 + iε

iδbb′

(k + q)2 + iε

There’s no symmetry factor in this case (the ghost and
anti-ghost are distinct). The (−1) factor out the front
is from the anticommutation of the ghost fields — just
like for a closed fermion loop.

× fbac(k + q)µfc
′a′b′

kµ
′
, (3.31)

= −g2Ncδ
aa′

∫
d4k

(2π)4
kµkµ

′
+ qµkµ

′

(k2 + iε)((q + k)2 + iε) . (3.32)

• Using our integrals (§3.3), we obtain: Note we pick up a minus sign from the colour factors
here: fbacfca′b = −Ncδ

aa′
.

iΠµµ′ (IV)
aa′ (q) = −g2Ncδ

aa′
[(

qµqµ
′

− 1
d

gµµ
′
q2

)
B2(q2) + qµqµ

′
B1(q2)

]
,

(3.33)

and reducing in terms of the single scalar function B0 we find:

iΠµµ′ (IV)
aa′ (q) = g2Ncδ

aa′ B0(q2)
4(d − 1)

[
(q2gµν

′
− qµqµ

′
)︸ ︷︷ ︸

transverse

+(d − 1)qµqµ
′
]
,

(3.34)

• We can clearly read off that gauge-symmetry violating term ex-
actly cancels that coming from the gluon loop, rendering the sum
of the two terms purely transverse.
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Renormalisation of gluon propagator

• We complete this part of the calculation by summing up each of
the loop contributions:

Π(q) = Π(I)(q) + Π(II)(q) + Π(III)(q) + Π(IV)(q)

→ iΠµµ′

aa′ (q) = δaa′

(
q2gµµ

′ − qµqµ
′)
g2B0(q2)

×
(
CA

3d− 2
2(d− 1)

− CFNf
2(d− 2)
d− 1

)
. (3.35)

• It is the log q2 dependence that is most relevant to the running of
the coupling, so we’ll just summarise this term near d ∼ 4: Here we’ll explicitly plug back in CA = Nc and

CF = 1/2.

Π(q2) ≃ g2

(4π)2

(5
3
Nc − 2

3
Nf

)
log −q2

µ2 + poles + . . . . (3.36)

• Importantly, the gluon loop appears with an opposite sign to the
fermion loop contribution. In contrast to the screening phenom-
ena in QED, the gluon loops give rise to anti-screening.
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Completing the calculation...

• Having (mostly) completed the renormalisation of the gluonprop-
agator, to compute the full running of the coupling we also need
to consider the renormalisation of the quark wavefunction and
quark–gluon vertex. Hencewe need to compute the electron self-
energy and the vertex correction... left as a homework exercise.

• Graphs:

• For completeness, we’ll state the final result for QCD’s β function
at leading order: We’ve had to skip some of the specifics about imple-

menting a renormalisation scheme, but we’ll just note
that theβ function tells us how the (renormalised) cou-
pling constant changes with renormalisation scale, par-
ticularly:

β = µ
d

dµ
gR.

β(gR) = − g3
R

16π2

[11
3
CA − 4

3
NfCF

]
. (3.37)
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3.3 Mini-appendixonsomemassless integrals indim
reg

• In the self-energy graphs above, we encounter loop integrals of
the form: Note the introuction of the scale µ to ensure that the

dimensionality of the loop is preserved at arbitrary d.

{B(q), Bµ(q), Bµν(q)} ≡ µ4−d

∫
ddk

(2π)d

{1, kµ, kµkν}
(k2 + iε)((k + q)2 + iε)

.

(3.38)
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• We reduce the tensor integrals in terms of scalar functions: At spacelike momenta, q2 will be negative and hence
the argument of the log will be near the positive axis,
rendering the iε irrelevant. We’ll ignore it here, but it
can be restored with a little patience.

B(q) = µ4−d

∫
ddk

(2π)d

1
(k2 + iε)((k + q)2 + iε)

≡ B0(q2), (3.39)

Bµ(q) = µ4−d

∫
ddk

(2π)d

kµ

(k2 + iε)((k + q)2 + iε)
, (3.40)

≡ qµB1(q2) = −1
2
qµB0(q2). (3.41)

Bµν(q) = µ4−d

∫
ddk

(2π)d

kµkν

(k2 + iε)((k + q)2 + iε)

≡ 1
d
gµνB2(q2) +

(
qµqν − 1

d
gµνq2

)
B2(q2), (3.42)

B2(q2) = 0, (3.43)

B2(q2) = d

4(d− 1)
B0(q2). (3.44)

• And we quote the leading expansion for B0 near d = 4:

B0(q2) ≃ i

(4π)2

[
2

4 − d
+ log −q2

µ2 + const + O(4 − d)
]
. (3.45)
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4 Lattice QCD

Notes inspired by P Shanahan (MIT): “2022 TMDWinter School”.
Any errors would be mine.
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4.1 Euclidean, discretised path integrals

Euclidean path integrals

• Generating functional contain all information about the theory: The integrations, DA . . ., represent integrals over all
possible gauge and fermion fields — i.e. something like
all possible paths through configuration space.

Z[J, η, η̄︸ ︷︷ ︸
sources

] =
∫

DADψDψ exp
[
i

∫
d4x (LQCD + JµA

µ + η̄ψ + ψη)
]
.

(4.1)

The fermion fields must be anticommuting to ensure
that they obey Fermi-Dirac statistics and hence are rep-
resented as Grassman numbers.• Correlation functions expressed as derivatives of Z with respect

to sources:

⟨0|Aµ(x)ψ(y) · · ·ψ(z)|0⟩ = 1
Z[0]

δ

δJµ(x)
· · · δ

δη̄(z)
Z[J, η, η̄]

∣∣∣∣
J=η=η̄=0

.

(4.2)

• In order to compute, we must define the path integration mea-
sure appropriately, and regularise the action.
– Perturbation theory: Compute the quadratic (Gaussian) part

directly and expand correlators in powers of the interaction
couplings.

– Lattice: Define Z directly through lattice regulator, valid be-
yond perturbation theory, provides a numerical evaluation ap-
proach.
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• Integrand from e−iSQCD is highly oscillatory, such that the evalu-
ation requires delicate cancellations between different regions of
phase space → difficulties for numerical implementation.
⇒ Solution is to Wick rotate (t → −itE) from Minkowski to Eu-
clidean space-time. Gives a probabalistic interpretation to func-
tional integral: The exponential is exactly the Boltzmann weighting of

a statistical ensemble.

e−iSM
QCD → e−SE

QCD .
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Basic elements of lattice QCD

• Discretise theory onto e.g. 4D cubic lattice of spacing a.
– The action integral is rewritten as a discrete sum:∫

d4x → a4 ∑
Λ
, (4.3)

with spacetime being represented by the discrete set of points:
In practice, lattice are of finite extent by imposing
boundary consitions, e.g. (anti-)periodic.

Λ =
{
x ∈ R4|x = an, n ∈ Z4

}
. (4.4)

– The quark fields take values on the lattice sites, ψ(x) → ψ(an),
with n ∈ Z4.

– And (as we will soon see), in order to maintain gauge invari-
ance in the discretised theory, it is convenient to define gauge
link variables,

Aµ(x) → Uµ(an) = exp (−iagAµ(an)) . (4.5)

– The integrations over paths are replaced by the integration
over all values of the fields at each site (or link):

e.g.
∫

Dψ →
∫ ∏

x∈Λ
dψ(an).
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• Any operator of interest is then expressed as: The operator here can be any possible product of fields
at arbitrary spacetime points— though in practice, we
are mostly interested in 2-, 3-point functions of colour
singlet (i.e. gauge invariant) operators.⟨Θ⟩ = 1

Z0

∫
DUDψDψ e−SQCD [U,ψ, ψ]Θ[U,ψ, ψ]. (4.6)

• Since the action takes the form SQCD = Sglue +
∫
ψMψ, the inte-

gration over the fermion fields is Gaussian and can be done ex-
actly. The dependence on ψ,ψ in Θ are then replaced by corre-
sponding Wick contractions of the field operators, resulting in
factors of the inverse of the Dirac matrix:

⟨Θ⟩ = 1
Z0

∫
DU det M[U ]e−Sglue[U ]Θ[U,M−1[U ]]. (4.7)

• The field integrations are reduced to just integrating over the
gauge links.

• The operatorΘwill be specific to the quantity of interest, will the
integrand having a common weight factor:

e−Sglue[U ] det M[U ]

– We sample to the space according with this weight as a prob-
ability measure.

– Do this via a Markov chain process U [0] → U [1] → . . . with
transitions required to satisfy conditions such that the desired
probability distribution emerges as equilibrium distribution
of the process.

72



• Once a representative set of configurations is available, observ-
ables can be computed as simple averages:

⟨Θ⟩ =
Ncfg∑
i

Θ[U [i]] + O
(

1√
Ncfg

)
, (4.8)

where the error term represents the fact that we only have a finite
statistical representation of the full path integral.

• Complete calculations require dealing with:
– Statistical uncertainties: Ncfg → “large”.
– Systematic uncerainties: multiple lattice spacings (couplings),

box sizes, etc.
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4.2 Defining lattice actions
• In continuum field theory, in order to construct a gauge symme-
try, we were forced to demand the existence of a gauge field in
order to define the covariant derivative → the same is true in a
lattice formulation.

• Consider the Euclidean Dirac action for a free fermion:∫
d4xψ(x) [∂/+m]ψ(x). (4.9)

If we discretise the derivative (e.g. by the symmeteric finite dif-
ference) we obtain the replacement: From now on, I’ll mostly be setting the factors of the

lattice spacing to 1, a → 1. We’ll restore a from time
to time when we wish to be explicit.

ψ(x)∂/ψ(x) → 1
2

∑
µ

[ψ(n)γµψ(n+ µ̂) − ψ(n)γµψ(n− µ̂)] ,

(4.10)

and we observe that the products involve field operators that are
spatially separated.

• These terms cannot possibly transform invariantly under local
gauge transformations, e.g.

ψ(n) → Ω(n)ψ(n), ψ(n) → ψ(n)Ω†(n), Ω(n) ∈ SU(3).
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• In order to obtain a loal gauge symmetry, wemust introduce “gauge
links” as parallel transport operators, Uµ, which have the trans-
formation law:

Uµ(n) → Ω(n)Uµ(n)Ω†(n+ µ̂), (4.11)

and we replace the terms in the naive finite difference with terms
involving the gauge links:

ψ(n)γµψ(n+ µ̂) → ψ(n)γµUµ(n)ψ(n+ µ̂), (4.12)

which automatically satisfies the gauge desired gauge invariance.
• These gauge links are a special case of parallel transport oper-
ators that map coordinates in an internal symmetry space from
one point to another:

Uµ(n) = P exp
[
i

∫ a

0
dλAµ(n+ λµ̂)

]
= exp iaAµ, (4.13)

→ 1 + iaAµ(n) + O(a2), for small a. (4.14)

• We hence identify the gauge links on the edges of the lattice:

Lattice QCD

•Discretise QCD onto 4D space-time lattice 

•Approximate QCD path integral using 
Monte-Carlo methods and importance 
sampling 

•Run on supercomputers and dedicated 
clusters 

•Take limit of vanishing discretisation, 
infinite volume, physical quark masses

Numerical first-principles approach to  
non-perturbative QCD

Phiala Shanahan, MIT

Uµ(n) = U †
−µ(n+ µ̂).
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• Hence we construct the “naive” fermion action:

SF [U,ψ, ψ] = 1
2

∑
n∈Λ

ψ(n)
{
γµ

[
Uµ(n)ψ(n+ µ̂) − U†

µ(n− µ̂)ψ(n− µ̂)
]}
,

≡
∑

n,m∈Λ

ψ(n)Mnaive
nm [U ]ψ(m), (4.15)

with Mnaive
nm [U ] defining the naive fermion matrix.
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Choices of fermion action

• The Taylor expansion ofUµ, ψ in a givesO(a2) errors. BUT “dou-
bling problem”: First-order derivative only couples sites sepa-
rated by 2a → in the continuum limit there are 2d = 16 quark
flavours instead of 1.

• Nilsen-Ninomiya no-go theorem: It is not possible to construct
a lattice fermion action that is (ultra)-local, chirally symmetric,
free of doublers & have the correct continuum limit.

• Wemake a choice about how implement the discretisation of the
fermion action:
Wilson fermions: breas chiral symmetry explicity (evenwhen

m = 0) by adding a second derivative term that acts as a
large mass (on the order of the cutoff) at the doubler poles,
but is irrelevant at zero momentum — i.e. it drives the dou-
blers to higher energies by introducing a term in action that
vanishes as a → 0.

Staggered fermions: distribute the 4 components of tehDirac
spinor to different lattice sites→ 4 species or “tastes”, break
taste symmetry.
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Ginsparg-Wilson fermions: Preserve “lattice chiral symme-
try”, i.e. Ginsparg-Wilson relation, the reduces to usual chi-
ral symmetry in the chiral limit. Various examples:
– Domain-wall fermions (Kaplan & Shamir)
– Overlap fermions (Narayanan & Neuberger)
– Perfect actions / fixed-point fermions (Hasenfratz et al.)
BUT computationally more expensive.

• Which fermion action is best can depend on the particular ap-
plication.
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Gauge action

• Closed paths of gauge links (Wilson loops) can be used to con-
struct all gauge-invariant quantities involving only gague fields.

• As for fermions, precise choice of gauge action is irrelevant if it
has the correct continuum limit.

• The simplest closed loop is the 1 × 1 plaquette:

Pµν = Re Tr
[
Uµ(n)Uν(n+ µ̂)U †

µ(n+ ν̂)U †
ν (n)

]
, (4.16)

which we can Taylor expand the path-ordered expression for Uµ
in terms of Aµ to identify:

Pµν ≃ 1 − 1
2
g2 Tr

{
[Fµν(n)]2

}
+ O(g2a2, a4, g4a2). (4.17)

• Allowing us to write theWilson gauge action:

SWG [U ] = 2
g2

∑
n

∑
µ<ν

[1 − Pµν(n)] → 1
2g2

∑
n

∑
µ<ν

Tr
[
F 2(n)

]
.

(4.18)

• Can “improve” the gauge actionby including additional loops (e.g.
1 × 2 rectangels) with coefficients tuned to remove leading dis-
cretisation artefacts. Names like “Iwasaki”, “tree-level improved”
gauge actions etc.
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• Now we write the total lattice action as

SQCD = SG[U ] + SF [U,ψ, ψ]. (4.19)

Quick check on symmetries:

• SU(3) gauge: preserved by lattice actions.
• Lorentz: broken down to hypercubic H(4) ⇒ induces operator
mixing.

• Chiral: depends on (fermion) action.
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4.3 Correlators and the spectrum

What can be computed in LQCD are Euclidean n-
point correlation functions → relate physics of inter-
est to matrix elements of local (or non-local) opera-
tors.

Example 1: Mass of the pion

• We can calculate the mass of the pion from 2-point correlation
function.

• Consider two equivalent expresseions for hadron 2-point curre-
lator:

Cπ(x, t) ≡ ⟨0|θπ(x, t)θ†
π(0, 0)|0⟩, (4.20)

Trace in Hilbert space (transfer matrix):

= 1
Z

Tr
[
e−Ĥ(T−t)θ̂π(x)e−Ĥtθ̂†

π(0)
]
], (4.21)

Path integral:

=
∫

DUDψDψe−Sglue−
∫
V
ψMψθπ(x, t)θ†

π(0, 0) (4.22)
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• The operator θπ[U,ψ, ψ] is an “interpolating operator” with the
quantum numbers of the state of interest, e.g. for a pion:

θπ(x) = u(x)γ5d(x). (4.23)

• Firstly, starting from Eq. (4.21, we rearrange to solve for the t-
dependence of Cπ(x, t): I’ll useT to denote the full temporal extent of the lattice

— where (anti-)periodic boundary conditions are used
for the (quark)gluon fields.

Cπ(x, t) = 1
Z

Tr
[
e−Ĥ(T−t)θ̂π(x)e−Ĥtθ̂†

π(0)
]
, (4.24)

= 1
Z

∑
ρ

⟨ρ|e−Ĥ(T−t)θ̂π(x)e−Ĥtθ̂†
π(0)|ρ⟩, (4.25)

= 1
Z

∑
ρ,σ

⟨ρ|e−Ĥ(T−t)θ̂π(x)|σ⟩⟨σ|e−Ĥtθ̂†
π(0)|ρ⟩, (4.26)

= 1
Z

∑
ρ,σ

e−Eρ(T−t)e−Eσt⟨ρ|θ̂π(x)|σ⟩⟨σ|θ̂†
π(0)|ρ⟩.

(4.27)

• Similarly,

Z =
∑
ρ

⟨ρ|e−ĤT |ρ⟩ =
∑
ρ

e−EρT , (4.28)

≃ e−E0T
(
1 + e−∆E1 T + e−∆E2 T + . . .

)
, (4.29)

where we’ve used ∆En = En − E0 and vacuum energy E0.
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• By taking the limit T becomes large, only |ρ⟩ = |0⟩ contributes to
Eq. (4.27) and Z, and hence

Cπ(x, t) T→∞→
∑
σ

⟨0|θ̂π(x)|σ⟩⟨σ|θ̂†
π|0⟩ e−∆Eσ t, (4.30)

and we can project onto zero momentum by taking a sum over x:

Cπ(t) =
∑

x
Cπ(x, t) =

∑
σ(p=0)

|Zσ|2 e−mσt. (4.31)

• We see that this correlator depends of the energies of all states for
which Zσ ̸= 0 — i.e. those that can be created from the vacuum
by the creation operator, θ†

π(x, t).
• In general, a creation operator creates a state that is a linear su-
perposition of all possible eigenstates of H that have the same
quantum numbers as the pion. For example: pion, excitations of
the pion, three pions in J = 0, I = 1 state, etc.
However, particular operators canhave “stronger” overlaps onto
some states compared to others.
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• Now let’s see how to use the path integral representation to com-
pute Cπ in LQCD:

Cπ(x, t) =
∫

DUDψDψ e−Sglue−
∫
V
ψMψ

× ψu(x, t)γ5ψd(x, t)ψd(0)γ5ψu(0), (4.32)

=
∫

DU det Mu det Md e
−Sglue

× Tr
[
M−1

u (x, 0)γ5M−1
d (0, x)γ5

]
, (4.33)

→ 1
Ncfg

Ncfg∑
j=1

Tr
[
M−1

u [Uj ]γ5M−1
d [Uj ]γ5

]
, (4.34)

The quark propagators,M−1 , are computed bymatrix
inversion.

where the ensemble of gauge configurations is {U1, . . . , UNcfg}.
And, as above, we sum over all (spatial) positions x to project
onto the zero-momentum correlator, Cπ(t).
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• Having computed Cπ(t) numerically, we can fit the functional
form from the transfer matrix to determine the mass of the light-
est state with the given quantum numbers.
– Specifically, we write:

Cπ(t) = |Z0|2e−m0t + |Z1|2e−m1t + . . . . (4.35)

– Often, it can be helpful to visualise the numerical results in
terms of an “effective mass”:

meff (t) = 1
δ

log Cπ(t)
Cπ(t+ δ)

= m0 +Ae−∆mt + . . . , (4.36)

with ∆m being the gap to the first excited energy level in the
channel of interest.
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– We estimate m0 as the average of points in the “plateau” re-
gion.

– More sophisticated: fit to (multi)-exponential functional form
(χ2 minimisation etc.). Note that it’s essential to take consider
correlations in underlying statistical ensemble.
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Example 2: Matrix elements, gA
• We’ll consider the isovector axial coupling of the nucleon — this
is the QCD part that dominates calculation of the neutron beta
decay.

• The matrix element of interest is defined by

⟨N(p)|ψγµγ5τ3︸ ︷︷ ︸
A3
µ

|N(p)⟩ = gAup(p)γµγ5up(p). (4.37)

• We relate the desired matrix element to a (Euclidean) 3-point
function:

C3
µ(t, τ) = 1

Z
∑
x,y

Tr
[
e−Ĥ(T−t)θN (x, t)e−Ĥ(t−τ)A3

µ(y, τ)e−Ĥτθ†
N (0)

]
,

(4.38)
T→∞−→

∑
x,y

∑
n,m

⟨0|θ̂N |n⟩⟨n|e−Ĥ(t−τ)A3
µ(y, τ)e−Ĥτ |m⟩⟨m|θ̂†

N |0⟩,

(4.39)

=
∑
x,y

∑
n,m

ZnZ†
m e−En(t−τ)e−Emτ ⟨n|A3

µ|m⟩. (4.40)

• At large times (in both times), we saturate to the ground states,
and hence isolate the matrix element on interest.
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• We use the 2-point functions with same θN to determine Zn and
En. In practice, it is often useful to construct ratios of 3-pt/2-pt
to eliminate leading time dependence before fitting.

• For the lattice calculation, we construct the same 3-point func-
tion and express in terms of appropriate quark propagators (from
Wick contraction field operators). Often we’ll represent this in
terms of “skeleton diagrams”:
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A taste of the things that can be calculated

2-pt functions spectroscopy (and including resonant excitations),
decay constants,...

3-pt functions [local operators] gA, scalar charges (for darkmat-
terσ), nucleon electromagnatic form factors,moments of par-
ton distributions, B–π decay form factors to constrain CKM
matrix elements...

3-pt functions [non-local operators] quasi/pseudo PDFs, trans-
verse momentum distributions, ...

4-pt functions double-β decay matrix elements,K–K̄ mass dif-
ference, hadron tensor, (virtual) Compton amplitude, ...
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Addtional reading on LQCD:

• There are some many good lecture notes available, including:
– Lepage: “Lattice QCD for novices”, hep-lat/0506036.
– Gupta: “Introduction to Lattice QCD”, hep-lat/9807028
– L”uscher, “Computational strategies inLQCD”, arXiv:1002.4232

[hep-lat].
• Some more recent(ish) texts:
– Knechtli, Günther & Peardon: “Lattice Quantum Chromody-

namics: Practical Essentials”
– Gattringer & Lang: “Quantum Chromodynamics on the Lat-

tice”
– DeGrand & DeTar: “Lattice Methods for Quantum Chromo-

dynamics”
• And the classics texts:
– Creutz: “Quarks, gluons and lattices” (reissued Open Access

in 2022)
– Montvay & Münster: “Quantum fields on the lattice”
– Rothe: “Lattice gauge theory”
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