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ABSTRACT

An elementary introduction to conformal field theory is given. Topics include free bosons
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1. Introduction

Conformal field theory has been an important tool in theoretical physics during the last
fifteen years. Its origins can be traced back on the one hand to statistical mechanics, and
on the other hand to string theory. Historically the most important impetus came from
statistical mechanics, where it described and classified critical phenomena. Mainly after
1984 the subject went through a period of rapid development because of its importance for
string theory. In addition there has been important input from mathematics, in particular
through the work of Kac and collaborators. One can distinguish yet another separate origin
of some ideas, namely from work on rigorous approaches to quantum field theory.

At present the subject still continues to develop, though more slowly, and it is still im-
portant in all the fields mentioned, plus a few additional branches of mathematics. These
lectures are mainly on two-dimensional CFT. Recently conformal field theory appeared in
yet another context, namely ” AdS/CFT-correspondence”, where also higher dimensional
(super)conformal invariance is relevant.

I tried to include references to most relevant papers, but the emphasis was on papers I
consider to be worth reading even today, and not on papers that are mainly of historical
interest. A more detailed account of the history may be found in [1], which was used
extensively for the preparation of these notes. In addition to the latter review, other useful
general references include the one by J. Cardy from the same proceedings [2]. Other sources I
used are [3] and [4]. Some useful results can be found in books on string theory, for example
[5] and [6]. Standard reviews on Kac-Moody algebras are [7] and [8]. Finally I mention
as a general reference the paper by Belavin, Polyakov and Zamolodchikov [9], which is the
starting point of many recent developments.
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2. Classical Conformal Invariance

In this section we study classical field theories in an arbitrary number of dimensions. In
this space we have a metric g,,. Furthermore we define g = | det g,,,|. We will work in flat
space, which means that the coordinates can be chosen in such a way that g, = 7,,, where
the latter has the form diag (—1,...,—1,+1,...4+1). The number of eigenvalues —1 or +1
is ¢ and p respectively. Our convention is to use —1 in the time direction. Hence in practice
q is either 0 (Euclidean space) or 1 (Minkowski space).

2.1. SYMMETRIES

General coordinate invariance

Such theories may have a variety of symmetries. One symmetry that we will assume them
to have is general coordinate invariance. Using the action principle this can be used to show
that the energy momentum tensor is conserved. In general, this tensor is defined in terms of
the variation of the action S under changes of the space-time metric

G — Guv + 5g;w -

Then the definition of the energy momentum tensor is

6 =1 / dle\/g TH 59, - (2.1)
If the theory is invariant under general coordinate transformations one can show that
(1) =0.
Here (as usual in general relativity) “;»” denotes a covariant derivative. In flat coordinates

the condition reads 0, 7" = 0.

Weyl invariance

We are not interested in general coordinate invariance, but in a different symmetry which can
also be formulated in terms of the metric and the energy momentum tensor. This symmetry
is called Weyl invariance. The transformation we consider is

guu(m) — Q(x)guu(x) ) (2'2)

or in infinitesimal form

Guv — g;w(x) + w(x)glw(x) .

The condition for invariance of an action under such a symmetry can also be phrased in
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terms of the energy momentum tensor. Substituting dg,, = w(x)gu () into (2.1) we find

0S = %/dda:\/ﬁ THw(z) . (2.3)

since this must be true for arbitrary functions w we conclude that the condition for Weyl
invariance is

T’Lz(].

Conformal invariance

A conformal transformation can now be defined as a coordinate transformation which acts on
the metric as a Weyl transformation. Consider a general coordinate transformation z — z’,
such that z# = f#(z'”). This has the following effect on the metric

/ !/ a P a 7 /
ou(3) = G @) = S5O g (1)) (2.4

We are going to require that the left hand side is proportional to g,,. Rotations and transla-
tions do not change the metric at all, and hence preserve all inner products v-w = v¥g,,w".
They are thus part of the group of conformal transformations. A coordinate transforma-
tion satisfying (2.2) preserves all angles, \/% (hence the name ‘conformal’). Later in this

chapter we will determine all such transformations.

If a field theory has a conserved, traceless energy momentum tensor, it is invariant both
under general coordinate transformations and Weyl transformations. Suppose the action
has the form

S = /ddmﬁ(ax,gpy(x)a¢($)) :

Here ¢ denotes generically any field that might appear, except for the metric which we have
indicated separately since it plays a special role. We have also explicitly indicated space-time
derivatives. General coordinate invariance implies that

=g = / 42! £(Dr, gl (2'), & (2'))

Here g;“, is as defined above, and the transformations of a field ¢ depends on its spin. If it
is a tensor of rank n one has

3 afl/l 8f”"
© Oz T Oyl

A C) Bur,eorn (f (7)) (2.5)
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In particular, for a scalar function ¢(x) we find ¢'(2') = ¢(f(z') and for the derivative of a
scalar function we get

0 0

525 %) = G

o 0
- a.%lu afu

#a) = -2 p(f () B(/())

T Ozl

i.e. it transforms like a vector (note, however, that nt order ordinary derivatives do not
transform like a tensor of rank n; this is only true if one uses covariant derivatives). If the
coordinate transformation z — z’ is of the special type (2.2) we can use Weyl invariance of
the action to change the metric back into its original form. Then we have

S=g§"= / 2! L0, (), 8 () (2.6)

This is the conformal symmetry of the action. Note that the metric now remains unchanged
if we start with a flat space metric g, = 7,,. This means that we can define the conformal
transformation for theories in flat space that are not coupled to gravity. We may then forget
about general coordinate invariance and start with an action in which no “dynamical” metric
appears.

The statement of conformal invariance is then that the action of such a theory is unchanged
if we integrate the same Lagrangian (or other physical scalar) expressed in terms of the new
fields ¢/(z') over the new coordinates z’. If the relation between the old coordinates z and
the old ones z’ is z = f(z'), then the new fields are related to the old fields as in (2.5)

The restriction to flat space is not really a restriction if we are in two dimensions. Then
a general metric is given by three functions, g11(z), g22(x) and g12(z) = g21(x). A general
coordinate transformation allows us to change this using two functions, f!(z) and f?(x), and
we can — generically — use this freedom to set gi2(z) = 0 and g11(z) = £g22(x) (depending on
the signature of the metric), so that the metric has the form g(x)n,,. This is called conformal
gauge. Then, using a Weyl transformation, we can remove the function g(z) and bring the
metric to the form 7,,. In more than two dimensions we do not have enough freedom to do
this, and then the assumption made here is really a restriction to non-gravitational theories
in flat space.

On a given two-dimensional manifold the conformal gauge choice can be made locally, but
usually not globally. This means that we will be able to use conformal field theory in some
coordinate patch, but that additional data may be needed to describe the theory globally.

Fields that transform like (2.5) are called conformal fields, or also primary fields.
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2.2. CONFORMAL TRANSFORMATIONS IN d DIMENSIONS

In general the right hand side of (2.4) is of course not proportional to the original metric g, .
To study when it is, consider the infinitesimal transformation z'* = z# + ¢#(z) (or rather its
inverse, 7 = 1" — e#(z') + O(e?). Then

oz’
o't = 5;3 - aﬂep )

and

69#1] = _auey - ayﬁﬂ

This must be equal to wg,. Taking the trace we see then that w = —%8-6 (with 0-€ = Ote,,),
so that we get the following equation for €

2
Opey + Opey = &a © €Guv (2.7)

Let us now analyze the solutions to this condition. As a first step, we contract both sides
with 0#0¥. This yields

(l—é)ma-e:()

If d > 1 this implies that
00-e=0 (2.8)

(for d =1 (2.7) is satisfied for any €). Next we contract (2.7) with 9,0”. This yields
2
D00p€y + (1 — E)apaua ce=0.

To this we add the same equation with p and p interchanged, we use (2.7) once more and
finally (2.8). The result is

(1- %)apapa e=0. (2.9)

We conclude that 0,0,0-€ = 0 if d > 2. The third (and last) step is to take the uncontracted
derivative 0,0, of (2.7). Define Fjq,, = 0,0,0,€,. This function is manifestly symmetric
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in the first three indices. Furthermore, by acting with 9,0, on (2.7) and using (2.9) we find
(for d > 2)

Foopr = —=Fopoup - (2.10)

It is now easy to show that a tensor with these symmetries must vanish:

Fpa,uu = Fppmj = _Fp,uua = _Fpu,ua = Fpuay = Fpaup )

which contradicts with (2.10) unless Fq,, = 0.

Hence we find that for d > 2 the full, uncontracted third order derivative of ¢ must vanish,
so that it can be of at most second order in z. Therefore we may write

(z) = o' + BLz” + v xVal .

Substituting this into (2.7) and collecting the terms of the same order in x we find the
conditions

2
ﬁ/,w + ﬁup =5

d/Bppg[u/

2
Yo + Yvpo = E’Ygag;w

The first one can be solved by splitting 3,, into a symmetric and an anti-symmetric part,
B;u/ =Wy + S/U/ .

There is no condition on the anti-symmetric part w,,, whereas the symmetric part is found
to be proportional to g,u, Sy = 0guw-

The equation for the quadratic part is somewhat harder to solve. Using the fact that 7,4
is symmetric in the last two indices, we can derive

Yuve = —Yopo — 2069w = —Yvop — 2boGuv
= Yovp — 2bo G + 2bugve = Your — 206 9pv + 2649y
= ~Ypov — 2669w + 204900 — 200940
= —Yuvo — 2bs v + 264910 — 200940

where b, = —%’yp pu- Therefore

Ypve = _bog/,w + bpgua - bl/g;w )



where b, is an arbitrary constant vector.

2.3. THE CONFORMAL GROUP

Most of the transformations we have obtained can easily be identified
e Translations: z# — x# 4+ o¥
e (Lorentz) Rotations: z# — z# + wh,z¥
e Scale transformations: z* — x# + oz
The last transformation is perhaps less familiar and is called a
e Special conformal transformation: z# — z# + bHz? — 22Mb -

Note that wy, is antisymmetric, and this might suggest that it is the parameter of a rotation
rather than a Lorentz transformation. However, the correct infinitesimal parameters of the
transformation are w',. Numerically (i.e. ignoring its tensor properties) this is equal to the
matrix Q = ¢~ lw, which satisfies QT = wT¢?T 1 = —wg™! = —¢gQg¢~!. Hence ¢Q+0Tg =0,
so that to first order in ©, (14 Q7)g(14 Q) = g. Hence € is indeed an infinitesimal Lorentz
transformation.

These are all still in infinitesimal form, but it is fairly straightforward to write their global
version. In addition to translations and SO(p, q) Lorentz transformations (or rotations if
g = 0) one has the scale transformation x — 2’ = Az. The global version of the special
conformal transformation has the form

T + b2
ot — gt = )
142b-x + b222

The latter transformation can be made a little more intuitive by observing that it can be
obtained by the sequence z — I(x), x — z+b, £ — I(x), where I(x) denotes the space-time
inversion z#* — z#/22. The space-time inversion can be thought of as a global conformal
transformation. It preserves angles, but it obviously doesn’t have an infinitesimal form, and
therefore there is no parameter ¢, corresponding to it, and we didn’t find it in the previous
analysis.

One can study the action of the infinitesimal conformal transformations on a space of func-
tions of z. For each transformation x — 2/ = = + €(z) one can define a differential operator
Oe so that the transformation of a function f(z) is f(z) — f(z) 4+ Ocf(x). Clearly these
operators are

Py =0y
M, = (2,0, — 1,0
p = 2Ty ) (2.11)
= 210,
K, = xza,, — 22,270,

These operators are to be contracted respectively with o#, w*”, o and b*. One can write
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down the commutators of the operators P, M, D and K, and check that they form a closed
algebra which is isomorphic to SO(p+ 1,q + 1).

2.4. THE CONSERVED CURRENT

Usually symmetries imply the existence of conserved currents. The current of conformal
symmetry is

Ju(€) = Tywe” (2.12)
This current is conserved because
oM J,(€) = (0" Tyw)e” + Ty ((0%€”)
which vanishes because of (2.7), and because the energy momentum tensor is conserved and

traceless.

2.5. THE FREE BOSON

A standard example is the free boson. The (Euclidean) action is

S = %/ddm\/gg“"auq)(x)a,,@(x) : (2.13)

where g = det g. To compute the energy momentum tensor we need the variation of gH”
and /g, given dg,,. To get the former, use 0 = §(g""g,,) to derive 6gi” = —gH’g"? g,
The second variation is derived as follows

1
57 = 5e31089 _ /g6 log(9)

with
dlogg = log det (guy + 6guv) — log det g,
= log det [0} + g"0gyp] = Tr g" gy, + 0(8?)
where in the last step the identity det A = exp Tr log A was used, and the log was expanded

in g"”dgyp. In the first and second line the arguments of “det” and “Ir” are matrices with
indices (u,v) and (u, p) respectively. Putting this all together, and using (2.1) we get

Ty = —0,P0,® + 39,1,9” 0,90, P .

It is straightforward to check that 9”7}, = 0 and that T%, o (1 — %), so that the theory is
conformally invariant if (and only if) d = 2. Note that to prove 9*T),,, = 0 one has to use
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equation of motion O® = 0, whereas tracelessness for d = 2 holds also if the equation of
motion is not satisfied.

A theory with classical conformal invariance in four dimensions is Yang-Mills theory (both
abelian and non-abelian). The verification is left as an exercise.

One may also directly check Weyl invariance of the free bosonic theory. If we transform g,
to Q(z)guy, the square root of the determinant aquires a factor Q4/2_ This precisely cancels
the factor Q7! from the transformation of g#” (the inverse of g, ), in two dimensions.

By contrast, a conformal transformation does not act on the metric, but changes the integra-
tion variables and the derivatives. The simplest non-trivial example is a scale transformation
z = f(2') = Az’. Then d%’ = A~%dz’ and the new field is 0, ® (z') = (9f /0 )05 ®(f(2)) =
A0, ®(x), where ®'(2') = ®(f(z')) = ®(\2’) = ®(z). For d = 2 the explicit A-dependence
cancels out, and this demonstrates part of the conformal symmetry of the action.

It should be clear that adding a mass term [ d?>xm?®? to the theory breaks conformal invari-
ance. Quantum effects also tend to spoil conformal invariance. Generically they introduce
renormalization scale dependence of physical parameters (such as coupling constants) which
destroys invariance under scale transformations ¢ — A¢ in momentum space. This does
indeed happen for Yang-Mills theories, except when the £ function vanishes so that the cou-
pling constant is scale independent. The latter occurs for N = 4 super-Yang-Mills theory in
four dimensions.

2.6. THE CONFORMAL ALGEBRA IN TWO DIMENSIONS

In two dimensions the restriction that e(z) is of at most second order in z does not apply.
One can analyze (2.7) directly by writing it out in components. If one does that in Euclidean
space, gy = Oy, one finds

6161 = 3262, 3162 = —8261 .
Going to complex variables,

€ =€ — l€a, €= €1+ 1€

1 2 1 - 2

. _ (2.14)
Z=x —x°, Z= +1x

we find

0,€(2,2) =0; 0z¢(2,2) =0,

with 0, = 8% and analogously for z. The general solution to these conditions is that € is an
arbitrary function of z (which does not depend on Z) and € an arbitrary function of Z.



The corresponding global transformation is

2= f(z), 2 f(2),

where f(z) is an arbitrary function of z.

The generators for the infinitesimal transformations can be introduced exactly as before:
L,=—2""10, (2.15)

generates the transformation

z— 2 =2 =

and satisfies the commutation relation
[Lp, L] = (n — M) Lyyn -

The same holds for the barred quantities, and furthermore one has then

The resulting infinitesimal transformations are the most general ones that are analytic near
the point z = 0. They may introduce poles at z = 0, but not branch cuts. We will see later
that we will often need contour integrals around z = 0, and this is the justification for this
restriction.

The generator of an arbitrary conformal transformation is thus

> (enLn +Eln) - (2.16)

n

This operator generates conformal transformations of functions f(z,z). If we want this
transformation to respect complex conjugation of z, we must require that €, is the complex
conjugate of €,. In that case we can rewrite (2.16) as

Y 3 (Reen(Ln+ Ln) + Im €i(Ln — Ly))

n

This is in fact the algebra written in terms of the original real coordinates ' and x? (for
example, L_1+L_1 =0y and i(L_1 — L_1) = 09).



2.7. COMPLEXIFICATION AND WICK ROTATION

Usually this reality condition is dropped, and one treats ¢ and € as independent complex
parameters. Then the algebra does not map (!, z?) € R? to another point in R2, but it is
a well-defined map on C2. This is justified if we define our field theory on a complex instead
of a real space-time. This allows us to treat the two commuting algebras generated by L,
and L, independently (i.e.we may now set €, = 0,¢, # 0 or vice-versa). Even if we are
ultimately only interested in the restriction to a real vector space, we can always impose the
reality condition at the end.

Note that the distinction between Euclidean space and Minkowski space become irrelevant if
we complexify the coordinates. The complex coordinate transformation 2% = —iz? changes
Nuv 10 0y [Our convention is to use indices (0,...d — 1) in d dimensional Minkowski space,
with 20 as the time coordinate, and (1,...,d) in Euclidean space, with 22 = iz%(= —ixg).
Consequently the indices on § and n have a different range.] This is known as a Wick
rotation.

We are usually interested in conformal field theories in Minkowski space, but it is convenient
to make use of the powerful theorems that are available for complex functions. For that
reason one usually makes a Wick rotation to Euclidean space, which in its turn is mapped
to the complex plane. This is not an obviously innocuous transformation though. The Wick
rotation changes (in fact, improves) the convergence properties of quantities such as the
path integral or the propagator in the quantum theory, which is why it is often used in
field theory in four dimensions as well. One has to assume or, if possible, prove that the
relevant quantities can indeed by analytically continued to Euclidean space, and if there are
singularities one has to find a way to avoid them.

2.8. THE GLOBAL SUBGROUP

An interesting subalgebra of the algebra is the one generated by L_1, Ly, L1 and their conju-
gates. This algebra — or rather its restriction to real generators, as discussed above — is iso-
morphic to SO(3, 1), which is precisely the naively expected conformal group SO(p+1, g+1),
if one extrapolates from arbitrary d to d = 2 (in Euclidean space, with p = 2 and ¢ = 0).

The precise identification can easily be derived by transforming back to the standard Eu-
clidean coordinates ', 22. The precise relation with the operators defined in (2.11) is

Pr=0,+0;=—(L_1+ L)
Py=—i(0, —05) =i(L_1 — L_1)
M = —i(20, — 205) = i(Lo — L)
D = 20, + 20; = —(Lg + L)

Ki=-2%0,—220; = L1 + I

Ky = —i(2%0, — 2205) = i(L1 — Ly)

(2.17)
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The algebra satisfied by the holomorphic generators is

[LOa L—l] = L—l
[L07L1] = _Ll
[L1,L_1] = 2Ly

This is precisely the SU(2) rotation algebra if we identify Lo with J;, iLy with J~ = J, —iJ,
and iL_y with J* = J, +4J,. The factor i is essential to compensate the sign in [J—, J*] =
—-2J9.

The SO(3,1) generators are the only ones that are globally defined on the complex plane
including oo (this is called the Riemann sphere). Clearly the generator —z"*10, is non-
singular at z = 0 for n > —1. To investigate the behavior at infinity it is convenient to make
a conformal mapping that interchanges the points z = 0 and z = co. A conformal map that

1

does this is z = ;. Under this transformation the generator L, transforms to

_Zn+laz_)_w—(n+1)[%]—la :+w1—naw
dw

This operator is non-singular for n < 1, which combined with the range obtained above
leaves —1 < n < 1. For these values of n the generators are defined on the Riemann sphere.

The infinitesimal and global forms of the transformations are as follows

generator local transformation global transformation
—el_4 z—>z+e€ z—= 24+«
—elLyg z—z+e€z z = Az
—elq 2 — 2+ €22 z—)ﬁ

Combining these transformations we get

az+b

ith ad —bc =1 2.1
o d with ad — be (2.18)

Note that there are only three independent transformations, and hence there should be only
three parameters. This is why we can impose the condition ad — bc = 1 Doing it this way
and taking the parameters € C, we see that the action is that of the group SLy(C)/Zs.

* Note that the scale transformation is given by a = vA,d = 1/v/A\,b=c¢ = 1.
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The group SLy(C) is the set of 2 x 2 complex matrices with determinant 1. The most general

such matrix is
a b
( ) with ad —bc=1 .
c d

To get the transformation shown above we make it act on complex two-dimensional vectors

(2 ), with vectors related by an overall complex scale identified. In this space only the ratio

z = z1/z2 is a free parameter, and that parameter is easily seen to transform as in (2.18).
The transformation (2.18) is clearly unchanged if we multiply the matrix by an overall factor.
This freedom is fixed by the determinant condition, except for an overall sign. Therefore the
correct group action is SLy(C)/Zy rather than SLy(C).

In combination with the transformation of the anti-holomorphic sector we get then the group
of transformations SLy(C) x SL9(C). This contains as a subgroup SO(3, 1), the expected
global conformal group, but in terms of real generators SLs(C) x SL2(C) is twice as large
as SO(3,1). The reason is of course that we allow the two SLy(C) transformations to act
independently on z and z. If we impose a reality condition (i.e. Z is the complex conjugate
of z) we reduce the number of generators to that of SO(3,1).

2.9. TENSORS IN COMPLEX COORDINATES

Tensors can be transformed to complex coordinates using the transformation formula (2.5).
One should be careful with factors of two in these transformations. A potential source
of confusion is the fact that often the same notation is used for coordinates and indices:
2z = 2%;z = 2%. The transformation is

The inverse is then

ot = %(xz+m2) = %(z%—z) gt =

i(z® — 1) = Li(z — 2)

N[

z

The transformation of a vector to complex coordinates goes as follows

Ox! Ox?
=9

V. Vo =1(Vi+iWa); Vi=3(Vi—ilh) (2.19)

The generalization to higher rank tensors is obvious.
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The metric g, = 0y transforms to g, = %(91174- ig12 +ig21 — 922) = 0 = g3z, g2z =
%(911 +1ig12 — 0921 + g22) = % = ¢z,. Hence ¢g** = ¢** = 2. This leads to the akward-looking

relation 0% = 20, I

The same kind of relation holds for the energy-momentum tensor. Since T is traceless we
have 111 + T2 = 0, and hence T,z = 0.

The metric allows us to convert every upper index to a lower one (or vice-versa) at the

expense of a simple numerical factor, 2 or % One can make use of this freedom to avoid

counter-intuitive quantities such as x, or 0°. From now on all tensors and derivatives will
be written with lower indices, and all coordinates with upper indices. The latter will be
denoted as z or Z.

Conservation of the energy momentum tensor now reads (since T,z = 0)
0:T,, = 0,15 =0 )

which implies that 7)., is holomorphic and 733 anti-holomorphic.1

The infinitesimal parameter for the conformal transformations, €, has been transformed to
complex components in (2.14). This definition also requires a bit of care. If we use (2.19)
we get

€, = %(61 +ieg) = %E ,

where in the last step the definition (2.14) was used. The “bar” on the right-hand side may
look out of place, but the notation was chosen in (2.14) because € is a function only of Z.

The conserved current of conformal symmetry is defined analogously to (2.12)
Jule) =Te’ == J, = 2T, 65 = Tooe(2);  Jz = T3:€(Z) . (2.20)

Since J,, is holomorphic and J; anti-holomorphic, this current is manifestly conserved: 0;.J, =

1 One should keep in mind here that 0, can have two meanings, namely the “derivative with respect
to the coordinate z*” (0/0x%) or the “derivative with respect to the variable z” (8/9z.) Fortunately
these two meanings are the same. On the other hand 8% can only mean “derivative with respect to the
coordinate zz”, and has nothing to do with a derivative with respect to z.

1 The word “holomorphic” has become standard terminology for “depending only on z, not on z”. It
does not imply absence of singularities. Mathematicians might prefer the word “meromorphic”.
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2.10. CONFORMAL FIELDS IN TWO DIMENSIONS

The components of a tensor ¢ of rank n are of the form gbz__,z,g___g(z, z). It is easy to see that
under conformal transformations this transforms into

A BT Oy, . (61,7

where p is the number of indices ‘z’, and ¢ = n — p the number of indices z. A field that
transforms in this way is called a conformal field of weight (p, q).

This rule was derived here for a tensor field, and one may think that p and ¢ should be
integers. However, any real value is in fact (a priori) allowed. Usually the conformal weight
is denoted as (h, h), where the bar does not mean complex conjugation (both numbers are
real), but only serves to distinguish the two numbers. Sometimes h + h is called the scaling
weight, and h— h the conformal spin. As we will see later, these are in fact the eigenvalues of
(minus) the dilation operator —D = Lo+ Lg and the SO(2) rotation operator —iM = Ly— Ly.

2.11. RELATION TO STRING THEORY

Closed bosonic strings are described by means of the bosonic action (in Minkowski space,
with goo = —1 and g11 = 1)

1
drad

S = / d*o\/—gg*P 0, X195 X, , (2.21)

defined on a two-dimensional surface with the topology of a cylinder (for the non-interacting,
closed string, at least). Here X*(0p,01) is a map from two dimensional space (called the
“world-sheet”) to space-time (often called “target space”), and o is the “Regge-slope pa-
rameter”. This function defines the embedding of the string in space time, as a function of
the proper time oy, i.e. is specifies where a point o; along the string is located at proper time
op. If we take a flat two-dimensional metric ¢® and a Euclidean flat metric in target space
this action is nothing but the action of a free boson in two dimensions. The conformal in-
variance of that action plays an important role in the proper quantization of string theory in
Minkowski space (note that X appears then with the “wrong” sign in the two-dimensional
action). Furthermore conformal field theory has been used to find alternatives to the free
boson action that can be interpreted as consistent string theories.
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2.12. FREE BOSONS IN COMPLEX COORDINATES

In complex coordinates the free boson action takes the form

S_

2ma!

/ d2d70,8(z, 2)9,8(2, ) (2.22)

Our convention is that dzdz = 2dz'dx? (which is indeed what one gets from the Jacobian,
but some authors prefer to omit the factor “2”). This complex form of the action is derived
from the Euclidean action (2.13) multiplied with an additional factor 1/2mwa/, so that one
gets the Euclidean action corresponding to (2.21). The factor in front is conventional in
string theory.

According to the definition of conformal fields given earlier, 0® is a conformal field. In
complex coordinates its transformation properties are

0f ()

B(s. 5
0,9(2,2) — 5,

05 ®(f(2), F(2)) -

For the energy momentum tensor we find, in complex coordinates

T.. = —5(9:9(2))

N[

and analogously for 7%3.
The normalization contains some conventions originating from string theory, namely
1
— The factor 5_;, as above

— An extra factor 27 multiplying the definition of T (cf. footnote on page 24 of part 1
of [5]).

— The convention o/ = 2.
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3. Quantum Conformal Invariance

As discussed in the previous chapter, the theories we consider are defined in Euclidean space,
usually obtained after a Wick rotation from Minkowski space. For computational convenience
(in particular because some quantities separate into holomorphic and anti-holomorphic parts)
we then go to the complex plane. It turns out that to simplify things even more it is
convenient to make yet another map, this time a conformal transformation of the complex
plane itself.

3.1. RADIAL QUANTIZATION

Symmetries in the quantum theory are usually generated by charges, which are space in-
tegrals of the zeroth component of a conserved current J¥, 9,J# = 0. The definition of a
charge in a d-dimensional theory is then

Q= /dd_liO(x,t) .

In the two-dimensional analog of this just one has a one-dimensional integration over .

It is convenient to make the space direction finite, by imposing periodic boundary conditions
in the z! direction. This is like regulating a quantum system by putting it in a finite box in
space. In this case the size of the box will be fixed for convenience to the value 27, but since
the theory is scale invariant that is irrelevant. The Euclidean coordinates (z!, 2%) = (2!, iz?)
can then be thought of coordinates on a cylinder. In this situation we get then the following
expression for the charge (conveniently normalized to the length of the interval)

1 2T . 2T
_ 170 _ 1 1.
Q—Qﬁ/da:J 2ﬂ_/d.’L‘(lJ2).
0 0

Now we introduce a complex coordinate z = z! — 42? as discussed before. From (2.19) we

find that Jo = —i(J, — Jz). The charge becomes now

Q= —QL[ f Az (2, 7) — f 702, 2)]

™

Here the integration is along a closed contour that encircles the cylinder. For convenience
we choose z rather than z as the integration variable in the second term. Since we only
integrate over Re z this makes no difference. The orientation of these contours is such that
$ dz = ¢ dz = 2r. The superscripts “cyl” are added to remind ourselves that the currents
are defined on the cylinder.



—19 —
It turns out to be convenient to perform a conformal transformation
w=e = (3.1)

Then the surface at the Euclidean time coordinate 22 = —oo is mapped to w = 0, and the
surface at 22 = 400 is mapped to the infinite circle at |w| = oco.

z9 = +o00

1

T2

It is clear from the picture that in the new coordinates the dz integration becomes a contour
integration around the origin. The definition of the integration volume for dw implies a choice
of orientation for the w contour. Rather than remembering the direction of the contour, it
is easier to remember the corresponding results for the Cauchy integrals

1 dw_l du‘;_l
omi | w 2w ) w
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This formula has the disadvantage that @) is still expressed in terms of operators defined on
the cylinder. These operators are related to those on the plane by a conformal transforma-
tion:

P (w, @) = (5)"(5-)"6% (2(w), 2(@))

For the transformation considered here this implies
0 (2(w), 2(w)) = (iw)"(=iw) " ¢*" (w, w)

The current components considered here, J, and Jz transform as vectors; therefore they have
conformal weights (h, h) = (1,0) and (h, ) = (0, 1) respectively. For the charge we find then

Q= 1[jgduKhuydegthuuﬂO—%j{du&—dﬂﬁﬁ_lﬁgmw@uw[

or

Here h = h = 1, but we left these parameters in the formula for future purposes. We have
already seen operators that transform with A = 2, namely the conformal currents 7),,¢(2)
(note that only 7, transforms as a conformal field, not €(z)).

Usually the current splits into holomorphic and anti-holomorphic parts, so that we may
write J,(z,z) = J(z) and Jz(z,z) = J(z). If a vector current has that property, then it is
automatically conserved:

0T, = 28, J5(2) + 0:J.(2)) =0 .

The result of the contour integration depends, obviously, on the poles inside the contour.
Such poles can arise in the quantum theory when one considers the product of two or more
operators.

3.2. RADIAL ORDERING

Products of operators only make sense if they are radially ordered. This is the analogue of
time ordering for field theory on the cylinder. In the classical theory the ordering of fields or
charges in a product is of course irrelevant. In the quantum theory they become operators
and we have to specify an ordering. The product of two operators A(zg,t,) and B(xp, tp)
can be written, with the help of the Hamiltonian H of the system as

A(za,ta)B(xp, ty) = €t A(q, 0)e Hla et 4 (1 0)eHD

The factor e~*H{ta—t) hecomes e~ H(Te—) when we Wick-rotate (here ¢ corresponds to 9,
7 to 22).  Usually the Hamiltonian is bounded from below, but not from above. Then



if 7, < 7, the exponential can take arbitrarily large values, and expectation values of the
operator product are then not defined. Hence in operator products one always imposes time
ordering, usually denoted as

TA(t) B(ty) = {A(ta)B(tb) for tq >t

B(ty)A(t,) for t, <t

After mapping from the cylinder to the plane, the Euclidean time coordinate is mapped to
the radial coordinate, and time ordering becomes radial ordering

RA(z,z)B(w,w) =

A(z,Z)B(w,w) for |z| > |w|
B(w,@w)A(z,2) for |z| < |w|

A correlation function in field theory on the cylinder has the form

<0| T (Al(tl) s An(tn)) ‘0>

where |[0) and (0| are “in” and “out” states at t = —oo and ¢t = 400 respectively. After the
conformal mapping, the correlation functions are

(0| R(A1(21,21) ... An(2n, Zn)) |0)

where [0) and (0| are states at z = 0 and z = oo respectively.

3.3. THE GENERATOR OF CONFORMAL TRANSFORMATIONS

Returning now to charge operators, let us consider the generator of the conformal transforma-
tions. As we have seen in the previous chapter, the current for an infinitesimal transformation
is T'(z)e(z). For the corresponding charge we may then write

Qe = L dze(2)T(2) (3.2)

o

We would expect Q¢ to generate the conformal transformation with the global form

h
6w, 1) o w.0) = (4 (s w).m)

with f(w) = w + e(w). Note that any field ® will in general depend on both w and @, but
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that we are treating w and w as independent variables, which can therefore be transformed
independently. The infinitesimal form of this transformation is

3e®(w, W) = hOye(w)P(w, @) + €(w)0y,P(w, w)

Consider now the quantum version of this transformation. We may expect the following
relation to hold

6E¢(w7 U_J) = [Qe; ¢(w: U_])] (3'3)

Let us try to evaluate the commutator on the right hand side. Naively we have

Qe (w, @)] = f dze(2) [T(2)$(w, B) — $(w, 3)T(2)] . (3.4)

T omi

But we have just seen that the first term is defined only if |z| > |w|, whereas the second one
requires |z| < |w|. Note however that z is an integration variable, and that the definition
of ) did not include any prescription for the precise contours to be used. Classically Q.
is in fact independent of the contour due to Cauchy’s theorem, because the integrand is a
holomorphic function. On the cylinder this can be interpreted as charge conservation, .e.
evaluating Q¢ at two different times gives the same answer. Classically the factor ¢(w, @) is
irrelevant for the evaluation of the integral, and in fact classically the commutator vanishes.
In the quantum theory we have to be more careful. As one usually does, we use the freedom
we have in the classical theory in order to write the quantity of interest in such a way that
it is well-defined after quantization. Nothing forbids us to use different contours in (3.4), so
that we get

Qe $(w, T)] = —— ]{ dze(2)T(2)b(w, T) — —— ]{ dze(2)p(w, B)T(2)

This can be written as

T omi
2[>w|  |z]<|w|

(Qe, (w, @)] = — f—f doc(2) R(T(2)$(w, w)) -

Now we deform the contours as indicated in the following figure
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‘ ‘}

Qe dw,w)) = 5= § dee( R (0w, w) (3.5)

™

Se

The result is

where the integration contour encircles the point w. Clearly the integration only makes sense
if the radially ordered product is analytic in the neighborhood of the point w. We may thus
assume that it can be expanded it in a Laurent series around w

where the coefficients O,, are — in general — operators. It is now easy to verify that the
contour integral will produce the desired result if (and only if) the radially ordered product
equals

R[T(z)¢(w, w)] = ﬁqﬁ(w, w) + ﬁ@wqb(w,m) + power series in (z —w) . (3.6)

The last terms are free of poles at z = w, and hence do not contribute to the integral.

The property (3.6) (plus the corresponding one for the anti-holomorphic quantities) defines
what we mean by a conformal field.

Often one simplifies the notation by omitting the radial ordering symbol (which however is
always implied) and dropping the finite terms.

3.4. QUANTIZATION OF THE FREE BOSON

Now we return to the free boson, in order to look at a few concrete examples of the foregoing,
rather abstract discussion. On the cylinder, and in Minkowski space-time, the action is

1 9 ) .
S = S—W/d xZaaqﬂaaqﬂ
7

(the normalization factor is ﬁ with o/ = 2). The fact that the fields @ live on a cylinder
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implies that they satisfy periodic boundary conditions:
(20, 0) = d¥(20, 2m)

Any field satisfying these boundary condition can be Fourier expanded
o0

O a0zt = Y e fi)

n=—00
The classical equation of motion for @ is

08 — 311920, 2") = 0
For the Fourier modes of a classical solution this implies

3 fa(z") = —n*fi(a”) .
The solution is

fi(z%) = ailei""’co + bfle_imo, n#0
and
f(%) = p'a® + ¢ .

Putting all this together, and introducing a few convenient factors, we may write the result
as

. . . 1 . . 1 . . 1
(e, a') = ¢ + 22’ +iy {;mze—m@”” ) e )>} . B
n#0

Now we quantize this field using canonical quantization. The canonical momentum is
I = iaoqﬂ'
4
We impose on it the following commutation relations

[@i(xo,xl), I (29, yl)} =696zt — yb)
jxt), @ (2%, y")] = 0 (3.8)
[H’(xo,:rl),Hj(:rO,yl)} =0.

=
"
[e=)
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These relations can be expressed in terms of modes by taking Fourier moments of these
conditions with respect to z! and z''. The result is

o] = o] = 55

ahl] = (3.9)

and

¢, p7] = i6" (3.10)

Now transform ¢ to the complex plane. Then we get

. . . . 1. . :
D' (2,2) = ¢" —i(p*log(z) + p'log(z)) + ZZ - [z + 27"
n#0

Note that ® can almost be written as the sum of holomorphic and anti-holomorphic func-
tions. Almost, because log(z) is not a holomorphic function. However, if we take a derivative
of ® we do get purely holomorphic functions, namely 9,®*(z) and 9;®*(z).

3.5. THE FREE BOSON PROPAGATOR

The first quantity of interest is the product ®(z)®/(w). The quantum equivalent of this
classical product is R(®%(z)®’ (w)), and we would like to know the behavior of this product
as z approaches w. A simple way to probe the short distance behavior is to take expectation
values of the operator between two states, for example the vacuum. To compute this we first
have to know how the various mode operators act on the vacuum.

Classically the field ®° is real. Consequently, in (3.7) ¢ and p’ are real, and o, = (ai,)*.
The quantum equivalent of this statement is that ¢* and p’ are represented by Hermitean
operators, whereas a'i_n is the Hermitean conjugate of afz. Reality conditions are best im-
posed on the cylinder and in terms of Minkowski coordinates. The complex Wick rotation

and subsequent conformal mappings can make reality properties less manifest.

We see now that the commutation relation [042, oz{ | = ko Ok+1,0, k > 0 is the same as that for
a set of harmonic oscillators, apart from the factor k£, which can be absorbed in the normal-
ization of the operators (note that the commutator for £ < 0 contains no new information).
Indeed, apart from the “zero mode” ¢*,p’ the free boson is nothing but an infinite set of
harmonic oscillators.
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By the usual reasoning for harmonic oscillators, the vacuum satisfies
ot [0y =0 for k>0

The algebra of the operators p* and ¢' is also a well-known one, namely the Heisenberg
algebra. Hence the vacuum must satisfy

p'0) =0

This is all we need to compute the vacuum expectation value. A convenient technique for
computing vacuum expectation values is normal ordering. We reorder the oscillators in such
a way, using the commutators, that creation operators are always to the left of annihilation
operators. Then the vacuum expectation value of normally ordered terms always vanishes
for every term that contains at least one harmonic oscillator, and we only have to take into
account the contributions picked up from the commutators.

Normally ordered products of oscillators are denoted as

Oy O, = Hiakw(i) ,

where 7(i) is a permutation of the labels such that k. (;y < k() if i < j (re-ordering positive
and negative labels among each other has no effect, but does not hurt either). Note that
oscillators within the normal ordering signs behave as if they are classical. They can be
written in any order, since the right hand side is always the same.

The only terms in the product ®¢(z)®’(w) that does not contain oscillators is the zero mode
contribution. These terms require some special attention. We define normal ordering of p*
and ¢’ in such a way that p’ is always to the right of ¢*.

Using these rules we get, when |z| > |w|,

R(®(2, 2)® (w, @) =: (2, 2)®’ (w, @) : —i[p’, ¢/](log z + log Z)

1. 1.
+( ZZ ﬁa%z_”,i Z Eozfnw_m + ( anti-holomorphic terms))
n>0 m<0

The commutator yields

|

— E —nz "w " 0ngmo ,
nm

n>0,m<0
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so that we get

: (2, 7)) (w, W) : +6Y (—log(2Z) + Z %(%)n + Z %(
n>0 n>0

NS

.

The sum converges for |z| > |w|. Since the product was radially ordered, this is satisfied.
The result is

R(®(2,2)® (w, @) =: (2, 2)® (w, @) : —6¥ [log(z — w) + log(z — @)] .

This is not quite what one usually gets when evaluating an operator product. Normally the
result consists of holomorphic and anti-holomorphic parts, whereas here there is a logarithmic
singularity. A more standard result is the operator product 9®!(z, 2)0®’ (w, @), which can
be obtained from the above by differentiation (the notation 0 is short-hand for either 9, or
Ow, depending on what it acts on).

L 8%(2,2)0% (w,w)

R(99(2,2)00! (w,0)) = ~8 -—

since 0,9%(z, z) depends only on z we usually omit the second argument. Furthermore 0,
is usually written as just 0, if no confusion is possible. Furthermore the radial ordering is
usually not explicitly written, and the finite terms are usually omitted as well. Since the

objects within normal ordering signs behave as classical quantities, these are in particular
finite as z approaches w. Using all this short-hand notation, the result is then written as

0P (2)0d! (w) = ———

3.6. THE NORMALLY ORDERED ENERGY MOMENTUM TENSOR

This result shows that we have to be careful with the definition of the quantum energy mo-
mentum tensor, which classically is T(z) = —1 3°, 8,®%(2)0,®" (), plus the anti-holomorphic
term. If we naively quantize ® the product of the two operators is singular. For this reason
one defines

T(z)=—1: Zacbi(z)acb"(z) =1 Z;%[G@i(z)aéi(w) +—

This amounts to subtracting an infinite constant from the energy momentum tensor. This
sets the energy of the vacuum to zero.
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3.7. OPERATOR PRODUCTS FOR FREE BOSONS

We are now ready to compute the operator product of the energy momentum tensor with
various operators in the theory. Let us first consider T(2)0®%(w). To compute this operator
product we normal order all harmonic oscillators and the zero-mode operators ¢ and p‘.
The operators within 7'(z) are already normal ordered, and hence the only ordering to worry
about is between T(z) and 0®‘(w). We may write this as

—§: 0B(2)0%° (2): 08! (w) = —5: 9P (2)0P' ()0 (w): ~9F' (2) [—Lz]

(z —w)

Note the factor of two in the last term, because there are two factors 9®%(z) to order with
respect to 007 (w).

To get the operator product in the desired form we wish to express the remaining factor
O0®I(z) in terms of O®I(w). This is simply a Taylor expansion, 09/ (z) = 0®I (w) + (z —
)32 @I (w) + 3(2 — w)203®7 (w) + . ... The final result may thus be written as

1

Z—Ww

oy —1w)2 0T (w) +

T(2)0d7 (w) = I (w)

where as usual we drop all finite terms, and all operators appearing on the right hand side
are normally ordered. It follows that d®7(w) is a conformal field with conformal weight 1.

In a similar way one may check that 0?®*(z) is not a conformal field. This is not a surprise,
because we have seen before that it is not a conformal field classically.

Now consider the energy momentum tensor itself. It is a simple exercise to compute

By T (w) (3.11)

Here ¢ equals the number of bosons ®!. If the first term were absent, T(z) would be a
conformal field of weight 2, the classical value. In this case quantum effects yield an extra
term, an anomaly. This is called the conformal anomaly.
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3.8. THE VIRASORO ALGEBRA

The operator product (3.11), derived here for free bosons, has a completely general validity.
Under quite general assumptions, one may show that the operator product of two energy
momentum tensors of a conformal field theory must have the form (3.11).

In (2.20) a current for conformal symmetry was introduced, J.(z) = T'(z)e(z). Since €(z) is
an arbitrary holomorphic function, it is natural to expand it in modes. The precise mode
expansion one uses depends on the surface one is working on. On the Riemann sphere we
require fields and transformations to be continuous on contours around the origin. This was
also the surface for which the classical mode expansion (2.15) was written down. We expect
thus that J.(z) generates the transformation z — 2’ = z —2"*1 if we choose €(z) = 2" 1. We

then get an infinite series of currents J"(z) = T(2)2z"*!. The correctly normalized operators
are in fact
1
L,= = dzz""T(2) . (3.12)

This relation can be inverted:

T(z) = Z 2L,

To check that the normalization and the sign are correct one may compare the quantum
algebra with the classical algebra. The commutator of L, and L,, can be evaluated using
contour integrals, as was already done earlier. One finds then the Virasoro algebra (the paper
by Virasoro [10], to which this algebra owes its name, contains the generators of the algebra
as “constraints”, but not the algebra itself)

(L, Lin] = (7 — m) Liggn + %n(n2 — 1)0n—m (3.13)

Not surprisingly, a term proportional to ¢ appears. If that term were absent, the quantum
algebra would be identical to the classical one. Strictly speaking, such a constant term is not
allowed in an algebra. The commutator of any two elements of the algebra must again be
an element of the algebra. We are thus forced to view ¢ not as a number, but as an operator
which commutes with any element of the algebra. It follows then that on any representation
of the algebra this operator has a constant value, which is also denoted by ¢, just as the
operator itself. Such operators that appear only on the right hand side of commutators are
usually called central charges.

Note that the SL(2, C) subalgebra generated by L;, Ly and L_; is not affected by the extra
term. It remains thus meaningful to speak of the conformal weight of 7'(z).

Because of the central term the classical symmetry is not preserved in quantum mechanics.
In particular, the central term prohibits the vacuum to have the full symmetry, because we
cannot impose the condition Ly |0) = 0 for all n, without getting a contradiction with the



algebra. This is analogous to the position and momentum operators in quantum mechanics,
which also cannot simultaneously annihilate the vacuum.

Nevertheless we still have all the generators of the Virasoro algebra at our disposal, and
they still play a useful role. In those cases where conformal invariance is really crucial this
is not sufficient though. Presumably this is true in string theory, although there have been
attempts to make sense of it without conformal invariance. The simplest string theory, the
bosonic string, is constructed out of D free bosons, where D is the number of space-time
dimensions. One might think that this is always anomalous, because ¢ = D in this case.
However, there is an additional ghost contribution (the ghost is related to gauge fixing for
two-dimensional gravity) of —26. This leads to the well-known concept of a critical dimension
D = 26.

4. Virasoro representation theory

Given any algebra, it is usually important to try and find its representations. The best
known example is probably the angular momentum algebra.

In that case all finite dimensional unitary representations are labelled by an integer or half-
integer j. The algebra consists of three generators, J~, Jt and Js3. All states in a repre-
sentation are labelled by a J3 eigenvalue, which is lowered by J~ and increased by J*. The
representation can be built up by starting with the state with maximal J3 eigenvalue, which
is therefore annihilated by J*. Mathematicians call such a state the highest weight state.
The other states are obtained by acting on the highest weight state (denoted [j)) with J~.
This can only be done a finite number of times if j is integer or half-inter, because one finds
that the norm of the state (J7)%*!|j) is zero. Such states are called null states or null
vectors. The representation space is defined by setting such states equal to zero.

This is the procedure we wish to mimic for the Virasoro algebra. In general, one starts with
determining a (preferably maximal) set of commuting operators (like J? and J3 for angular
momentum). A convenient choice is Ly and the central charge, c.

The Virasoro algebra has many more representations than will be considered here. As is the
case for SU(2), the representations of interest are those satisfying a number of physically
motived conditions. The ones we will consider here are the so-called unitary highest weight
representations.

4.1. UNITARITY

A representation of the Virasoro algebra is called unitary if all generators L,, are realized as
operators acting on a Hilbert space, with the condition that LL = L_,. The latter condition
implies in particular that 7'(z) is a Hermitean operator. This is most easy to see on the
cylinder, where we have, classically

%[Tn(ﬂﬂo, 21) + Too(zo, 71)] = ZLne—in(mHvl) + Ene—in(xo—x1) ’
n
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and
%[T12(370, 21) + To1(zo, 21)] = ane—in(mo+x1) _ Ene—in(xo—x1) ,

n

Reality of T, leads to the requirement that L¥ = L_,, (and L}, = L_,,), which naturally leads
to the quantum condition given above. On the complex plane the hermiticity condition looks
less natural, because the “in” and “out” states play an asymmetric role, and also because
we have complexified the coordinates.

In the following we will consider unitary representations. Non-unitary representations have
also been studied, in particular in statistical mechanics. Such representations still consist of
states in a Hilbert space (in particular having positive norm), but the requirement LL =L_,
is dropped.

4.2. HIGHEST WEIGHT REPRESENTATIONS

By definition, a highest weight representation is a representation containing a state with a
smallest value of Ly. Not all representations have that property, but it is reasonable to
expect this in a physical theory, since Ly + Ly is the Hamiltonian, which is usually bounded
from below. The term “highest weight” for a state with lowest energy is perhaps somewhat
confusing, but has become standard terminology.

It follows from the structure of the algebra that L,, decreases the eigenvalue of Lg by n,
LyLy, W) = (LnLO - nLn) |w> = (h - n)Ln ‘w> )

if Lo ) = h|1).
If |h) is a highest weight state, then obviously |h) is annihilated by all generators L, with
n > 0O:

Ly|hy=0, forn>1

Suppose the operator Lg acting on the highest weight state |h) creates a state |h). Then
the Virasoro algebra tells us that L, |h)’ = 0 for n > 1, i.e. Ly maps highest weight states
to highest weight states. Since Ly is hermitean we can diagonalize it on the highest weight
states, so that we may assume that Lo |h) = h |h) (labelling the state only by its Ly eigenvalue
is inadequate in case of degeneracies, but we will not worry about that now).

The negative modes L,,n < 0 can be used to generate other states in the representation.
Usually such states are referred to as descendants.

We have in fact already seen an example of a representation that is not a highest weight
representations, namely the adjoint representation, defined by the action of the algebra on
itself. The commutator

(Lo, L] = —nLy,

tell us that in this representation the eigenvalue of Ly can take any integer value, whereas
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[e, L] = 0 tells us that the adjoint representation has central charge 0. It is in fact a unitary
representation.

4.3. THE VACUUM

The vacuum of the theory can be defined by the condition that it respects the maximum
number of symmetries. This means that it must be annihilated by the maximum number
of conserved charges. In the present context this means that we would like it to satisfy
L, 10) = 0 for all n, but because of the central term that is obviously not possible. For
example, if Lo, L_o as well as Ly annihilate the vacuum, so does the commutator of Ls and
L_5. But this is only consistent with the algebra if ¢ = 0. We will soon see that unitary
conformal field theories with ¢ = 0 are trivial.

The maximal symmetry we can have is
L,|0)=0,forn>-1.

Of course we could also have imposed this for n < 1, but then |0) is a state with maximal
eigenvalue of Ly rather than one with minimal eigenvalue (a highest weight state).

Because of the commutator [Li, L_1] = 2Ly any highest weight state which is annihilated
by Lo must be annihilated by L; and L_; (and vice-versa). It will always be assumed that
there is precisely one state in the theory that has these properties.

We also define its Hermitean conjugate (0|. It satisfies (0| L, = 0 for n < 1.

4.4. POSITIVITY OF ¢ AND h

The unitary highest weight representations are labelled by two real numbers, h and c¢. Since
all generators commute with ¢, it has a constant value on a representation. On the other
hand Ly does not have a constant value, but we can define h uniquely as its eigenvalue on the
highest weight state. With these two numbers given, we know the Virasoro representation
completely, since all states can be created by the action of the Virasoro generators on the
ground states, and since the norm of any state can be expressed completely in terms of ¢ and
h. Hence any negative or zero norm condition depends only on ¢ and h. It follows that two
representations with the same value of ¢ and h are equivalent as Virasoro representations.

In the rest of this chapter we will derive restrictions on ¢ and h by requiring absence of
negative norm states. As a modest start we will show that these number are non-negative.

Note first of all the following commutator

C
[Lp,L_y] = E(n?’ —n) + 2nLg



Hence we have

12 10) I = 401 (L o [0) = (O] LaL[0) = (0] (L, L] 0) = -5 (n® — )

For n > 2 this implies that ¢ > 0 (this follows from the requirement that we work in a Hilbert
space, so that all states must have non-negative norm; furthermore zero norm implies that
the state vanishes.)

Using the algebra just like we did for the vacuum we find for any other highest weight state

VLo 1) | = (bl LnLn [B) = (bl (L, L] |B) = (5 (0% = ) + 20h) {hlR)

We may assume that (h|h) # 0, since otherwise we would not consider |h) a state in our
theory. If the norm of the highest weight state does not vanish this tells us once again that
¢ > 0 (since the first term dominates the second for large n), while for n = 1 we see that
either h >0 or h =0 and ||L_1 |h) || =0, i.e. |h) = |0).

If ¢ = 0 in a unitary theory the vacuum representation contains just one state, |0) itself,
since the foregoing argument shows that L_, |0) = 0 for n > 0. (To rule out non-trivial
representations with ¢ = 0 and A > 0 requires a more sophisticated argument, which we will
present later.)

4.5. STATES AND CONFORMAL FIELDS

There is a simple connection between highest weight states and conformal fields. Consider
a conformal field ¢(z, z) with weights h and h. Now define

|h,h) = (0,0)10) ,

where of course it is assumed that ¢(z, z) [0) is well-behaved at the origin. Now compute
Ly |h, h). We find

(L, $(w, 8)] = —— 75 T (2)(w, )

2m
= h(n+ 1)w"p(w, ) + wn+law¢(w’ W) ,

(4.1)

which vanishes if w = 0 and n > 0. Hence Ly, n > 0 commutes with ¢(0,0) and it follows
that |h, h> is a highest weight state. It is also a highest weight state with respect to the
anti-holomorphic sector.

For n = 0 we find [Lg, #(0,0)] = h¢(0,0), so that the state ‘h, h) indeed has Lo-eigenvalue
h, as the notation suggests.
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4.6. DESCENDANT FIELDS

Ground states of Virasoro representations are generated from the vacuum by conformal
fields, which are also known as (Virasoro) primary fields. [The addition “Virasoro” is added
in more general context, where other algebras are being considered. One can then have a
distinction between Virasoro primaries and primaries with respect to other algebras. The
name “conformal field” will be used here only in the strict sense of Virasoro primary, which
is equivalent to (4.1) being satisfied.]

One can also consider fields that generate descendant states from the vacuum. They are,
quite naturally, called descendant fields. They can be defined by means of the operator
product with the energy momentum tensor

T(2)p(w,®) = Y (2 — w)*2¢F (w,w) .

k>0

We may project out a term from this sum by

$P (w, w) = f de 1 ()g(w, )

omi (z — w)k—1

Clearly

690,00 10) = § TE T T(60.0)0) = Lxs(0.0)) (1.2

so that qﬁ(_k) does indeed generated the L_j; descendant of |h, i_z>. To get descendant states

obtained by two Virasoro generators one has to consider operator products of 7'(z) with
»=F) ete.

Descendant fields are of course not conformal fields, but it is interesting to see what the
deviation is. It turns out that they behave like conformal fields when commuted with Lg or
L_; (scalings, rotations and translations), but not with L; (special conformal transforma-
tions). Hence one can assign a conformal weight to them, which is of course equal to the Lg
eigenvalue of the state ¢(=%)(0,0) |0) they create from the vacuum. This weight is (k +k, h),
where (h, h) are the conformal weights of ¢.

For example, the first non-trivial descendant operator of the identity is 7'(z) itself. It gener-
ates a state with h =2, T(0) |0) = L_2 |0).

Note that the first non-trivial descendant of any conformal field ¢ with non-zero conformal
weight is 0¢.



4.7. THE KAC DETERMINANT

So far we have derived some necessary conditions for the positivity of norms of states. But
we have only looked at norms of states L_,, |h). At a given excitation level (i.e. at a given Lg
eigenvalue n+h ) there are in general many other descendants, which are linear combinations
of states

Lop Loy by, Y ni=n. (4.3)
)

Because of the commutation relations of the Virasoro algebra we may in fact assume that
the generators are ordered, n; > n; if ¢ < j, since any incorrectly ordered product can be
expressed in terms of ordered ones. The collection of states (4.3) for all n > 0 is called the
Verma module of |h). Its definition does not make use of any norm on the space of states.
If one does have a norm, one can ask whether all states in the Verma module (i.e. all linear
combinations of the states (4.3)) have positive norm. In general that will not be the case.
Note that the set of states in the Verma module is closed with respect to the action of the
full set of Virasoro generators, i.e. acting with any Virasoro generator on any state in the
set produces a linear combination of states in the set. There is no need to include positively
moded Virasoro generators, since they can always be commuted to the right where they
annihilate |h).

At the first excited level, the only state one can have is L_; |h). We have already seen that
this state has positive norm for A > 0 and norm zero for A = 0.

At the second level one can have L_5 |h) and (L_1)? |h). It is not sufficient to check whether
each of these states separately has positive norm, because there could be linear combinations
that have zero or negative norm. To deal with this problem in general we consider the matrix

Ky =

( (h| LT ,L_5 |B) (h| LT yL_1L_1|h) )
(Bl (L_1L_1)TL_3|h) (h|(L—1L—1)TL_1L_1|h)

This matrix is clearly Hermitean. Suppose it has negative or zero determinant. Then there
exists an eigenvector ¥’ = (o, 3) with zero or negative eigenvalue, i.e. K97 < 0. The left
hand side is equal to the ||aL_g|h) + BL_1L_1 |h) ||, and we conclude that this quantity is
not positive.

At the nt™ level there is an analogous matrix K,. The determinant of the matrix K, is
called the Kac determinant. Of course it does not tell us precisely how many positive, zero
and negative eigenvalues there are. Even if det K > 0 there could be an even number of
negative eigenvalues. Usually one studies the behavior of the Kac determinant as a function
of parameters (such as h and c), starting in an asymptotic region where we know that all
eigenvalues are positive.

Of special interest are the null vectors, the eigenvectors of zero norm. The vanishing of the
norm corresponds to the equality vK,vT = 0, where 7 is a set of coefficients of the basis



states at level n. But if v is a vector in the zero eigenspace of the Hermitean matrix K, it
is clearly also true that wK,v? = 0 for any vector w, not just w = v. It follows that the
state defined by the vector v is orthogonal to any state at level n. Furthermore, since the Lg
eigenspaces are all orthogonal, it follows that a null state is orthogonal to any other state in
the Verma module. Then in particular, if |z) is a null state ||Ly |z) || = 0 for all n, since this
relation can be interpreted as the orthogonality relation between |z) and the Verma module
state L_pLy |x). Thus the Virasoro generators take null states to null states or annihilate
them. If we act with positively moded Virasoro generators it must happen that after a finite
number of steps we encounter a state |xs) which is annihilated by all positive L,,’s, since |h)
has positive norm. The state |zs) is at the same time a descendant of |h) (as are all states
in the Verma module) as a primary, since it is annihilated by all positive L,’s. Such states
are called singular states or (more frequently) singular vectors. (Note that the definition of
a singular vector (in contrast to a null vector) does not require a norm.)

Consider now the states obtained by action with all Virasoro generators on the singular
state |zg). Clearly they form a closed subset of the states in the Verma module of |h). This
implies that if we remove all these states we will still have a non-trivial representation of the
Virasoro algebra. In other words, suppose that |z,) is generated from the ground state |h) by
a combination of Virasoro generators £, |xs) = L£|h). Then we can define a representation
of the Virasoro algebra on the subspace of the Verma module obtained by removing |zs)
(and all its descendants) by imposing the condition £ |h) = 0. This corresponds in SU(2) to
the condition J~ |—j) = 0 in a representation with spin j. Obviously we can only remove a
descendant if it has zero norm; otherwise the norms of the left-hand side and the right-hand
side of £ |h) = 0 contradict each other.

We see thus that we can systematically remove all null states from the Verma module by
removing all sub-representations whose highest weight states are the singular vectors. On
the other hand, negative norm states cannot be removed. If we wish to obtain unitary
representations, we are obliged to consider only ground states |h) for which no negative
norm states appear at all. This turns out to be very restrictive, at least for ¢ < 1.

4.8. THE KAC DETERMINANT AT LEVEL 2

The first evidence for that is seen at the second level. The explicit expression for K is

X 4h + 3c 6h (hihy 4)
27\ 6h 4h+8R2 '

For large values of ¢ and h the diagonal terms dominate, and the eigenvalues are positive.
The determinant is

det Ky = 2 [16h3 — 10h% + 2h2c + he] (h|h)” .



— 37 —
This can be written as
det Ky = 32(h — hi1)(h — h1a)(h — hat)(B|h)?
where we introduce for future purposes

lm+1)p-—mg)® -1

R = 4.5
Pq 4m(m+ 1) ’ ( )
with
25 — ¢
_ 1 1

Note that choosing the + or the — sign has the effect of interchanging m with —m — 1, which
amounts to interchanging p and q.

The determinant is proportional to A (in the second form this is slightly less manifest, but
note that h;; = 0). This is due to that fact that the norm of L_; |h) is proportional to A.
Any state built on top of L_; |h) will have a norm proportional to the norm of L_; |h), and
hence det K is also proportional to A.

The vanishing lines in the (h, c) plane are as follows

(1,2)

(1.,1) 1

Note that the branches ki 9 and hg 1 join smoothly at ¢ = 1. The branch h1; coincides with
the c-axis, as explained above. Since there are two positive eigenvalues for large ¢ and A,
we move into a region with precisely one negative eigenvalue when we cross one of the lines.
Apart from the region h < 0, which was already ruled out, this eliminates the dashed area
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to the left of the curve. If h and c are within that area the corresponding representation of
the Virasoro algebra has negative norm states. Points on the border of the two regions are
acceptable since we can remove the zero norm states present there.

From the second row of Ko (see (4.4)) we can read off that the null state — if it exists — is of

the form
3

(Lo~ mﬂil} |h) (4.7)

The first row then gives us an expression for ¢ in terms of A.

4.9. THE KAC DETERMINANT AT LEVEL 3 AND 4

At the third level we have to consider the states L_3 |h), L_oL_1|h) and (L_1)3 |h), etc. A
general formula for the Kac determinant can be derived doubref [11] [12], namely

det Ky = anllpg<n(h - hpq)P(n_pQ)<h‘h>n ;

The function P(N) gives the number of partitions of N, i.e. the number of ways of writing
N as a sum of integers. For example P(0) =1,P(1) =1,P(2) =2,P(3) =3 and P(4) =5,
etc. This is equal to the number of states at level NV, including null states.

The following picture shows the curves for the third level, together with those for the second
one.

At level 2 we had ruled out regions B and C. The Kac determinant at level 3 tell us that
regions A and C are ruled out. It says nothing about region B, since we have to pass two
vanishing curves to get there, so that the determinant is positive there (but of course there
are in fact two negative eigenvalues in this region). But region B was already ruled out. The
entire area to the left of the two curves contains negative norm states, and is thus ruled out.
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At level 4 we get the following picture

n=

Now an even bigger region gets ruled out, but it should also be clear that the picture at level
n always contains all vanishing lines from lower levels.

4.10. THE DISCRETE SERIES OF MINIMAL UNITARY VIRASORO MODELS

Strictly speaking one can never exclude these lines by looking at the determinant alone. A
more detailed argument [13] shows that of the entire region 0 < ¢ < 1,h > 0 only a discrete
set, of points remains. These points are at the following ¢ and h values:

with
[(m + 1)p — mg]* — 1
dm(m + 1)

h = ) pzlaam_lalgqu

The last formula looks quite similar to that for the vanishing curves, whereas the inverse of
the first formula gives m in terms of ¢ exactly as in (4.6). The main differences are that
m is now restricted to integer values and that the range of p and ¢ is limited. This result
implies that these values of A and ¢ occur on an infinite number of vanishing lines, i.e. they
are intersection points of an infinite number of lines. The first such intersections, occurring
for ¢ = % and h = 11—6 and h = %, can be seen at level 3 and 4.

For ¢ = 0 most h-values are now eliminated, except for a few discrete points where the
vanishing lines reach the h axis. These can be taken care of by considering the set of states
L_s, |h)y and L2, |h) for sufficiently large n [14].

Arguments of this kind can of course only rule out points. To show that conformal field
theories with these representations actually exist, the easiest thing to do is to construct
examples. We will return to this later.
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For ¢ > 1 unitary representations exist for any positive value of h. For integer values of c,
¢ = N, it is quite easy to construct such representations explicitly using free bosons.

5. Correlation functions

The objects we want to calculate in field theory in general, and in conformal field theory in
particular are the correlation functions (it is common practice to use statistical mechanics
terminology here; in field theory language we would speak of Green’s functions). If we know
all correlation functions, we can say that we have completely solved the theory; we are then
able to compute any scattering amplitude. In four-dimensional field theory this is a very
hard problem that we can only address in perturbation theory. In two-dimensional field
theory we can go much further.

In path-integral formulation we are interested in expressions of the form

/ D01 (B(21)) ... On(B(z))e 5@ | (5.1)

where ¢ stands generically for any field in the theory (possibly including ghosts), O; is some
function of the fields, and S is the action, which one continues to Euclidean space to improve
convergence.

When computing such an integral one has to specify the two-dimensional surface on which
the fields ¢ live. This can be the plane, but it can be any other two-dimensional surface
as well. Locally, any such surface looks like a plane, but globally they can have different
topologies. In two dimensions, there is a complete classification of the different topologies one
can have, the theory of Riemann surfaces. They are classified in terms of a single number,
the Euler index, or the genus. The genus g simply counts the number of handles on the
surface, with the sphere having g = 0, the torus g = 1, etc (the Euler index x is equal to
2(1 — g)). The cylinder is a surface with boundaries, but if we make it infinitely long and
at the points at oo and —oo we may think of it topologically as a sphere (with two special
points). Similarly the complex plane is topologically a sphere, if we add the point |z| = co.
If one tried to do any of this in four dimensions one would quickly be lost, since there does
not exist a corresponding classification of four-manifolds. Nearly all four-dimensional field
theory is done on the four-dimensional plane. The possible role of other topologies and even
how to take them into account properly is still very poorly understood.

In statistical mechanics one usually considers only correlation functions on the plane and the
torus. In any case the two-dimensional topology is fixed, and determined by the problem one
is studying. If one imposes periodic boundary conditions in space and time directions, one
works on the torus. The correlation functions one computes are directly related to quantities
one measures in experiments.

In string theory the computation of two-dimensional correlation functions is part of the
computation of scattering amplitudes in space-time. The prescription (due to Polyakov
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[15]) is to sum over all two-dimensional surfaces that satisfy given boundary conditions.
These boundary conditions are a consequence of the external particles for which one wants
to compute the scattering amplitude.* The surfaces of interest have a certain number of
handles, with tubes sticking out that correspond to the external particles. If we propagate
these particles to infinity, and project on a single particle, we may replace these external
lines by single points, just as we did in mapping the cylinder to the sphere. The process of
interest is then described by (5.1), where the functions “O;” operators describe the emission
of a certain particle state from the point z; on the surface. The corresponding operators are
known as wvertex operators.

The topology of the surface corresponds to the order of string perturbation theory. The
sphere gives us all tree diagrams, the torus all one-loop diagrams, etc. Note that there is
only one diagram for each order of perturbation theory. To get the full space-time scattering
amplitude to arbitrary order in perturbation theory, we have to sum first over all topologies,
and then integrate over all different surfaces of given topology, as well as over the points z;.
These integration variables are called the moduli of the surface.

5.1. CORRELATION FUNCTIONS ON THE RIEMANN SPHERE

Now we turn to the simplest surface, namely the sphere. As before, we represent it as the
complex plane, with infinity added as a single point. This is known as the Riemann sphere.

In this case the path-integral can be expressed as a vacuum-to-vacuum amplitude, or vacuum
expectation value,

(0101(9(21,21)) - - - On(@(2n, Z0)) |0) (5-2)

where O; are the quantum mechanical operators representing the functions in (5.1), and
radial ordering is implicitly understood. The relation between (5.1) and (5.2) is completely
analogous to the more familiar relation in field theory between the path integral and time-
ordered perturbation theory.

Conformal invariance puts strong constraints on correlators. Let us first consider correlation
functions of primary fields (here we omit for simplicity the dependence on Z;)

(0 d(z1) - - - D(z0) [0)

and investigate the consequence of invariance under the SLg(C) subgroup of the conformal
group. We focus on this subgroup first to distinguish the extra information we get in two

* There are also open string theories, which have non-trivial boundary conditions in the spatial direction
in two dimensions. They are thus defined on two-dimensional strips instead of the cylinder. When
they interact they may form, under certain circumstances, non-orientable surfaces like M6bius strips.
These theories are not considered here; we restrict ourselves to closed, orientable manifolds.
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dimensions from that of conformal invariance in arbitrary dimensions. We have
O/ Li= (0| LI =(0|L_;=0, fori=0,+1

Therefore we can derive (for i = 0, 1)

0= (0| Lip(21) . .. ¢(2) 0)
= (0[¢(21) .- $(zj-1) [Li 6(2))] $(2j41) - - - b(2n) 0)
J

+ (0[¢(21) - - - B(2n) Li [0)

The last term vanishes, and the commutator with L; generates the infinitesimal conformal
transformation ;. Hence we get

> (01p(21) .- $(2-1)8,8(2))$(2j41) - - - B(2n) [0) = 0

J
Now we may use the fact that the fields ¢; are conformal fields. Then
0ed = €0 + hOed

If we restrict L; to SLy(C), € can be 1, z or 22.

5.2. TWO-POINT FUNCTIONS

Consider for example the two-point function (propagator)

G(21,22) = (p1(21)P2(22))

We find that this function satisfies the differential equation
[€(21)01 + h10€(z1) + €(22) D2 + h20e(22)] G(21,22) =0,

with € as above. Let us look at each of these choices. The case i = —1 (e = 1) yields the



— 43 —

equation
(01 4+ 02)G(21,22) =0,

which implies that G depends only on the difference of z; and 22, and not on the sum. Hence
G(z1,22) = G(x), x = z1 — z2. Then the equation with ¢ = 0 can be written as

[0y + h1 + h2]G(x) =0 .
The solution is (up to a normalization)
G(z) =aMmh
Finally we can substitute this solution in the equation for ¢ = 1. This yields
(h1 — h2)(21 — 22)G(21,22) =0,
so that h; must be equal to hg, or else the propagator vanishes. The final result is thus that
Glz1,22) =C(z1 — )", h=hy=hy.

As usual, we have dropped the anti-holomorphic part, which would have given rise to an
additional factor (z; — Z2)~2". The coefficient C' has no physical relevance, as it can be set
to 1 by changing the normalization of the primary fields.

5.3. THREE-POINT FUNCTIONS

To get the three-point function

G2) = (0] ¢i(21);(22) dr(23) [0)

we argue in a similar way. Translation invariance shows that it must be a function of the
differences z;; = z; — #; (this holds in fact for an arbitrary n-point function. Rotation (L)
invariance leads to the equation

[2181 + 2909 + 2303 + h1 + ho + hg] G(?’)(zlz, 223) =0

The correlator is a function of two independent variables instead of three, since z13 = z19+293.
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If we write the solution as

G(S)(Zu, 293) = Z Dabz(ﬁzgzs )
ab

we find the condition a + b = —hy — hg — h3. Finally we use Li. The solution is

(3) _ hs—hi—hs _h1—ha—hs _ha—hs—h
Giin(z12, 223, 213) = Oy ' P2y 0 gy T

b

where we have introduced the redundant variable z13 to get the solution in a more symmetric
form. The coefficients C;j; depend on the normalization of the two-point function, and we
will assume that the latter has been set equal to 1. Again one should multiply this expression
with the anti-holomorphic factors.

The foregoing results can be understood as follows. We have three complex transformations
at our disposal. Using translations, we can move one of three variables 21, 2o and 23 to any
desired point in the complex plane, for example z; = 0. Then, keeping this point fixed we
can use the second symmetry (scalings plus rotations, generated by Ly and Lg) to move zs
to any desired point, and finally we can do the same with 23 using L; and L, the special
conformal transformation. Actually one can do this separately for the holomorphic and the
anti-holomorphic variables if one allows separate complex transformations for each. Then it
is simply a matter of requiring that

az1+0b azg + b az3 +b
= X —_— = (X —_— =
cz1+d b czg +d 2 czg +d

a3,

where a1, g and ag are three fixed points in the complex plane. Often one chooses z =0,z =
1 and z = oo for these points. These three equations for the four complex variables a, b, ¢, d
subject to the determinant condition ad — bc = 1 have a solution if all z; are different. Hence
the entire answer is determined if we know the three point function in just three points.

5.4. FOUR-POINT FUNCTIONS

This tells us immediately that it cannot work for the four-point function. Indeed, the best
one can do in that case is

_ _ —hi—h;j+h/3_—hi—h;j+h/3
G(4)(ziazi) = f(a:,x)HZ” Hh/ ij i )
1<j

where f(z) is a function of
212234
T = :
213224




— 45 —

which is the only independent ratio which is invariant under the conformal group.

5.5. CONFORMAL WARD IDENTITIES

So far we have concentrated on the subgroup SL2(C). The generalization of the foregoing
discussion is obtained by inserting the generator of infinitesimal conformal transformations
§ dze(z)T(z) into the correlation function:

0] § =T ES(wn)- () 0)

where the contour encircles all the points w;. By a suitable analytic continuation the contour
can be chosen in such a way that the point z = 0 is avoided.

©

We can deform the contour to encircle each w; separately; then we get

S 010u) . § 5 e DT(0w) .. 6(wn) 0

271

= Z (0 p(w1) - - - e (wi) - .. (wn) [0)

where the variation of each field ¢(w;) with respect to € is represented by a contour integral
around w; (cf. (3.3), (3.5)).

Since the foregoing holds for any € we may omit the integral; then we get

=Z[( i L 0o ). dwa) [0)

z—w;)? 2 —w; Qw;
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5.6. CORRELATORS OF DESCENDANTS

Consider the correlator

(O ¢1(wr) ... dn1(wn_1)85™ (wn) 0)

where ¢(=) is the k** descendant of ¢. Inserting the definition (4.2) and using the conformal
Ward identity we may rewrite the result as

7{ = ;k_l{ OIT(2)¢1(w1) .- . n(wn) [0)

2mi (2 — wy)
n—1 )
Y [ e e s o)}

z — w; Ow;

In the first term the contour runs outside all points w;, and hence we can deform it to infinity.
Then the integral can be transformed to a contour integral around the point z = oo, To do
this explicitly, we can write T(2) = Y, Lpz~""2. Then we transform z to w = % This

yields
dz 1 dw 1 whk—1
S — —-n—2 _ e n+2
7{ 271 (2 — wy)k—1 n? 7{ 2mi w? (1 — wwy,)k—1 nt

dw 1
— _ et L n+k—1
% omi (1 — wwn)h—1 ™"

Since (0| L, = 0 for n < 1 this integral has no singularity inside its contour, and hence it
vanishes. In other words, the contour can be pulled off the back of the Riemann sphere. The
other terms can be evaluated as follows. The term

i :_?{ﬁ 1 19
k= 211 (z — wp)f 1 | (2 —w)? 2 — w; Ow;

w

is a contour integral around the point w;. Using the standard formula

dz 1 RS B
f?m’(z—w)"f() (n—l)!a J(w)

w

we get
(1—Fk)h; n 1 0

(wi —wp)*  (wi — wp)F~1 Ow;

Eik:—
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Introducing the operator
n—1 .
Lop=) LYy
=1

we can write the correlation function as

(0] $1(w1) - .- b1 (1) 85 (w) |0)
=L_; (0| o1(w1) ... dp—1(wn—1)dn(wn) |0)

in other words, the correlator of descendant fields can be expressed entirely in terms of the
correlator of primaries. The same is true for more complicated descendants or for correlators
involving more than one descendant, but the formulas become more complicated.

This is the extra information we get from the additional conformal symmetry specific to
two dimensions. As we have seen, SLs(C) determines the two-point-functions completely,
the three-point functions up to constants Cjjx, the four-point functions up to a function,
etc. In higher-dimensional conformal field theories one has an analogous symmetry, and
analogous restrictions. If we had only SLy(C) at our disposal, there would still be some
relations between correlation functions, but clearly far more limited, since we could only
use the Virasoro generators Lg, L+i. Sometimes field that transform like conformal fields
under SL(2,C) (or the conformal group in higher dimensions) are called quasi-primary.
Descendant fields can sometimes be quasi-primary. An example is the energy-momentum
tensor. Due to the conformal anomaly it is not a primary field, but since the anomaly does
not affect SL2(C) it is a quasi-primary field.

The extra Virasoro generators beyond SL2(C) allow us to organize the fields in the the-
ory into much larger sets, each consisting out of one primary field and in infinite number
of descendants. The task of computing the correlation functions reduces to doing so for
correlation functions of primary fields.

5.7. NULL STATE DECOUPLING

There are further constraints on the correlation functions, but they are dependent on the
representation we are considering, and do not hold generically.

The foregoing results have important implications in the special case that a descendant of a
primary field is a vector of norm zero, a null state. Since this is not a state in the theory,
it must decouple from all physical amplitudes. For example, we have found in the previous
chapter that certain Virasoro representations — namely those whose ¢ and h values fall on
the second level vanishing curve — have a second level null state

3

- 2 —
L= gan i t= () =0

It follows that any amplitudes involving the corresponding descendant field must vanish.
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The descendant field is (here ¢ is a conformal field with weight h)

(-2 _ 3
¢ 2

2
(2h+1)a ¢

where we have made use of the fact that the first descendant of a field is simply the derivative.
Hence we get

{ 2 [(wi fjwj)Q T, i w; 6]}

J#

_ 2(2%%63} (0] 61(wn) ... fn(uwn) [0) = 0,

where the first two terms come from L£_5, and where we are assuming that ¢; has a second
level null vector. The third term may be expressed in terms of (£_1)? using the results of
the previous subsection, but that does not simplify the answer.

This is a differential equation that any n-point function involving ¢; has to satisfy. Obviously
there are higher order differential equations for any other singular state. Thus we see that
all correlation functions satisfy a huge number of differential equations.

It is instructive to verify that the two-point and three point functions do indeed satisfy the
equation that follows from the second level descendants.

Note that we have these strong constraints only if there are null states in the Virasoro
representations ¢.e. only if 0 < ¢ < 1

5.8. OPERATOR PRODUCTS

Consider the three-point function Gg,)c(zl, 29, z3) in the limit z; — z2. The leading term is

(0] i(21)Bj (22)r(23) [0) = Gz(-?;)g(zl, 22, 23) & Cij(21 — )™M =h2 (g — 25)72hs

The last term looks like the propagator of the field ¢3, and the expression suggests that
the two primary fields ¢; and ¢; contain in their product the field ¢3, with strength Cj;p.
The precise statement of this fact is the operator product expansion, which says that the
product of two operators O;(z) and Oj(y) in field theory can be expanded in a complete set
of operators Og(y) (without loss of generality we can choose our basis of operators at the

* The only exception is the null state L_; |0).
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point y).

0i(2)0;(y) = > Ciji(x,y)Or(y) -

k

By translation invariance Cyjx (7, y) = Cijr(z — y)-

In conformal field theory we can take as the basis all primaries and a complete set of descen-
dants. Then the operator product expansion has the form

6i(2,2)6; (w, @) = Zc”kz— Whih(z — )RR gy w,0) . (5.3)

The sum on the right-hand side contains both primaries and descendants, and h; must be
interpreted as the ground state conformal weight plus the excitation level of the descendant.
If 4,7,k are primaries, this expression agrees with the result of the three-point function,
and tells us in particular that the coefficients Cj;;, appearing in the operator product and
the three-point function must be the same. In fact, the operator product holds also if
all three fields are descendants. The behavior of the coefficients as a function of z and
w is completely fixed by translation invariance and the scaling properties (“dimensions”)
of the fields involved. Both are good symmetries, even for descendants. We have already

encountered the operator product of the energy momentum tensor (a descendant) with other
fields.

Since correlation functions involving descendants are related to those of primaries, it should
not be surprising that one can do the same for operator products. Indeed, the operator
product of two primary fields may be written as

6i(2,2)0(w, ) = Y CIF (2 — w)hwtne=hi=hs (z — gpyhictma=hizhi P (yy ip) - (5.4)
k

DD

where qﬁﬁﬁ is a descendant of ¢ at level (n,,np). One can show that the operator product
coefficients Cfﬁ can be expressed in terms of those of the primary fields,

Czyk Cl]kﬁzlz(p)ﬁ_zkj(ﬁ) :

where the coefficients § are determined completely by conformal invariance.
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5.9. DuALITY

The operator product is a useful tool for the computation of four-point functions. However,
if we consider the correlator

(0] ¢i(21, 21) D (22, 22) Pk (23, Z3) Pi (24, Z4) |0)

it is not obvious for which pairs of fields we should compute the operator product first. If
we combine the fields in pairs there are three alternatives, namely (4, j)(k,1), (¢,k)(j,!) or
(1,1)(4, k). The result should not depend on how we perform the calculation. This is known
as duality (as are many other symmetries). Diagrammatically we may represent this as

. J
j Ko Kk
>—< X §
m m \
i | i |
i
where in all three cases a sum over the intermediate states is understood. To write the

equations belonging to this picture one defines the conformal blocks. First we simplify the
four-point function by fixing all but one coordinate using SLy(C)

k

Fiji(2,2) = (0] ¢i(2, 2)95(0, 0)¢x (1, 1) di(00, 00) [0) - (5-5)

If we compute this correlator by making the contractions (7, j)(k,[) we can write the result
as

Fz]kl z,Z) ZCUmkalﬂ]r'zkl(z)j:g'zkl(z) )

where the sum is over all primary fields. All descendant contributions are taken into account
by the functions F, called the conformal blocks. Since the Virasoro algebra acts chirally
(i.e. splits completely in holomorphic and anti-holomorphic generators) we can factorize the
contribution of each primary into a holomorphic and an anti-holomorphic contribution, as
shown.

Duality imposes the following condition:
> CijmCrnia Fij (2) Fiia (2)
m
= Zczk'm myl k]l(l )ngl(l - Z)

2h 7~ 2hs Zczlm mkjf;,lr;g]( )le;c]( )
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Note that to go from the first to the second (third) line one has to interchange j and k (1).
This implies that the choice of the fixed points 0,1 and oo does not agree anymore with the
convention chosen in (5.5), and we have to make a conformal transformation to get back to
our conventional coordinates. In going from the first to the second line that transformation
is z — 1 — 2z, which interchanges 0 and 1 while leaving oo fixed. In going from the first to
the third we use z — %, which interchanges 0 and oo while leaving 1 fixed. Inevitably these
transformations also act on the fourth argument, z, and furthermore they introduce some
conformal factors.

Once the conformal blocks are known, these equations impose strong constraints on the oper-
ator product coefficients Cjj. The conformal blocks are constraint by decoupling equations
for null vectors (assuming there are null vectors). In principle it may be possible to use
these constraints to determine the conformal blocks as well as all the operator product coef-
ficients completely. In practice this is quite hard, although the computation can be carried
out completely for the simplest conformal field theory, the one at ¢ = % (the critical Ising
model).

6. Conformal field theory on a torus

Up to now we have seen that a conformal field theory is described algebraically by a set of
ground states

|h, h) = 1,(0,0) [0)

on which the left- and right Virasoro algebra acts.

The question which we want to address now is: which combinations of ground states can
actually occur in a conformal field theory. Once we know that we have specified the set
of physical states in the theory completely: they consist of the ground states plus all the
descendants generated by the generators of the Virasoro algebra, minus all null vectors.

6.1. PARAMETRIZATION OF THE TORUS

Intuitively one would expect all the states in a theory to contribute to loop diagrams. Hence
loop diagrams should be a useful tool to answer this question. For this reason we are going
to study conformal field theory on the simplest loop diagram, the torus.

The torus is a cylinder whose ends have been sewn together, as shown in the “artists im-
pression” above. The most convenient mathematical description of the torus is in terms of
the complex plane modulo a lattice, as show below
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The meaning of this picture is that all points in the complex plane that differ by a linear
combination of the two basic lattice vectors are considered identical. Identification along
the real axis has the effect of rolling up the complex plane to a cylinder; then identification
along the vector labelled 7 rolls up the cylinder to a torus.

A lot of symmetries have been taken into account already in arriving at the picture. First of
all two-dimensional general coordinate invariance (also called reparametrization invariance
or diffeomorphism invariance) has been used to “straighten” the coordinates so that we get
a lattice; rotational invariance has been used to make one direction point along the real axis;
translation invariance to put a point of the lattice at the origin and global scale invariance
to make the horizontal lattice spacing equal to 1. This means that finally the entire lattice
is described by one complex number, 7, which can be chosen in the upper half plane.

6.2. THE PARTITION FUNCTION

We would like to compute the path integral

/ Dpe™5e(9) | (6.1)

where Sg is the Euclidean action of a given field configuration on the torus, and the integral
is over all field configurations. This notation is only symbolic. If we have a Lagrangian
description of a conformal field theory, ¢ stands for all fields in the theory. For example,
we could consider free bosonic theories, and in that case the integral is over the bosonic
fields ®*. However, in many cases such a Lagrangian formulation is either not available, or
not practically usable. It is therefore more convenient to express the path-integral in terms
of the Hamiltonian of the theory. The Hamiltonian is (related to) Lo + Lo, and this is a
quantity we always have at our disposal in a conformal field theory.
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In ordinary quantum dynamics (in 041 dimensions) one can derive the formula

Dge %@ = Ty ¢ PH (6.2)
PBC

Here Sg is some Euclidean action that satisfies certain conditions; those conditions are
satisfied for example for the harmonic oscillator. The integral is over all paths ¢(t) that start
at t = 0 and end at ¢ = 3, subject to the periodic boundary condition (“PBC”) ¢(0) = ¢(8).
The derivation can be found in many text books on path integrals.

The path integral we are considering is not in 041 dimensions, but in 1+1 dimensions.
Hence the integration variables ¢ have an extra continuous label z'. However this is merely
a generalization of (6.2) from one degree of freedom (g) to infinitely many (¢(z1)).

In the lattice description of the torus we regard the real axis as the 2! direction, and the
imaginary axis as the Euclidean time direction. If Re 7 = 0 we would find for the path
integral (6.1), as a straightforward generalization of (6.2)

/Dqse—SE(qﬁ) — Tr e—27r Im7H )

The only small subtlety here is the factor 27. It appears because the torus as depicted
earlier has a periodicity 1 rather than 27 along the z! direction. To make contact with
earlier conventions we had to scale up the entire lattice by a factor of 27, so that we get 277
instead of 7.

What happens if Rer # 0?7 In that case we have to twist the torus before gluing it
together again, and the periodic boundary conditions in the Euclidean time direction are
defined including such a shift. The operator performing such a shift in the z! direction is
the momentum operator P. A shift by an amount 27 Re 7 is achieved by the operator

iP(2m Re 1)

(&

The correct result is obtained by inserting this shift operator in the trace, so that we get

/D¢e—SE(¢) — Tre 27 Im THeiP(27r Re 7) ) (63)

The operators H and P are the time and space translation operators on the cylinder, and
they can be derived from the energy-momentum tensor.
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6.3. THE CYLINDER VERSUS THE RIEMANN SPHERE

Up to now we have defined quantum conformal field theory, and in particular the energy-
momentum tensor, on the complex plane (Riemann sphere), related to the cylinder via a
conformal mapping. We now want to examine carefully how the energy-momentum tensor
defined on the complex plane is related to that on the cylinder.

To do so we need the transformation of the energy momentum tensor itself under conformal
transformations. Since it is not a conformal field, we have to work this out explicitly.
Infinitesimal conformal transformations are generated by

Qe = 5— ¢ dze(2)T(2) ,

as we have seen before. The infinitesimal conformal transformation of the energy momentum
tensor is thus

T(w) = [Qc, T(w)] = QLM 7{ dze(2)T()T(w) .

Into this expression we insert the operator product of T'(z) and T'(w). The result is
0¢T (w) = €(w)OT (w) + 20e(w)T (w) + éage(w)
The global form of this transformation is
T(w) = (0T (f(w)) + 158 (f, w) (6.4)

The factor multiplying {5 is known as the Schwartzian derivative,

S(f,2) =

0f0°f —3(0°f)?
(0f)?

It is easy to see that its infinitesimal form is indeed 8¢ (just substitute f(w) = w + e(w)),
but the exact expression is a bit harder to understand. Note however the following. If we
apply a second conformal transformation, w — g(w), we get in the first step (6.4), and after
the second step

(uwg(w))* | (O£ (9))*T(f(g(w))) + | S( () 9)]+ 1 S( (w), w)

On the other hand, defining the function h = f o g (which means h(w) = f(g(w))) we would
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expect to get exactly (6.4) with f replaced by h. For the terms involving 7 this is manifestly
true, since Oy g(w)0yf(9) = Owf(g9(w) = Oywh(w), but for the constant terms we get the
non-trivial condition

S(f o g,w) = (Bwg(w))?S(f(9), 9) + S(g(w), w)

One may check that the Schwartzian derivative does indeed satisfy this condition.

We are now ready to apply this to the map from the plane to the cylinder. The map we
will use is w = €'*, as in Eqn. (3.1). Hence w is the plane coordinate and z the cylinder
coordinate. We get

Tegi(2) = D:w(2)PT(w(2) + 358(w, 2) = ~[wT(w) - o (6.5)

Now we can substitute the mode expansion for 7'(w) on the plane
T(w) = Z w 2L, .
n

Then we find
c

Tepi(2) = =13 e ™ (Ln) — 5] -

and analogously for the anti-holomorphic component.

Our next task is to find the precise definition of H and P. They are derived from the
energy-momentum tensor on the cylinder in the following way*

1 1 1
_* IpM _ _— 1 E:__/ cyl eyl -
.H 27‘(‘ / dx 00 271' / dl’ T22 271' dRe V4 [T (Z) + T (Z)]

and
1 1M 1 1, .mE 1 cyl eyl =
P=— [de'Ty =— [ de (—iTly)) = —— [ dRez [TV (2) — T (2)]
2T 27 2T
* For a generic rank 2 tensor Xg9 = —Xo2 and Xo; = iXo;. Here there is an additional — sign because

the Euclidean action is defined with an extra — sign w.r.t. the Minkowski action. The Euclidean and
Minkowski energy momentum tensors T¥ and T™ are both derived from these respective actions using
formula (2.1).



Hence we find

- c

H=Ly— - +Ly—5;

24

where we have allowed for the possibility that the holomorphic and anti-holomorphic com-
ponents have different central charges. For the momentum we find

P=(Ly—57) = (Lo—5;) -

Substituting this into (6.3) we get

/D¢e_SE(¢) = Tr e2mir(Lo—3p)—2miT(Lo—57) = P(r,7) .

The right hand side of this expression will serve as the definition of the partition function for
general conformal field theories. As promised, this expression does not require a Lagrangian
formulation, and only uses the Virasoro generators themselves. The trace is over all states
in the Hilbert space (i.e. not including zero norm states).

6.4. VIRASORO CHARACTERS

The partition function can be expressed in terms of primary fields and descendants, in the
following way

P(r,7) =Y MiXi(T)X;(7) . (6.6)
ij

Here i and j label a certain highest weight states |7, j). The label i is used for representations
of the holomorphic algebra, and j for the anti-holomorphic algebra. The multiplicity of such
a state is M;;, a non-negative integer. The functions A" are the (Virasoro) characters of the
representation. They are defined as

X; (T) = Tr gesc. of ieZMT(LO_ﬂ)

Thus the trace is over all (positive norm) states in the highest weight representation labelled
1. If we know the content of the representation, the missing information is thus contained in
the integers M;;.
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6.5. MODULAR INVARIANCE

Up to now we had defined the torus in terms of a lattice. This lattice was defined by two
basis vectors, corresponding to the points “1” and “7” in the complex plane. However, the
same lattice — and hence the same torus — can be described just as well by choosing different
basis vectors. For example the choice “1”7, “7 + 1”7 clearly describes the same lattice

This can be generalized further. One should keep in mind that the torus was defined by
rotating one basis vector along the real axis in the complex plane, and scaling it to 1. The
choice of this basis vector is free; we can also choose the direction “7”. This has the effect of
interchanging the two basis vectors. This rotation, combined with a rescaling the new basis
vector along the real axis, has the effect of replacing 7 by —%. This is most easily illustrated
by taking 7 purely imaginary:

rotated

rescaled

!
al—=

1

The set of such transformations of the torus forms a group, called the modular group. We
have identified two elements of that group, namely

It turns out that these two transformations generate the entire group. The most general
modular transformation has the form

ar +b
cr+d’

T — a,bc,de€Z; ad—bc=1.



This group is isomorphic to SLy(Z)/Zz. The group SLy can be defined by the set of 2 x 2

madtrices
a b
c d

with determinant 1 (we have already encountered the group SL2(C), where the matrix
elements are complex numbers). The group SLy contains the element —1. In the modular
transformation this is indistinguishable from the identity, and for this reason the modular
group is actually isomorphic to SLy(Z)/Zs rather than SLs(Z). One may check that the
modular transformations satisfy

(ST} =8*=1.

It is now natural to ask how the partition function behaves under transformations in the
modular group. If we start with a well-defined two-dimensional theory on the torus, in which
all fields are periodic along all cycles around the torus, the result of the path-integral should
not depend on how that torus was parametrized. Hence the partition function should be
invariant under modular transformations. For example, if we compute the path integral for
free bosons on the torus, we will automatically get a modular invariant partition function.

6.6. MODULAR TRANSFORMATIONS OF THE CHARACTERS

On the other hand, if we just choose some multiplicities in (6.6) we will in general not get
a modular invariant partition function. To verify if a partition function written in terms of
characters is modular invariant we need to know how the characters transform. This is easy
for the transformation 7

Xi(m 4+ 1) = 2 ihi=30) x; (1)

This is often written in matrix form,

Xi(r+1) =D T;X;(7)
j

where T is a diagonal matrix of phases. The transformation S is much harder to compute,
and it is not even obvious that one can express the transformed characters in the original
ones. One can, however, and the result is

(1) =3 8u(r)
J

where S is a unitary and symmetric matrix.
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6.7. CONDITIONS FOR MODULAR INVARIANCE

The conditions for modular invariance of the partition function can now be phrased in the
following simple matrix form

[M’T] = [M’S] =0,

with
M;j€Z, M;>0.

Furthermore this is usually supplemented with the additional physical requirement that the
vacuum is present in the theory, and is unique. If we label the vacuum by ”0”, we get thus
the condition

My =1.

6.8. THE DIAGONAL INVARIANT

These conditions have a trivial solution
M,'j = (5,'j .

This is called the diagonal invariant. Consider for example a conformal field theory with
central charge % We have seen that at this value for ¢ there are just three Virasoro repre-
sentations, with h = O,% and 11—6. A modular invariant partition function of this system is
thus obtained by choosing the three ground states |0, 0), |%, %> and |%, %> Corresponding
to these ground states there are three primary fields that create the ground states from
the vacuum, often denoted as 1, ) and o respectively. We have now specified the theory
completely. It is known as the Ising model.

6.9. INTEGRATION OVER MODULI

As remarked above, it is not hard to construct partition functions that are not modular
invariant. Usually these are rejected. We have already argued that they can not correspond
to well-defined two-dimensional theory on the torus. In string theory there is another reason,
namely that one has to integrate over the parameter 7. String perturbation theory is a
summation over all two-dimensional surfaces. This sum splits in a sum over all different
topologies, and integrals over all different shapes of surfaces with a given topology, the
moduli. In two dimensions the topology can be described by a single parameter, the number
of handles, or the genus. The genus is 0 for the sphere, 1 for the torus, etc. At genus 1 there
is one complex modulus, the parameter 7. The integral over 7 is not over the full positive
upper half plane, but should be restricted to a region that covers the set of distinct tori just
once. An example of such a region is shown below



I

1=

The entire upper half plane is covered with an infinite number of such regions of different
shapes and sizes. For example, the lower part of the strip —% < Ret < % contains an
infinite number of such regions. The integral over 7 should not depend on the choice of the
region, or otherwise the theory is not well-defined. If the theory is modular invariant, this

problem does not arise.

6.10. OPERATOR PRODUCTS AND LOCALITY

An important consequence of modular invariance is that operator products are local, i.e.
that it has no branch cuts as a function of z — w. This is true because one always finds
combinations like (z — w)*(z — w)* = |z — w|**(z — w)*~", with h — h an integer.

This implies that integrals over the positions z and w around the cylinder (or along cycles
of the torus or higher Riemann surfaces) are well-defined. Such integral occur always in
the application to string theory, where one has to integrate not only over the moduli of the
Riemann surface, but also over the positions of the vertex operators. If the operator product
were not local, there would inevitably exist correlation functions which have branch cuts in
some of their variables, and one would encounter integrals like § dzy/z around z = 0. Since
the integrand is not periodic around the origin, the integral depends on the choice of the
beginning and the end of the interval, and is thus not defined.

In applications to statistical mechanics the existence of such branch cuts is less obviously
fatal, and indeed even in the application to string theory it can be useful to drop the re-
quirement of locality (and modular invariance) in intermediate results.

6.11. FUSION RULES

The coefficients Cjj, in three-point functions or in the operator product satisfy certain selec-
tion rules. Note that 4, j and k label fields ¢;(z, Z) etc.. The label “” stands thus for some
combination of holomorphic and anti-holomorphic representations of the Virasoro algebra.
The selection rules depend on those representations. To discuss them it is thus better to
label the fields as ¢; ;.

The selection rules imposed by the Virasoro algebra are called fusion rules [9]. They are
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written as follows

[i] > [5] =) NE[K] -
k

Here Njji, is a set of non-negative integers, and [z]... label representations of the Virasoro
algebra. The notation with raised indices is introduced for future purposes (when we consider
extended algebras), and has no relevance here.

If the fusion coefficient ij vanishes, this means that the OPE-coefficients Cﬁ,jj,kl_c vanish.
If the coefficient does not vanish, the corresponding OPE-coefficient is allowed, and usually
it is then indeed non-zero.

From this discussion one might think that Nikj must be either zero or 1, but actually it can
be any non-negative integers. Values higher than 1 indicate that there exists more than one
way of coupling the fields. This should be compared to the tensor product rules in group
theory; for example in SU(3) there are two distinct ways of coupling two 8’s to a third 8.
The interpretation in terms of three point functions tells us that N;jz must be symmetric in
all three indices.

Although the fusion rules are similar to rules for tensor products in several respects, it would
not be correct to refer to them as the tensor product rules of the Virasoro algebra. If one
tensors two Virasoro representations, one would have to add up the central charge and the
conformal weight, which is not the case for the fusion rules.

6.12. THE VERLINDE FORMULA

The reason fusion rules are discussed in this chapter is that there turns out to be a relation
between the fusion rule coefficients and the matrix S, discovered by E. Verlinde [16]. His
formula is”™
SinSinS,
Nijk = Z %ﬂkn _ (6.7)
n On

It is remarkable that such a bizarre-looking expression involving matrix elements of a unitary
matrix actually produces non-negative integers, but it does!

Another useful way of looking at this formula is to regard Njj; as a collection of matrices
(Ni)jk = Niji- Then (6.7) can be rewritten as

S.
(STNz’S)pq = (S—m)(qu :
0q

In words, the matrix S simultaneously diagonalizes the fusion rules for all fields i. In deriving
this relation we have used the fact that the matrix S on Virasoro representations is real.

* We are restricting ourselves here to theories with trivial charge conjugation, which is equivalent to S
being real. This includes the minimal series of Virasoro theories. The general case will be discussed
later.



The ratios

are sometimes called the (generalized) quantum dimensions of the field i (there is a more

0)

restricted definition where one only calls )\5 the quantum dimension). Yet another way of

writing the Verlinde formula is as

ATA Z NigpAl™

with no sum over n. This equation states that the quantum dimensions for each value of n
form a one-dimensional representation of the fusion rules.

Formula (6.7) was conjectured by Verlinde, and proved by Moore and Seiberg [17].

6.13. HIGHER GENUS PARTITION FUNCTIONS

The basic ideas discussed here have generalizations to higher genus. On a surface with n
handles one can define a basis of homology cycles a;, b;, 2 =1,...n

as shown in the figure. One can choose a set of n holomorphic 1-forms on the surface, and
normalize them so that
/%=%

a;

Then the integral along the b cycles defines the period matriz €;;

/%‘ =Y

bi

This is the higher genus generalization of 7. In the lattice picture of the torus, the a-cycle is
the line from 0 to 1, and the b cycle the line from 0 to 7. The holomorphic 1-form is dz. Since



it is constant it is periodic, hence well-defined on the torus. Clearly fa dz = fol dz =1 so
that it is properly normalized. Then Qi1 = [, dz = fOT dz = 7. The modular transformation
S corresponds to the mapping a — —b and b — a, while the transformation 7" corresponds
to replacing b by a + b, without changing a.

The higher genus generalization of the modular transformation is
Q— (AQ+D)(CQ+ D)1,

where the n x n matrices A, B, C, D must be such that

A B
(C D)ESan(Z)

For n = 1 one has the isomorphism Sps, ~ SLs.

The condition for higher genus modular invariance is thus simply invariance of the partition
function P(9,Q) under this group. The computation of the partition function is much
harder, and in practice has only been done for theories of free bosons and fermions, plus a
few isolated other cases.

The most important constraint come from the partition function at genus 1. The genus-2
partition function adds some further restrictions, in particular to quantities which vanish at
genus 1. There are believed to be no further constraints from genus three and higher.

The definition of the modular domain which contains all inequivalent surfaces exactly once
becomes much harder than it is for the torus.

7. Extensions of the Virasoro algebra

In most applications one is dealing with theories that have more symmetries than just the
Virasoro algebra. Such symmetries are called extensions of the Virasoro algebra. These
theories have a larger algebra that contains the Virasoro algebra as a subalgebra. These
generalized algebras are often referred to as chiral algebras, since they are generated by
currents that are holomorphic or anti-holomorphic, as we will see. When going back to the
cylinder and to Minkowski space, holomorphic dependence on z translates to dependence on
x + t, so that the corresponding modes are purely left-moving; hence the word chiral. The
chiral algebra may in fact be different in the holomorphic and the anti-holomorphic sector;
then one speaks sometimes of a heterotic theory.

Since the algebra contains the Virasoro algebra, all representations can be decomposed into
Virasoro representations. In most cases the number of Virasoro representations contained in
an extended algebra representation is infinite.
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7.1. RATIONAL CONFORMAL FIELD THEORIES

We have seen that the Virasoro algebra with 0 < ¢ < 1 has a finite number of unitary
representations. In general, a conformal field theory with an extended algebra with a finite
number of unitary representations is called a rational conformal field theory. One can show
that the values of ¢ and A in such a theory must be rational numbers [18,19].

For ¢ > 1 the number of Virasoro representations is infinite. This implies that a diagonal
modular invariant partition function necessarily contains an infinite number of terms.

Since extended algebras can group an infinite number of Virasoro characters into extended
algebra representations, it may happen that a conformal field theory with ¢ > 1, which has
an infinite number of Virasoro representations, becomes a rational conformal field theory
with respect to an extended algebra.

This clearly has positive consequences for the solvability of the theory. First of all one would
expect that there are fewer distinct correlation functions to be calculated. Just as for the
Virasoro algebra one would expect that it should be sufficient to know the correlation func-
tions for just one (highest weight) state in each representation. In a rational conformal field
theory the number of distinct n-point functions is then finite. This implies also that the
number of operator product coefficients is finite, so that one has a much better chance of
determining them all from duality arguments. But perhaps the most important consequence
of additional symmetry is the appearance of additional null vectors. This implies more con-
straints on correlation functions than the Virasoro algebra gives by itself, so that correlators
have to satisfy additional differential equations.

7.2. CURRENTS

The Virasoro algebra is generated by operators Ly, which are modes of a current 7'(z), which
has conformal spin 2. Extended algebras are generated by modes of other currents. These
currents may have integer spin (bosons), half-integer spin (fermions) or fractional (rational,
but not half-integer) spin (para-fermions [20]). An important difference between bosonic
currents and (para)-fermionic ones is that the former can satisfy the condition h — h =
0 mod 1. Hence the currents J(z) can appear as conformal fields in a modular invariant
theory. The converse is also true. Suppose a conformal field theory contains a conformal
field J(z,2) with h € Z and h = 0. Then we know that the state J(0,0)|0) satisfies
L_1J(0,0) |0) = 0, since this would-be descendant has zero norm. Hence the corresponding
descendant field must vanish. This field is 0zJ(z, Z). Since it must vanish, J(z,Z) must be
holomorphic. .



7.3. FERMIONIC CURRENTS

Fermionic currents are often discussed in a similar way, as if they were holomorphic operators.
However, they can never appear like that in a modular invariant theory. One way of thinking
about them is in terms of a theory that is conformally invariant only under a maximal
subgroup of the modular group that does not contain the element 7 but does contain 7°2.
Then fermionic operators are allowed, but correlation functions on the cylinder may have
branch cuts. We will soon see the consequences of this fact. Similar remarks apply to
para-fermionic theories, but will not be discussed here.

7.4. MODE EXPANSIONS

Modes of the currents are defined as follows

J :%ﬁzr_'-h_lj(z)

2

The inverse relation is

J(z) =) 2z "M, (7.1)

Since the currents are conformal fields, it is straightforward to compute their commutator
with the Virasoro generators,

(L, Je] = (n(h = 1) = ) Jrim (7.2)

where h is the conformal weight of J(z). It follows that acting with .J, decreases the conformal
weight of a state by r. The commutators of the current modes themselves define the extended
algebra. To compute them requires more detailed knowledge, namely the operator product
of two currents with each other.

7.5. INTEGER AND HALF-INTEGER MODES

The parameter r that defines the modes of a current is not necessarily an integer. Suppose
on some primary field ¢(w, w)

J(2)p(w,w) = (z — w)*¢ (w, @) + . ..

Then we would like to define the J(z)-charges of the state created by ¢ from the vacuum by



— 66 —

means of the contour integral
f dz2" 1 1(2)6(0,0) [0) = f dz2h=1,94/(0. 0 [0)

writing z = e, dz = e"idf we get a phase integral
2
/ideei(r+h+a)9
0

This integral is well-defined (i.e. independent of the choice of the 6 interval) only if r+h+a €
Z. In modular invariant theories « is always an integer, and it follows then that h + r must
be an integer as well. In theories with fermionic currents, o can have both integer and
half-integer values, and hence we must choose integer or half-integer modes for the currents,
depending on which representation they act. Note that the right-hand side of an operator
product does not contain just one term, but in general an infinite number of terms. A mode
expansion can only be defined if the fractional parts of the exponents « are the same for all
terms. One calls such a universal phase exp 27ia the monodromy of J around ¢.

Note that the periodicity changes if we go from the complex plane to the cylinder. Because
of the factor (%)h in the conformal transformation currents on the plane and the cylinder
are related as

JVMN(w) = 2"J(2) ,

where z = e". If h is half-integer, the periodicity changes.

For historical reasons [21], representations on which J is half-integer moded are called Neveu-
Schwarz representations. On the plane, the current acting on such ground states is periodic
around the origin (cf. (7.1)), but it is anti-periodic around the cylinder. Representations
which allow integer modes are called Ramond representations. The current is anti-periodic
on the plane, but periodic on the cylinder. This is summarized in the following table

rE Plane Cylinder

Neveu-Schwarz |Z + % periodic | anti-periodic

Ramond Z | anti-periodic| periodic




— 067 —

7.6. TYPES OF CHIRAL ALGEBRA EXTENSIONS

A rough classification of the possible extensions of the Virasoro algebra is in terms of the
conformal spin of the currents. The following possibilities are of interest

e h= % Free fermions

e h =1 Affine Lie algebras (also called Kac-Moody algebras in the physics literature)
e h = 3 Superconformal algebras

e h = 2 Virasoro tensor products

e h > 2 W-algebras.

7.7. PROPERTIES OF EXTENDED VIRASORO REPRESENTATIONS

In the foregoing five lectures we have extensively studied Virasoro representations. Fortu-
nately most of what we learned remains valid for the extended theories.

Extended symmetries affect the representation theory in two ways. First the number of
ground states is typically reduced, because one imposes extra conditions on them. These
conditions usually take the form J, [¢) = 0 for positive modes of the extra currents J(z).
The rationale behind this should be clear: just as we did for the Virasoro algebra we would
like to build highest weight representations. Since J,, n > 0 decreases the conformal weight,
any state not annihilated by J, is obviously not a highest weight state. Having determined
the highest weight states, one uses the negative modes of the extra currents in addition to
those of the Virasoro algebra to build representations. Since extra currents are used, the
representations can only get larger, even though additional null-states appear.

There is thus a new notion of primary field required. Primary fields not only have operator
products of a prescribed form with 7'(z) (namely (3.6)), but there are additional operator
products with the currents J(z) that must have a certain form. Furthermore descendant
fields are now not only created by T'(z) but also by all currents J(z) in the chiral algebra.
These operator products are equivalent to the aforementioned requirements on highest weight
states, since that latter are still created from the vacuum by ¢(0) |0), if ¢(z, Z) is an (extended
algebra) primary field.

Explicitly these primary field conditions take the following form for integer-moded currents
of integer spin h

J(2)(w, w)  (z — w) "¢’ (w, w) + higher order in z — w , (7.3)

This means that the operator product cannot be more singular than indicated. If it is more
singular ¢(w,w) is a descendant field. However, the operator product can be less than
indicated in (7.3). For example, if the zero-mode Jy annihilates the state, the leading power
is —h+1 or less; if J_1 also annihilates the states it is —h+2 or less, etc. Usually there is only
one state that is annihilated by Jy, namely the vacuum, created by the operator ¢(z,z) = 1.
The leading power is then in fact 0, and for example if we consider the Virasoro algebra this
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implies that both Ly and L_; must annihilate the vacuum. Fields which have powers of
(z— w)_l larger than A in their operator products are descendants; the corresponding states
are not annihilated by Jp,n > 0.

For half-integer spin algebras we have to distinguish half-integer moded (Neveu-Schwarz) and

integer moded (Ramond) operators. In the former case the operator product of a primary
field ¢(w) is

1
J(2)p(w, ) = (z — w) "2/ (w, ) + higher order in z — w ,

where ¢’ is a descendant that has a conformal weight that is % larger than that of ¢. It may
happen that there is no such field. Then J ; annihilates the ground state ¢(0)[0), and the

2
leading power in the operator product is lower. But in any case fields with a power higher
than h are descendants.

In the Ramond sector one has
J(z)p(w, w) o (z — w)_h¢'(w, w) + higher order in z — w .

Only states that are annihilated by the zero mode generators do not satisfy this formula.
They have a leading power (z —w)~"*! (or less). There can be arbitrarily many such states.

Note that the zero-modes in of integer-moded operators either annihilate a state, or they
transform ground states of a given value of h into each other. The ground states form in
this way a representation of an algebra generated by the zero-mode generators.

All these notions have been developed explicitly for Kac-Moody algebras, free fermions and
superconformal algebras. In the application to W algebras there are several footnotes to be
added to this general picture.

7.8. CHARGE CONJUGATION

Everything discussed in the section 4 and 5 goes through for extended algebras, apart from
one important difference. We have seen that two-point functions of Virasoro primaries are
diagonal in the sense that

(0] pn(2)pp (w) [0) = Sppr (2 — w) 2" (7.4)

for the holomorphic part. Since Virasoro representations are uniquely determined by ¢ and
h, the Kronecker § implies that only identical representations have a non-trivial propagator
connecting them.
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In the extended case (7.4) still holds, but now there can be representations with identical
values of h that are different with respect to other generators of the algebra. In particular
it may happen that the propagator does not act diagonally within each set of h values. One
can always choose a basis of fields so that they come in pairs connected by the propagator.
The two members of such a pair are called each others charge conjugates.

Charge conjugation thus defines a matrix C which is symmetric, whose entries are 0 or 1,
and which satisfies C? = 1. It either takes a field into itself (such a field is called self-
conjugate), or to its charge conjugate. The vacuum is necessarily self-conjugate, since it is
non-degenerate.

If charge conjugation is non-trivial, the duality diagrams of the previous chapter must be
modified by assigning arrows to each line.

7.9. CHARACTERS AND MODULAR TRANSFORMATIONS

Virasoro characters of extended algebras are defined exactly as for Virasoro representations.
One can generalize the notion of the character by inserting exponentials of zero-modes of
other currents into the trace, but we will not consider that here.

The matrix T requires no further discussion. There also is a matrix S with the property
1
xi(=2) =) Six;(7) -
J

Note however that this transformation as it stands does not always determine S completely,
because it is now possible that several representations 7 have the same character. This was
excluded for Virasoro representations because all representations have different conformal
weights. One can nevertheless define S completely by taking into account extra variables
in the characters (as mentioned above) and by requiring it to be a unitary and symmetric
matrix.

The relation among the generators in the general case is
(ST =5*=C with C?=1

Note that the modular transformation S acting on the variable 7 (7 — —%) squares to 1.
However the transformation on the a and b cycles is

a——b; b—a

and squares to —1. It is thus a double cover of the transformation on the positive upper
half plane in which 7 is defined. The transformation S2, i.e. « — —a, b — —b is non-trivial,
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but it acts trivially on the “period matrix” 7. Intuitively S? flips the time (and the space)
direction on the torus, and this is why a field goes into its charge conjugate rather than
itself.

Because S is still unitary and symmetric, we have
S=cst=sic=s*C=Cs*

so that in particular reality of S is equivalent to C' being equal to the identity.

The Verlinde formula in its general form reads

SinSinS!
k meam k
N _27 gonn'

Here the raised index indicates charge conjugation. We may also define

SinSinS.
Nijr = ZNilelk = Z %nnl
! n n

Because S is symmetric, Njjg is symmetric in all its indices. This is the quantity that counts
the number of couplings in the three point vertex. In other words, if Nijk does not vanish,
[i] X [] contains the representation [k]. Hence they can be coupled to the representation [£*]
to form a non-vanishing three point coupling, by insertion of the k£ — k* propagator. This is
illustrated below.

N
N

N Nije

7.10. VIRASORO TENSOR PRODUCTS

A simple example of an extended chiral algebra is obtained by taking the tensor product

of two Virasoro representations, with central charges c; and c3. The resulting theory has a
(2)

Virasoro algebra generated by Lg) + L;,” with central charge c; +c2. The representations are
(1), (2
+h

simply all pairs of representations of the two algebras, and have conformal weights A, Ha
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It is easy to check that in such a theory there is a conformal field with weights (2,0), namely
J(2) = caTW(2) — 1 TP (2) .

This is the current of the extended symmetry.

The simplest modular invariant partition function of such a system is the diagonal one, which
is the product of the diagonal invariant of the two systems. However, in principle there can
be many additional modular invariants, and in general there are.

Of course one can also consider tensor products of representations of other extended algebras.

7.11. EXTENSIONS AND OFF-DIAGONAL PARTITION FUNCTIONS

Sometimes possible extensions of the chiral algebra can be read off directly from the existence
of modular invariant partition functions. A typical such partition function has the form of
a sum of squares,

M N
P(r,7) =D 1) xial (7.5)

=1 a=1

Such an expression can often be interpreted in terms of an extension of the original chiral
algebra (which itself may be an extension of the Virasoro algebra), in such a way that the
characters of the new algebra are equal to sums of characters of the original algebra

XY =Y Xia - (7.6)
a

The new theory as M characters, whereas the original one had at least NM characters. In
fact it always has more, because a general feature of a partition function of the form (7.5)
is that certain representations of the original algebra are “projected out”, ¢.e. they do not
appear at all in the off-diagonal partition function.

Of special interest is the identity character. If it is a sum of several characters of the old
theory, then the extra terms imply the existence of matrix elements M;y # 0, where M is
the multiplicity matrix in the modular invariant. The corresponding primary fields have
h = h; # 0,h = 0. They can thus be interpreted as currents, and they are in fact precisely
the currents that extend the chiral algebra.

Although in practice one only deals with explicit modular invariant partition functions for
extensions from one rational conformal field theory to another one, conceptually the chiral
algebra extension that make a non-rational conformal field theory rational work in the same
way. In that case M is finite and NV is infinite.
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7.12. THE NEW S AND T MATRICES

Once we have a new, smaller set of characters, one expects to have a new set of modular
transformation matrices S and 7. The new 7T matrix is trivial to get, since by modular
invariance all terms in (7.6) have the same T-eigenvalue. The new matrix S™V can be
obtained easily from the original one, S°4, in the simplest case, where all linear combinations
(7.6) have the same number of terms (each with coefficient 1). It is then not hard to show
that the matrix

new __ 1 1d
St =77 2 Staymab)
a,b

transforms the new characters if S°4 is the transformation matrix for the original one.

Many off-diagonal invariant invariants have a more complicated from. For example, it may
happen (although it rarely does) that the linear combinations in (7.6) have coefficients larger
than 1. A more serious complication occurs when the linear combinations have different
lengths. The typical form of such a partition function — in this example with linear combi-
nations of either N terms or 1 — is something like

M N Ny
P(r,7) =3 1> xial*+ ) Nixsl®

I=1 a=1 F=1

This partition function can — usually — be interpreted in terms of a new, extended algebra
with M+ Ny x N representations. Note that the last Ny X N representations have characters
that are identical in groups of N. This means that it is not obvious which matrix S™*V to use
for the transformations among these characters. Indeed, since they are identical in groups
of N the transformation 7 — —% does not determine S™% completely. This problem can be
solved by imposing unitarity as well as the modular group property (ST)? = S? on S™V, but
it turns out that in this case the matrix elements of S™V are not simply linear combinations
of those of S,

7.13. EXTENSIONS AND AUTOMORPHISMS

The matrices M that define a modular invariant partition function can be divided into two
main groups: those with My; = M;y = 0 for ¢ # 0, and all others. It can be shown that
in the former case there is no extension of the chiral algebra, and that all characters must
appear in the partition function. However, they may appear non-diagonally, as

> xillimXm
I

where II is a permutation of the labels. It is not hard to see that II is then an automorphism
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of the fusion rules, i.e. the fusion coefficients IV;; are invariant when II acts simultaneously
on all labels.

If some matrix elements My; or M;y are non-zero, the modular invariant can always be
interpreted as an extension of the chiral algebra. If one re-writes it in terms of characters of
the new algebra one either gets the diagonal invariant of the new algebra, or a fusion rule
automorphism of the new algebra.

7.14. SIMPLE CURRENTS

Many conformal field theories have representations [J] with the property that
[7] x [i] = [¢]

for all other representations [i]. The special property is thus that there is just one term on
the right hand side. Then [J] is referred to as a simple current [22].

The word “current” anticipates the fact that it may be used to extend the chiral algebra, or
at least plays the role of a (para)fermionic current.

Simple currents organize the fields in a conformal field theory in an obvious way into orbits,
and one can in an equally obvious way assign an order N to them. Among themselves they
generate an abelian group called the center of the conformal field theory.

Simple currents can always be used to extend the chiral algebra. In the simplest cases —
N prime — it is furthermore true that currents of fractional spin % generate fusion rule
automorphisms. In more complicated cases one gets combinations of automorphisms and
extensions.

The number of simple current invariants of a given conformal field theory grows very rapidly
with the number of abelian factors of the center, but all solutions have now been classified.

It seems that most modular invariant partition functions can be described in terms of simple
currents, but there are exceptions. These are called, quite naturally, exceptional invariants.

8. Free fermions

Free fermions are described by the two-dimensional action
1 9 -
S = o | @2 (Vo +$0:0) |

where we have already switched to Euclidean space and to complex coordinates. We will
focus on the fields 1 from here on; all equations that follow are also valid with bars on all
relevant quantities.
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8.1. THE PROPAGATOR

The equations of motion for v(z, ) are 0z¢(z, Z) = 0, so that we may write ¢(z) instead of
(2, Z). The operator product of two fermions is

8.2. ENERGY-MOMENTUM TENSOR AND CENTRAL CHARGE

The energy-momentum tensor is

T(2) = —5 : ¥(2)0:4(2) -, (8.1)

where as usual normal ordering implies that the vacuum expectation value of T'(z) is zero.
This requires the subtraction of the singular terms in the operator product.

It is a simple exercise to verify that the central charge is equal to %, and that 9(z) has
conformal weight (%, 0). This is an interesting result in view of the classification of Virasoro
representations. We have seen that for ¢ = % three representations exist: with h =0, h = %
and h = %. The conformal field 1(z) clearly creates an h = % state from the vacuum:

|11) = () |0)

8.3. MODE EXPANSION

The free fermion can be expanded in modes. On the complex plane the mode expansion is
P |
P(2) =D bpz "2, (8.2)
n

which can be inverted in the usual way. When going to the cylinder the free fermion picks
1

up a conformal factor (g—;) 2 Hence we get
1 1 L
P (w) = 22 anz Ty = ane_"w )
n n

Here we see explicitly the aforementioned periodicity flip.



— 75 —

8.4. THE SPIN FIELD

The field 1 (z) has local operator products with all primary fields we have seen so far (namely
¥(z) itself and the identity). We expect there to exist also fields with which it has a square
root branch cut, so that ¢(z) is realized d la Ramond.

Furthermore we expect fields with conformal weight -, since that is another allowed Virasoro

16°
representation at ¢ = % Indeed, we will see that modular invariance forces such fields to

exist.

Let us therefore introduce a field o(z,z) with h = h = 11—6. Its operator product with 1) (z)
has the form

¥(2)o(w, B) = (2 — w) 375 p(w, 1) ,

where p is some other field in the theory Since we know all Virasoro representations its
conformal weight h, can only be 0,1 § or 16, perhaps up to integers if we allow p to be a
descendant. Clearly only the choice 1g leads to an acceptable branch cut, since for fermions
only square root branch cuts (or no cuts at all) are allowed. We find thus that the field o
does indeed introduce the expected branch cut. This field is often referred to as a spin field.

Acting on the vacuum the field o produces a state |11—6, 11—6> = 0(0,0) |0). The field ¥(z),
acting on such a state is anti-periodic on the plane, and hence integer-moded.

It is tempting to argue that p and o are in fact one and the same field. In the present
context that is in fact not quite correct, since we are not dealing with a modular invariant
partition function. When we make the theory modular invariant, 1(z) and either o or p are
removed from the spectrum (i.e. all the states they create are removed). The primary fields
in the modular invariant theory are 1, ¢(2)¥(2) and o(z, Z). Each creates one state from the
vacuum, namely the vacuum itself, the state |2, 2> and ‘16, 16> On these states one builds
Virasoro representations. The ground states are non-degenerate, i.e. there is just one state
with the corresponding values of h, h.

The partially modular invariant theory has in addition the primary fields v (z), 1(2) and
1(z, z). The operator products are now non-local. In addition to the ones already mentioned
one has

o(z 2)o(w,w) = 1,9 (w)ih(w)
(2, 2)p(w, w) — 1, p(w)p(w) (8.3)
0(z, 2)p(w, ) = P(w), ()

w
w

If one substitutes the conformal weight factors (z—w)" "~ one finds that the last operator

product is non-local, indicating that one cannot have both ¢ and g in the same modular
invariant theory. Removing the free fermions and either y or o solves the non-locality
problem in a consistent way, ¢.e. the operator product closes after this truncation. This will
be made explicit later in this chapter.
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8.5. FREE FERMION CHARACTERS

One advantage of the free fermion formulation of the ¢ = % theory is that it is straightfor-
ward to compute the characters. The reason why this is not straightforward for Virasoro
representations is the existence of null vectors. Let us compare the lowest lying states in the
three representations.

Neveu-Schwarz states

Consider first the Neveu-Schwarz sector. Using the operator product of two free fermions
and the mode-expansion (8.2), one can easily derive that the modes satisfy the following
anti-commutator

{bra bs} = Or+4s5,0

where r and s are half-integers. Clearly we cannot impose b, |0) = 0 for all r, and hence we
only do so for » > 0. This is also the natural definition for highest weight modules, since the
positively moded b,’s decrease the Lg eigenvalue.

The Virasoro generator Ly can be expressed in terms of the fermionic oscillators. Classically,
the result is

Lo=1%) rbsb.
T

Quantum mechanically we have to be more careful, since the operators b, and b_, do not
commute. Changing their order only affects Ly by a constant, so that we get

Ly = Z rb_,b, + constant .
r>0

Here we have normal ordered the fermionic oscillators. Since we have already defined normal
ordering in (8.1), the constant is not a free parameter. It must be chosen in such a way that
(0] Lo |0) = 0, i.e. the constant must be zero. It follows immediately that Lo |h) = 0 if |h)
is a highest weight state of the fermionic algebra, i.e. if b, |h) = 0 for positive 7. Hence the
fermionic algebra can have just one representation in the Neveu-Schwarz sector, namely the
one built on the vacuum.

At the first few levels, this representation contains the following states:



h=0 |0)
h=3 b 110)
2
h=1 none
h=3 b_% 10)
h=2 b 3b 110)
—3
h=3 b_510)
—3
h=3 b 50 1/0)
—3 3
h=1 b 710)
-3
h=4 b 7b 1[0); b 5b 310)
2 73 2 73

Note that fermionic oscillators must satisfy the Pauli exclusion principle, so that for example
b1/2b1/2 is zero. For this reason there is no state at level A =1, and we have to go to h =4
to find more than one state.

An important question is whether all these states have positive norm. Due to the simplicity
of the free fermion algebra it is not hard to show that indeed the norm of every state is
exactly 1, and that all distinct states are orthogonal. The fact that ¢(2) as a field on the
cylinder is real implies that b,t = b_,. It is then trivial to prove that the states are indeed
orthonormal.

Hence we may expect them to fit exactly into one or more Virasoro representations. The
relevant Virasoro representations are, for the ground state representation

h=0 10)
h=1 L_110)

h=2 L_5(0) ,(L-1)*|0)

h=3 L_3[0),L_1L_5,]0) (L_1)* |0)

h=4 L_4(0), L_sL 1[0}, L_3L 5,0 (L_1)*|0) L_5(L-1)*|0)

For the representation with ground state weight h = % we find exactly the same result, with
|0) replaced by |%>, and all conformal weights shifted up by half a unit. However, we have
already seen that not all these states have positive norm. The ground state representation
has a null state at its first excited level (which propagates trough to all higher levels), while
the h = % representation has a null state at its second level. This agrees precisely with the
assumption that the fermionic representation is the sum of the two Virasoro representations,

and also gives us a quick way of counting the number of Virasoro null states at higher levels.
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Neveu-Schwarz characters

It is straightforward to compute the character for the fermionic representation, since there
are no null states to be taken into account. Each oscillator b_, can act once or zero times on
the ground state. If there were just one oscillator b_, there would just be two states, |0) and
b_, |0) with h = 0 and h = r. The character is thus Tr ¢ = 14 ¢". All oscillators with
different modes acts independently, and it is easy to see that each contributes via additional
factors of this form. Furthermore we have to take into account the subtraction —c¢/24. The
result is thus

oo
X0+ X1 = Trgho % =g % [[A+4q). (8.4)

r=

N[

This gives us the sum of the characters of two Virasoro representations. Their difference
is also easy to compute. Just observe that states created by an odd number of fermions
contribute to the spin—% representation, and the remaining ones to the vacuum representation.
Hence we can get the difference by changing the sign of the contribution of each single fermion
to the trace,

—8

_1
Xo—x1=q % (1-4").

<3
Il
N[

This expression can also be written as a trace over the fermion representation, namely as

xo—xy=Tr (—1)F gl (8.5)

Here F' is the fermion number operator. We have now succeeded in computing both the

h=0and h = % character at ¢ = %

Ramond states

In the Ramond sector the fermionic oscillators are integer moded, which has the interesting
consequence that there exists a zero mode oscillator by, which satisfies {bg,bp} = 1. The
expression for Ly is

Ly = Z nb_y,by, + constant .
n>0

Obviously highest weight states |h) must satisfy b, |h) = 0 for n > 0, and this implies that
all highest weight representations in the Ramond sector must have the same highest weight,
namely “constant”. Since we know that the Ramond sector is realized on states created by

the field o with h = %, it follows that “constant” must be equal to 11—6 in this case.

The Ramond ground state

It is fairly obvious how to build up the representation, the only slight problem being the
action of the operator by. This operator changes the fermion number of the state it acts
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on. To realize this we need thus two states, one with (—1) = 4 and one with (=1)F = —.
Denoting these states as |[+) and |—) we have thus

1 1
E|_>’ bo\—>:—2\+> :

bo |+) =

so that b% = % Of course we can realize this operator algebra on even more states, but two
is the minimum required.

Ramond characters

Having done this, we get for the character

oo

Xz o Trgho=5 = 2¢2 [[(1+¢"), (8.6)

n=1

by exactly the same arguments as used above. The correct normalization will be discussed
in a moment. In principle the ground state of a Virasoro (or extended Virasoro) algebra can
be degenerate, so in principle it could be possible that the factor 2 should be absorbed into
the character itself. It is also possible to define this trace with a factor (—1)F, but it is clear
that the result is then zero: the operator by maps any state into a degenerate state, while
flipping the fermion number.

8.6. THE PARTITION FUNCTION

Let us now assemble the partition function, by combining it with the anti-holomorphic fields.
This is trivial in the Neveu-Schwarz sector. The oscillators b, contribute addition factors
(14 q") so that we get

_L

Pxs = (qq)™

[T+ +¢ .

r,8=

N[ =

Now consider the Ramond sector. Here some further thought is needed. Do we again double
the ground state to deal with the action of by (in other words, do we take the absolute value
squared of (8.6))7 Clearly this is not needed, because we already have two ground states,
and that is sufficient to realize simultaneously the by and the by algebra. If we define the
fermion number operator F to count the total fermion number (for ¥(z) as well as 9(Z), and
we choose two ground states |+) and |—) with opposite total fermion numbers, everything
will work automatically. Hence we define

o0

Pr=20e0)% [[ Q+aMQ+d™).

nm=1



8.7. THETA-FUNCTIONS

Altogether we have now defined four kinds of partition functions on the torus: with R or
NS boundary conditions along the space direction, and with or without (—l)F operator
inserted. This latter operator can be interpreted in terms of periodicity along the Euclidean
time direction of the torus. The normal trace corresponds to a fermion path integral with
anti-periodic boundary conditions (this boundary condition has the same origin as the usual
— sign in fermion loops; it can be computed by repeating the calculation that yields (6.2)
for fermions). The insertion of (—1) gives an extra — sign for every fermion in the loop, so
it flips the boundary condition to periodic. Hence we have

AA - TrxgglosghH | &% |
AP Tr ns(—1)Fglodigho—s | & |
PA Tr gglo—figho=s | % |
PP Tr g(—1)Fglo—siglo—s | &

Here the letters “AP” indicate anti-periodicity along the “space” direction and periodicity
along the “time” direction on the torus, etc. It turns out that these four partition functions
can be expressed in terms of standard mathematical functions, namely the Jacobi f-functions
and the Dedekind n function. These functions are defined as follows

f [Z} (zlr) = Y efrlnta)’ri2n+a)(z+b)]

n

with the additional definitions

7 B S EER IR PR

1/2 0 0 1/2
and
() = ¢ [J(1 - ¢
n=1

with ¢ = €2™7. The last column above indicates the identification of each partition function
with ratios of # and 7 functions. The Jacobi #-functions have two arguments, but we are
only using them at z = 0 here. The function 6; (2|7) vanishes for z = 0, as does the partition
function in the PP sector, but it can be made plausible that the identification given here is
the correct one. The fact that these functions are identical is far from obvious, but is one of
many remarkable identities that modular functions enjoy.



— 81 —

8.8. MODULAR TRANSFORMATIONS

Finally we discuss modular invariance. Clearly modular transformations change the fermion
boundary conditions. For example, the transformation S interchanges the two cycles
(“space” and “time”) on the torus, and hence it interchanges AP and PA. The transfor-
mation 7" maps XY to X(XY) as shown in the figure, where X and Y stand for A or P, and
the multiplication rule is AA=P, AP=A and PP=P. In other words, it interchanges AA and
AP. Since S and T generate the modular group we generate all permutations of AA, AP and
PA, whereas PP transforms into itself.

X
T T+1

XY

X

These transformations are clearly sensitive to the correct normalization of the partition
functions. They can be computed explicitly for the # and 7 functions, and one find

91(—%) = —iv/—ir61(7); 92(—%) = /—ir04(7);

ba(~1) = V=irba(r); Ba(~1) = V=T (r)

O1(r+1) = ei”/401(7'); Oo(T+1) = ei”/402(7);
O3(7 + 1) = 04(7); Oa(r+ 1) = 03(7)

WD) = Vi) a(r+1) = ()

It follows that the partition function Pg + Pns =| %—3 | + | %2 | is not modular invariant, as
expected. It is in fact invariant under a subgroup of the modular group generated by 7°ST
and T2. This is clearly a subgroup of order 2, since by adding the element 7" we get the full
modular group. This shows in particular that we have chosen the correct normalization for
the ground state in the Ramond sector.
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8.9. THE MODULAR INVARIANT PARTITION FUNCTION

It is also clear that the following partition function s fully modular invariant
63 64 6o 01
12112 22 2
n n n n

The factor % was added to make sure that the vacuum appears with the correct multiplicity,
namely 1. The last term can be added with any factor, since it is (a) modular invariant
by itself and (b) zero. However, consistency of higher loop diagrams as well as one-loop
diagrams with external legs force this term to appear exactly as it does. The two signs have
a simple interpretation: the Ramond ground state appears in the partition function with a
factor (1 & (—1)) so that depending on the sign either the ground state with positive or
the one with negative fermion number survives. Note that the modular invariant partition
function has just one Ramond ground state. This is no problem, since the operators by and
by (zero modes of 1(z) and 9(2) are not in the theory anymore. The first two terms only
have contributions from the state (0)(0) |0) and its descendants, and this operator does
not change fermion number by an odd amount. The partially modular invariant partition
function has two Ramond ground states, corresponding to the fields ¢ and u. Depending on
the sign choice, either one of these is projected out. This sort of operation (for going from
a partially modular invariant partition function to a modular invariant one) is sometimes
called a GSO-projection (GSO stands for Gliozzi, Scherk and Olive, whose paper [23] was

the starting point of superstring theory).
8.10. ISING CHARACTERS

We can write the modular invariant partition function as

Xol? + Ixa [ + x|

X0 = %(\/%Jr \/%)
1 /6y

“ Vel

by making the identifications

N[
|
N[ =

X

sl

The first two equations follow already from (8.4) and (8.5).



8.11. THE MATRIX S AND THE FUSION RULES

Using the transformation properties of the # functions and the n function it is now easy to
get the matrix S for the ¢ = % system. On the basis (1,4, 0) the result is

1 1 1
3 2 V2

N 1 1
S = 2 2 22

1 1
V2 —3v2 0

Using this matrix and the Verlinde formula we can compute the fusion rules:

[1] < [1] = 1]
[1] % [¢] = [¢]
[1] x [o] = [0]
[W] > [¥] = 1]
[¥] x [o] = [0]

[o] x [o] = [1] + [¢]

This result should be compared with (8.3).

8.12. MULTI-FERMION SYSTEMS

It can be shown that if there is more than one fermionic current with spin %, then a corre-
sponding part of the theory can be described as a free fermionic theory with ¢ = N/2, where
N is the number of fermions. Of course this ¢ = N/2 theory can appear as part of a tensor
product with other (extended) Virasoro representations, but at least the free fermion part
is easy to describe, and exactly solvable.

In such a free fermion theory each fermion can have its own boundary conditions on the torus
and higher Riemann surfaces, but there are constraints from modular invariance. These
constraints have been solved in general when the number of fermions is even, but there is
still some controversy regarding the odd fermion number case.

The number of modular invariant partition functions one can write down grows extremely
rapidly with N. Systematic studies of conformal field theories built out of free fermions (in
the context of heterotic string construction) were presented in [24,25].
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9. Free Boson partition functions

The free boson provides another simple example of a theory with an extended algebra. In
this case the current has spin 1,

J(z) = 09(z) .

The mode expansion has already been discussed before.

As we will see later, such a current can be interpreted as a generator of a U(1) symmetry,
with the momenta as charges.

9.1. THE SPECTRUM

The discussion of the spectrum is quite similar to that of the free fermion. The ground states
are defined by the condition

anlz) =0, n>0

The representations are built up by acting with the negatively moded oscillators. It is not
hard to see that any state gotten this way has positive norm.

The Virasoro generators are dependent on the bosonic oscillators,
Ly, = %{Z O«’n—ma’m} )
m

where o = p, and the sum is over all integers. For the Virasoro zero mode we get thus

m>0

In principle we would have to worry about normal ordering, but since we know that Ly [0) = 0
we see immediately that there is no additional constant.

The ground state |z) is completely determined by the action of the zero-mode generator
p. Once this is fixed, we know the entire representation, and the action of the Virasoro
generators. Hence we define

Py pop D) =pID) ,

where p on the left-hand side is the operator, and on the right hand side the eigenvalue. Note
that there is no separate holomorphic and anti-holomorphic zero-mode algebra: ag = ag = p.
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9.2. THE CHARACTERS AND THE DIAGONAL INVARIANT

It is straightforward to derive the character formula, since just as for the free fermion all
oscillators act independently and without generating null vectors. The result is

1
v’

(@) = 37— ﬁ 1 q
xp(q) = ¢2" = :
g e O B ()

Note that the expansion of (1 — ¢®)~! yields exactly one contribution at any level that is a
multiple n. Thus each such factor describes the contribution of one bosonic oscillator o,
acting any number of times on |p).

Since any real value of p is allowed, there exists an infinite number of characters. The
diagonal partition function is therefore not a sum, but an integral

o0

. 2 . _ 2
eiTTP” —ITTP Im +
P(r,7) = / dp x :

n(r) () n(r)n(7)

The proper derivation requires of course a discussion of the measure and the normalization,
but the result is correct. This factor appears in the partition function of the bosonic string,
which is described by a tensor product of 26 free bosonic theories (plus ghosts).

Note that in this partition function we are exactly using all the ground states we have at our
disposal. Although the algebra is extended by 0® we do not get a finite number of primary
fields, .e. a rational conformal field theory. In many of the representations the extension
does not even make any difference. If there are no null vectors in a Virasoro representation,
the Virasoro algebra acts just like a free bosonic oscillator, and one gets a partition function

. 1

h—<

]
(1-4g)

n=1

where now every factor represents a single Virasoro generator L_,, instead of a free bosons
a_p. Hence if on |p) the Virasoro algebra has no null vectors, the Virasoro representation is
equal to the “Virasoro+0®”- representation.

The existence of Virasoro null vectors follows from the same curves we used for ¢ < 1.
These curves hit the line ¢ = 1 at several values of h, and only for those values the Virasoro
representation has a null state. From (4.5) and (4.6) we see that this happens for m — oo,



For example for A = 0, L_1 |0) is a null state. The state a—1 |0) is of course not null, so that
the identity representation is indeed non-trivially extended by 0.

9.3. CHIRAL BOSONS

The free boson mode expansion can be generalized by adding separate momenta for the
holomorphic and anti-holomorphic terms:

- > - 1 -n |z 5N
®(z,2) = ¢ —i(prlog(z) + prlog(z)) + ¢ Z - [anz™™ + @z~ "]
n#0

We have denoted these momenta as “L” (left) and “R” (right) because z and Z originate
from left- and right-moving modes on the cylinder. We may straightforwardly split also ¢ in
left- and rightmoving operators by writing ¢ = qr, + qr. Furthermore we define the canonical
commutators [qr, pr] = [gr, pr] = 7, while left and right operators commute. If we identify
pr = pr = p this leads again to old commutator [g,p] = 7. Having done this we can now
split the boson completely in left and right components

®(2,2) = Pr(2) + Pr(2)
with

: ~1
@ (2) = qr, — iprlog(z) + ZZ On? ",

and analogously for ®p.

These manipulations do not influence any previous results that depend only on 9@ or 09,
but we can now give meaning to chiral (holomorphic) objects like

ei)\@R(z)

-2
It may be checked that this is a conformal field of weight %)\ .

To see what the meaning is of the separate left and right momenta we can express the field
back into cylinder coordinates. Then we get

®(x, 1) = ¢+ 2pxo + Lx1 + oscillators

where

pL=p+3L, pr=p— 3L (9.1)

Previously we did not have the extra z; term because we required ® to be periodic,
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®(zg,21) = P(z9,21 + 27). The extra term destroys the periodicity unless we impose it
as a symmetry on the field ®: & = & 4 27 L. This must hold for any eigenvalue that the op-
erator L can have, and obviously also for all integer linear combinations of those eigenvalues.
If we want ® to have a non-trivial dependence on x1, the only possibility is then that the L
eigenvalues are quantized on a lattice of dimension equal to the number of free bosons.

This has a natural interpretation in closed string theory, where ® is viewed as the coordinate
of a space in which the string is embedded (this space is called target space). The existence
of a lattice means that the space is compactified on a torus (a D-dimensional torus can be
defined as D-dimensional Euclidean space in which points differing by vectors on a lattice
are identified). If L is a non-trivial lattice vector this means that the string is not closed in
the Euclidean space, but it is closed on the torus, ¢.e. the string winds around a couple of
times around the torus and ends in a point identified with its beginning.

9.4. FURTHER EXTENSIONS OF THE CHIRAL ALGEBRA

We arrive at the same lattice description naturally by extending the chiral algebra further.
In addition to 0% we add integer spin currents

Vy =@ A2 oz (9.2)

to both the left and the right algebra. Note that such a current corresponds to momenta
(A, 0), so that it is only after introducing separate py and pg that we have this possibility.

It is easy to check that V) satisfies the operator product
Va(2) Vi (w) = (z — w) Vagn (w) + . ... (9.3)

Therefore, closure of the operator product requires Vo)(z) to be an operator in the theory
if V\(2) is. More generally we see that the set of A’s such that V) is in the chiral algebra
must close under addition. It forms thus a one-dimensional even lattice, which we will call
A. Note that the operator product (9.3) is automatically local.

9.5. REPRESENTATIONS OF THE EXTENDED ALGEBRA

Since the chiral algebra contains in any case the Virasoro algebra and the operator 0.X, any
other states in the theory are built on ground states |pr,pr). We have to restrict this set
by imposing on it highest weight conditions with respect to the extended algebra. The field
creating these states from the vacuum are

%LPR (Z: 2) = eipL‘I)L(z)eiqu)R(z) )
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because

eipL‘I)L(O)eipL‘I)R((_)) |0> — eiquL+iquR |0> — |pL;pR> ‘

Locality with respect to the left and right chiral algebra requires that Apy, € Z and A\pg € Z.
This immediately restricts the set of left and right momenta that we can ever encounter to
the set

pLEA*a

where A* is the dual (or reciprocal) lattice of A,
AN ={pueRjpr€Z, V)€ A}

The lattice A is necessarily of the form nR, n € Z and R? even. The lattice A* has the
form m/R, m € Z. For example, if A is the set of even integers, A* is the set of integer and
half-integers. In this description R denotes the smallest positive value of A on the lattice.

Now let us try to find which fields are primary with respect to the full extended algebra. As
we have seen in (7.3), any field with a singularity stronger than (z — w)™" in its operator
product with a current of spin A is a descendant. A field Vj,,,,(, Z) has singularity (z—w)P=A
with V). Hence we find the condition

prA< A%, VAeEA (9.4)

and the same for pg. The vectors on A* satisfying the highest weight condition (9.4) are
thus those with

—iR*<m < 3R?

We see thus that there is — in both the left as the right chiral algebra — only a finite number of
highest weight representations. Hence the theory we are constructing is a rational conformal
field theory.

Note that each highest weight completely fixes the corresponding representation, since it
determines completely how all the oscillators and the operators p and ¢ act on a state. Now
we can build these representations by acting with all negative modes of 0® and V)g. Doing
this in an unrestricted way would certainly lead to null states, since there is an infinite
number of chiral algebra generators. However, writing everything in terms of oscillators and
momenta, one sees that the only states one can ever get starting from |pr,pr) are of the
form

(oscillators) |pp + A, pr+ ') , AN €A

Furthermore any state of this form is indeed generated by the chiral algebra.
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Note that the highest weight condition (7.3) is saturated only for o = £1R?, and further-
more this only happens for Vg, not for any other operators in the chiral algebra. These are
thus the only highest weights which are not annihilated by the zero mode of Vzg. It is easy
to verify that

1.2
ralo £38) = [ ascb®vrate) 1) = |1 m)

so that these two highest weight states are actually in the same representation of the hori-
zontal algebra.

This brings us then finally to the following characterization of the representations of the
chiral algebra. If the algebra is specified by a lattice A with spacing R, satisfying R? = 2N,
then the representations are labelled by the integers m, — N < m < N, and have characters

Xm(gq) = % 3 grtEnR)’ (9.5)

Note that we may define m modulo 2N, since a shift m — m-+2N = m+ R? can be cancelled
by a shift in the summation index n. It is sometimes convenient to choose m in the range
0 < m < 2N. There are in total 2N representations. The ground state multiplicity for
each of them except one is 1, the ground states being |p) = |m/R) with —3R? < m < 3R2.
The exception is the representation labelled by m = N(~ —N). Here the ground state
multiplicity is two, because the states |i%R> are degenerate.

9.6. THE MATRIX S

This is the condition for 7" invariance. To examine S invariance we have to determine first
how the characters transform. We know this already for the n-function. To deal with the
infinite sum one can use a trick called Poisson resummation. Taking into account the 7
function we get finally

xi(—2) = 3 Si(r)
J

with
Sij _ le—Qmpmj — 6—2771'%

R V2N

This is a unitary, symmetric 2N x 2N matrix. It is not real, a reflection of the fact that the
theory does not have charge conjugation symmetry. Indeed, only the representations 7 = 0
and ¢ = N are self-conjugate.

Since the characters do indeed transform into each other, the diagonal partition function is
indeed a modular invariant. Another modular invariant is defined by the charge conjugation
matrix C, which always commutes with S and 7.

For a given R there are usually many more modular invariant partition functions.
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9.7. RELATION WITH CIRCLE COMPACTIFICATION

The modular invariant partition functions we have found (without claiming uniqueness) can
be described most conveniently by introducing a new lattice I' with momenta (pr,, pr). This
lattice contains all combinations of p;, and pg that occur, and once we know it, we know the
full partition function:

1 - 2 . 2
P(T, 7__) — _ Z e2m7‘pLe—2mTpR )
n(r)n(r) | =

where the sum is over all vectors in the two-dimensional lattice. It is easy to show (again
using Poisson resummation) that this partition function is modular invariant if and only if I'
is an even self-dual lattice with respect to the Lorentzian metric (—, +). Here “even” means
of course that for all lattice vectors p% — 102R must be an even integer, and self-dual means
that I' = I'* (but with duality defined using the Lorentzian metric). One of the conditions
for modular invariance is locality. It is easy to verify that

_ _ ro_ _ /
Vs (2 2) Vi, (w0, @) = (2 — w)PEPE(Z — @)PRPRY, (0

so that locality clearly requires that prp; —prpy € Z. This follows indeed from the condition
that the lattice is Lorentzian even, by considering the vector (p — p').

The momenta occurring in our partition functions are

(% +nR, % + mR); (% +nR, —% + mR)

for the diagonal and charge conjugation invariant respectively. Here ¢ lies in the range
0,2N —1 and n, m are arbitrary integers. It may be verified that this defines an even self-dual
Lorentzian lattice. One can also characterize these partition functions by two unrestricted
integers as

n n n

— +mR);

n

&R
To make the result look more symmetric one can subtract mR/2 from both py and pg (i-e.
one writes n = n' — %R2m) to get

noq
(E - §mRa

n

R

n

R

n

+ %mR); ( 7

+1imR,—— +imR) ,

where in the second term the lattice vector (mR,0) was added. If we compare this to (9.1)
we see that the first partition function can be identified with it if L takes the values mR.
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Because of the interpretation of L this implies that we are in a compact space with radius
R, defined by the lattice A. The momenta p in such a space must be such that exp(ipz)
respects the periodicity £ — x + nR of that space, and this implies that p must lie on the
dual lattice.

9.8. R — 2/R DUALITY

In interesting feature of these partition functions is duality. If one replaces R by % and
interchanges the variables n and m (which are summed over in the partition function),
the two partition function (diagonal and charge conjugation) are switched. However these
two partition functions are indistinguishable, since charge conjugation does not change the
conformal weight, it only flips the U(1) charge. But our choice for the left and right U(1)
generator is just a convention. One arrives thus at the surprising conclusion that two theories
that are priori distinct are in fact indistinguishable.

9.9. RATIONALITY

Note that earlier in this chapter we had found that R? should be an even integer. However,
from the point of view of circle compactification it does not make any difference what R is.
There is an interesting subset of values of R for which the conformal field theory is rational.
This happens if the lattice contains vectors (pg, 0) or (0, pg), which correspond to operators
in the chiral algebra. The condition for rationality is thus

%—i—%mR:O,

for at least one non-trivial set of integers. The most general solution is R? = %p, where g

can be any rational number.

Although we only constructed the special cases ¢ = 1 and p = 1 (the latter is obtained
from duality) explicitly, all other cases can be obtained by constructing all other modular
invariant partition functions out of the characters.

Note that there is an infinite number of irrational values. Nevertheless, as far as exact
solvability is concerned these values are not worse than the rational ones.

The rational theories can all be obtained as modular invariant partition functions of theories
with the extended algebras of the form (9.2). The generators of this algebra are thus

0X; €™M neZn#0 (9.6)

This are clearly the only operators we have at our disposal. These extended algebras are
characterized by a number R with R? an even integer. It follows that if we allow rational
values of R it cannot be true that one should substitute those values in (9.6). This would lead
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to non-integer conformal weights for the extended algebra generators. Instead, the theory for

other rational R values is realized as a non-diagonal modular invariant of a theory satisfying
R? € 2Z.

9.10. THEORIES WITH MORE THAN ONE FREE BOSON

All the foregoing results have a simple generalization to theories with more than one free
boson. The most general modular invariant partition function is described by a Lorentzian
even self-dual lattice Ty y with metric ((—)V, (+)") (this is sometimes called a Narain
lattice) [26].

To get the most general theory of this kind from a compactification on on N-dimensional
torus requires the addition of a term to the Lagrangian, namely

~ / d*2B;j¢™P 0, ®' 0 &7

where B;; is an arbitrary set of constants.

It is not hard to write down partition functions for these theories at arbitrary genus, and
check modular invariance.

10. Orbifolds

There are still more conformal field theories one can construct with one boson. From the
point of view of the target space interpretation the additional freedom consists of another
choice for the “manifold”. Most manifolds are unsuitable since the resulting theory would
not be conformally invariant. The torus is always a solution to these conditions, since it
is flat and affects the theory only via boundary conditions. In one dimension there is not
much choice, and the only proper manifold one can use is the circle. However it turns out
that one can still get sensible conformal field theories (and string theories) using spaces that
are not proper manifolds, but manifolds with singularities called orbifolds. This notion was
first used in heterotic string compactification [27], but rapidly acquired a much more general
significance.

10.1. ORBIFOLDS AS SINGULAR MANIFOLDS

The definition of an orbifold is as follows. Consider a manifold which has a discrete symmetry.
Such a symmetry is said to act freely if it moves every point to a different point. Now we
define a new “manifold” by regarding points related to each other by the symmetry as
identical. If one uses a symmetry that does not act freely then the fixed points of that

symmetry introduce conical singularities. This object is not a manifold, but is called an
“orbifold”.



10.2. ORBIFOLDS IN CONFORMAL FIELD THEORY

In conformal field theory the name “orbifold construction” is often used in a more general
sense for a method that allows one to modify conformal field theories by adding new fields,
while removing some others. In some cases this procedure has an interpretation in terms
of manifolds. There is no need to distinguish freely acting or non-freely acting symmetries,
although the latter are usually more difficult to deal with.

Intuitively the orbifold procedure implies the following changes to the theory

— Some states do not respect the discrete symmetry. They have to be removed from the
theory (they are “projected out”).

— Since some points are identified one can relax the boundary conditions of the boson.
Rather than ®(z! + 27) = ®(2!) (for the uncompactified boson), or ®(z! + 27) =
®¥(x1) + 27L! (for the boson on the torus), one must now also allow ®¢(z! + 27) =
Gij®’ (z') +27rL*, where Gjj is a matrix representing the symmetry. This implies that
new states are added to the theory. This new set of states is called the twisted sector.

The two items mentioned above are closely related. Roughly speaking, a modular invariant
theory contains the maximal set of mutually local fields. They must be mutually local to have
T-invariance, and maximal for S-invariance. This same structure is seen in the requirements
“even” and “self-dual” that a modular invariant torus compactification must satisfy. Thus
if we remove some fields from a modular invariant theory, we can only maintain modular
invariance by adding some other fields. Such fields are called twist fields [28,29].

10.3. ORBIFOLDS OF THE CIRCLE

In one dimension we have to consider the discrete symmetries of the circle. There are two
obvious Zsy symmetries, namely the “anti-podal map” and the reflection with respect to some
axis. The anti-podal map is a special case of an infinite series of Zn symmetries, which can
be realized by shifts & — <I>+27r€%. These maps do not have fixed points. One can use them
in an orbifold construction, but one finds that they simply lead to a theory on a circle with
a different radius, and not to anything new. The reflection corresponds to the symmetry
® — —®. This map has two fixed points, ® = 0 and ® = 7R (note that —7mR = mR because
of the lattice identification), and does lead to a new series of theories.

We will discuss these theories here starting from the diagonal partition function of a circle
theory. Hence we will assume that R? is an even integer. Other radii can then be obtained
by means of non-diagonal modular invariants.

The twist fields

It follows from the general reasoning that the twist fields must be non-local with respect to
the fields that are projected out.

The discrete symmetry acts by taking the conformal field 0® to —0®. Thus this operator
must be removed. This is done by introducing a twist field with respect to which 0® is
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non-local:

0% (2)o(w, ) = (2 — w) o’ (w, @) + ... | (10.1)

where Ah is non-integer. The branch cut must be such that it still respects the periodicities
of the new manifold. This means that when 0®(z) is moved once around w it can only
change sign. Note that moving 0®(z) around the origin on the complex plane is related by a
conformal mapping to moving 0® once around the cylinder. In the latter case 0® can return
to itself with or without a sign change. Hence we require that 0®(z) in the complex plane
also changes by at most a sign when carried along a circle around the origin. Whether or
not there is a sign change depends on the state inserted at the origin (the initial state in the
cylinder picture). Since we want 0®(z) to be non-local w.r.t. ¢ we require that Ah must be
half-integer.

Just as we did for the free fermion, we can describe the construction in terms of an inter-
mediate partially modular invariant invariant theory, in which 0% and the twist field can
co-exist. In this theory, if we require that o is primary with respect to 0® we find that
Ah must in fact be —% (ff it were not primary, we expect another operator to exist which
is primary, and which we would use instead.) One can then show (see [28]) that h, = 1.
Consequently h, = 19_6'

We will assume that there exists a modular invariant diagonal theory in which all ground
states have equal holomorphic and anti-holomorphic conformal weights. That theory will
ultimately be obtained by making a projection on our 72-invariant, but not T-invariant
theory. Such a theory must contain an operator o whose anti-holomorphic conformal weight
is also %.

Note however that this implies that he = f&, since 9®(z) has h=0, and it cannot introduce
an anti-holomorphic branch cut. Hence the operator ¢’ has conformal weights (19—6, %) and
must disappear in the modular invariant theory. This is consistent with the operator product
(10.1) since also 0¢(z) will not be an operator in the final theory, because it is odd under
the orbifold symmetry.

Now we also need a field 6 with the operator product

The conformal weights of these operators must, by arguments similar to the foregoing ones,
be (15, 1) for o’ and (5%, 1) for 6'. Clearly o’ # &', so that we clearly need at least one
new twist field. In fact it turns out we need two: both & and &' must be new fields.

Projecting on the invariant states

The partially modular invariant theory is now obtained by acting on these twisted ground
states with all combinations of oscillators (note that the oscillators are half-integer moded
in the twisted sector), and including all states in the untwisted sector.
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Now we remove all states that are not invariant under the symmetry ® — —®, and the
corresponding operators. In particular this removes the operator 0® and hence the branch
cut (10.1) causes no problems anymore. Note that this symmetry changes the sign of all the
oscillators as well as the momentum operator.

We do not only wish to remove all states that are odd under the discrete symmetry, but also
organize the remaining ones into representations of the chiral algebra of the orbifold theory.
In particular this means that we write the new partition function in the standard diagonal
form. The chiral algebra of the orbifold theory does not contain the current 0®, but it does
contain some other operators, namely the symmetric combinations

The operator of lowest conformal weight in this set has conformal weight %R2. For R =2
this current has spin 1.

The ground states in the untwisted sector transform as follows. We start from the diagonal
partition function of the circle theory, which is created by oscillators acting on the states
|m,m) with —N < m < N, as well as the states |£N,£N). The latter four come from
the terms |xn|? in the diagonal partition function. Here the notation is as in (9.5), i.e. m
denotes a representation with ground state momentum m/R.

A state |m,m) (m # 0,m # +N) is mapped to |—m, —m), so that only the linear com-
bination |m,m) + |—m, —m) is left in the orbifold theory. At the first excited level there
were four states, a—1 |m, m) a—1 |m, m), a—1 |-m,—m) and @—1 |[—m, —m). In this case the
linear combinations a_j |m, m) — a_j [-m,—m) and @_; |m,m) — @&_1|—m, —m) survive
the projection. These two states are created from the ground state by the mode L_; of the
energy-momentum tensor —1(9®)? and its anti-holomorphic partner. Thus we see that the
structure of the lowest lying states is consistent with a contribution to the partition function
of the form |¢"~¢/24(14+¢+...)|2, the square of a single character. With some more work one
can show that this structure persists to higher excitation levels. Thus for each value of m in
the range 0 < m < N we find precisely one representation of the orbifold chiral algebra.

The states with charges =N are slightly more subtle. Of the four states |+ N, £N) two linear
combinations survive, namely |+) = |N,N) + |[-N,—N) and |—) = |[N,—N) + |—N, N).
These two states are mapped into each other by the operator J = €8 4+ ¢ E® byt the
linear combinations |+) & |—) are eigenstates of J. They form two separate ground states,
each of one representation. This is as it should be: in the diagonal partition function ground
states are represented by the square of a character, and hence the multiplicity of any ground
state |h, h) must be a square. If one finds a ground state with multiplicity 2, it must be
obtained as 1 + 1, since 2 is not a square.

The vacuum sector also requires more attention. Here we have to distinguish two cases. For
R? > 2 the first excited states are are a_1 |0,0) and a_1 |0, 0). They are both odd under the

* Note that L_; contains a term o< apa_1, and that ag [m,m') = m|m,m’).
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symmetry & — —& and disappear. However, the symmetric excitation a_ja_ |0,0) does
survive. This contribution to the diagonal partition function starts thus as [¢q]~</2*(1+ ¢q),
and does not factorize (the circle partition function has as its leading terms |¢~%/24(1 +
q)|%2.) Hence we are forced to introduce a new ground state, denoted as ‘8@,5<T>>, that
corresponds to the circle state «—1a—1 |0, 0). It may then be shown that all further excitations
factorize in a sum of two terms, one corresponding the vacuum representation and one to
the representation built on the ground state |8(I>, 5<f>>.

If R = /2 the circle chiral algebra contains 3 spin 1 currents, 9® and exp(+iR®), and hence
the leading terms in the circle partition function are [¢g]~%/24(1+ 3¢+ 3G+ 9¢q). Only one of
the three currents survive the projection, and of the nine current-current states five survive.
Hence the orbifold partition function starts with

[qq] /(1 +q+q+59) =[qa] 11+ q+... 12+ [qq)] ~/** |2+ ... 2

In this case the ground state of the representation denoted “‘8@, 5(i>>” has thus multiplicity
2, and contributes to the full partition function with multiplicity 4.

In the twisted sector we have to define the action of the symmetry on the ground states; then
the rest is fixed. The unprimed and primed twist fields must transform with an opposite
sign, as is clear from (10.1). Since o(0) |0,0) = |{s, 1) is a desirable state and o’(0) |0,0) =
‘19—6, %> is not, we choose o (as well as &) to transform with a + sign. Then the state
0'(0) 10, 0) transforms with a — sign and is removed, while for example a_; ;,0'(0) |0, 0) with
conformal weight h = h = 19—6 remains. Since we have removed ¢’ as well as ¢ we need
a new operator that creates the state |%, %> from the vacuum. We will call this operator

once again o’.

10.4. THE PARTITION FUNCTION

To summarize, we find thus the following partition function
2
Pop = Z x|
T

where the label r stands for the following representations (the notation is inspired by the
foregoing discussion in an obvious way, but note that here we are only considering one chiral
sector )
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r h r h
0 0 0P 1
o 16 G 16
o’ 16 o' 16
Na T Nez) T
m (0 <m < N) %

There are in total 1 +1+4+2+ N —1 = N + 7 representations. Each has ground state
multiplicity 1, except 7 = 9® for R? = 2, as noted above.

10.5. THE GEOMETRIC DESCRIPTION

Although the presentation given above was a bit intuitive and not completely rigorous, it
is not hard to show that it actually leads to a modular invariant partition function. The
partition function we were constructing can be summarized as follows

Por, = 3(Pp" + P + Pg™ + Pg")

Here Pp represents the free boson path integral on the (world-sheet) torus, with boundary
conditions as indicated. The sum over boundary conditions is as for the free fermion, and is
modular invariant for the same reason.

The term P};P is the circle partition function. The second term is anti-periodic in the
time direction, which means that odd numbers of bosons contribute with a — sign. The
third and fourth term are anti-periodic in the space direction, and represent the twisted
sector. The combination of terms projects out the unwanted states in that sector. The first
term and the sum over the last three terms are separately modular invariant. The precise
combination of these two modular invariant sets is dictated by the requirement of having a
unique vacuum and positive integral multiplicities for all other states. In particular a relative
— sign between these modular invariant sets (which was allowed for the free fermion) is not
allowed here because it would project out the vacuum.

The partition function may also be written as
Poy = Tr p3(1 + g)g"o /Mgt =¢/2t 4 Tr 13 (1 + g)ghome/Mghoe/? |

where g represents the non-trivial Zs element that sends ® to —®. This formula has an



immediate generalization to arbitrary discrete abelian groups, often written suggestively as

Py = ‘G| > QD

g9,h€eG

where |G| is the number of elements in the group G. The sum over h is over all possible
twisted sectors, whereas the sum over g performs the projections. Modular invariance of this

expression is intuitively clear.

The advantage of this formulation applied to the ¢ = 1 orbifolds is that it works immedi-
ately for arbitrary (even non-rational) R. The disadvantages is that it does not give direct
information on the chiral algebra and the representations.

10.6. THE ¢ =1 CONFORMAL FIELD THEORIES

We have now identified two sets of ¢ = 1 conformal field theories, each parametrized by a
real number R. Furthermore there is a duality in both spectra, since R and % are giving
rise to the same spectrum. The self-dual point occurs at R = v/2.

One may think that the orbifold and the circle theories are all different, but in fact they are
not. It can be shown that the orbifold of the R = 1/2 theory and the circle with R = 21/2
describe one and the same theory. This cannot happen at any other point, since only for
R = /2 the orbifold theory has a spin-1 current. It is easy to verify that the spectra of the
orbifold and circle theories are indeed the same, and not much harder to show that they are
in fact the same theory.

Hence the two lines are not separate, but connected, as shown in the following picture [30],
[31]. Note that only the topology of the picture matters, not the geometry. The dashed lines
indicate values of R that have already been taken into account because of R — 2/R duality.
The orbifold radius is denoted by R,.
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Apart from this continuum there also exist three isolated theories. They can be obtained by
an orbifold procedure applied to the R = v/2 circle theory [32]. With these points included
the picture is conjectured to be complete.

10.7. MODULI AND MARGINAL DEFORMATIONS

This picture provides the simplest example of moduli in conformal field theory. Moduli are
free parameters which can be varied continuously without affecting conformal invariance.
Apart from the three isolated points, every point on the diagram corresponds to a conformal
field theory with moduli. The point where the circle and the orbifold meet is characterized
by the existence of an additional modulus.

One can detect the existence of such conformal invariant deformations within a given theory
by looking for conformal fields of dimension (1, 1), called marginal operators. Such operators
have precisely the correct weights to yield a conformal invariant result when integrated over
dz and dz” This implies that they can be added as a perturbation to the action,

05 /dzdeVl,l(z, Z),

where V7 1 is a marginal operator.

* Marginal operators must satisfy additional constraints not explained here.
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In the circle and orbifold theories, this operator is 0®(z)0®(z). The additional marginal

operator in the meeting point of the lines is due to combinations with the additional spin-1
field efv22,

11. Kac-Moody algebras

In this chapter we consider extensions of the chiral algebra by a set of (anti)-holomorphic
spin-1 currents.

11.1. SPIN ONE OPERATOR PRODUCTS

These currents are conformal fields with respect to the Virasoro algebra. The operator
product of two such currents in a modular invariant conformal field theory must be local.
Since the currents are holomorphic their operator product is holomorphic as well. Hence it
is an expansion of integer powers of (z — w) multiplied by integer spin operators. Since the
lowest spin an operator in a unitary conformal field theory can have is zero (the identity), the
leading term is a constant times (z — w) 2. The next one is (z — w)~! times a holomorphic
spin-1 operator, which must therefore be one of the currents. Hence we get

dab ifachc
(z —w)? T

J(2)Jb (w) =

+... (11.1)

Note that the next term has spin 2, and hence is a candidate for a Virasoro generator; we
will return to it later.

Since integer spin currents are bosons the left-hand side is symmetric under interchange
((z,a) <+ (w,b)). Tt follows that d*® must be symmetric and f2¢ anti-symmetric in ¢ and
b. Since fe¢ appears in the three-point function it must then be anti-symmetric in all three
indices [This is true provided a Hermitean basis is chosen]. Using duality relations one can
then show that the coefficients f**¢ must satisfy Jacobi identities. It follows then that they
are structure constants of a Lie algebra. This Lie algebra must be a direct product of some
simple Lie algebras and some U(1) factors (here “some” includes the possibility that there
are no such factors).

The argument given here is due to A. Zamolodchikov [33].

11.2. INTERMEZZO: SOME LIE ALGEBRA FACTS

We will fix some standard normalizations for simple Lie algebras. The algebra is

[Ta’ Tb] — ifabcTc
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It is satisfied in particular by the matrices
- rab
( :dj)bc = —if*",

which are the generators of the adjoint representation. Their commutator is in fact nothing
but the Jacobi identity. The generators in the adjoint representation act on the algebra via
the commutator.

The root system is defined by selecting out of the generators 7% the maximally commuting
set H', the Cartan subalgebra. The number of such generators is called the rank of the alge-
bra. In the adjoint representation we may simultaneously diagonalize the Cartan subalgebra
acting on the remaining ones, so that

[H',Ez] = o'Ey (11.2)

The set of vectors « is called the root system of the algebra.

In a compact Lie algebra a basis can be chosen so that

Tr Ty Tag; = N6“ (11.3)

a

where N is a normalization, to be fixed in a moment. The left-hand side is called the
Killing metric of the Lie algebra. It will be assumed that the Cartan subalgebra generators
are elements of the basis. Then (11.3) induces a natural inner product on the root space,
namely @ - § = > i

Given a root system we can choose a plane which divides the roots into positive and negative
ones (this plane must thus be chosen in such a way that none of the roots lies in the plane).
Then one defines a set of simple roots which form a basis of the root system with the property
that all positive roots are linear combinations with positive coefficients of the simple roots.
One also defines a highest root 1 as the unique positive root from which all other roots can
be obtained by subtracting simple roots. Now we define the dual Coxeter number g:

g 0+20)-%
¢.

Y

<2

where p'is half the sum of the positive roots. Note that this definition is independent of the
normalization of the inner product. The values of the dual Coxeter number for all simple
Lie algebras are listed in the following table
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Typerank Algebra Value of g | Adjoint dimension
ANn_1 SU(N) N N2 -1
By-i | SO(N), N >4,0dd | N -2 IN(N —1)

Cn Sp(2N) N+1 N(2N +1)
Dy |SO(N), N >3,even| N —2 IN(N —1)
Go 4 14
Fy 9 52
Eg 12 78
Er 18 133
Eg 30 248

The first column gives the Dynkin classification, while the second one gives the identification
with the perhaps more familiar classical Lie algebras.

We now fix the normalization of the generators by requiring that N = 2g in (11.3). This
normalization implies that the highest root has norm 2. To conclude this section we write
down the remaining commutators among the generators in this basis. For the commutator
between the root generators one has

(2%, B7] = e(@ BB,

if @ + B is a root, and

—

[E&,E—a] —d-H,

=

and zero in all other cases. The coefficients €(@, §) are non-zero real numbers.

11.3. THE CENTRAL TERM

The first tensor in (11.1) must be symmetric in a and b, and furthermore the Lie algebra
structure we have just identified requires it to be an invariant tensor of the Lie algebra.
Hence it must be proportional to the Killing form, which in our conventions means it is
proportional to 6%°. Since we have already fixed the normalization of the structure constants,
the normalization of the first term is fixed. Note that the first term determines the current-
current propagator, and that this has a positive residue only if the Lie-algebra is compact
(if it is not compact the Killing form has negative eigenvalues). If the propagator had a
wrong-sign residue this would violate unitarity. Thus in unitary conformal field theories the
Lie algebra must be compact.
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If the Lie algebra is semi-simple the term d*® takes the form k%9, where k% is constant on
each simple factor. From now on we will focus on simple Lie algebras; the index a on k% can
then be dropped.

11.4. MODES

The mode expansion of the currents is as discussed in general in chapter 7. It is straightfor-
ward to derive the algebra in terms of modes

[T To| = 81 T+ k88 0 (11.4)

Note that for m = n = 0 one obtains a subalgebra which is a simple Lie-algebra. Since the
modes with m = n = 0 do not alter the conformal weight, this algebra takes the states of a
given weight into each other. It is usually referred to as the horizontal algebra.

If £ = 0 the algebra is referred to as the loop algebra. If k # 0 one gets strictly speaking only
an algebra if we consider k£ as the eigenvalue of an operator K, which is called the central
extension of the loop algebra. This operator commutes with all others. This is analogous to
the central extension of the Virasoro algebra.

The algebra (11.4) is called a centrally extended loop algebra, or current algebra. It is
often also referred to as an affine Lie algebra, or a Kac-Moody algebra. This is not quite
correct. The mathematical definition of an affine Lie-algebra includes in addition to the
operators appearing in (11.4) still one more operator called the derivation D. This operator
satisfies [D, J¢| = nJ2, and [K, D] = 0. Comparing the first expression with (7.2), one finds
that it is satisfied by D = —Lg; because of (11.4), Ly commutes with K and hence the
second commutator is also satisfied. Since we will only consider the spin-1 current algebras
in combination with a Virasoro algebra, the distinction between the two definitions is not
essential for us. Note that the current algebra is unaffected if we omit D, since it never
appears on the right hand side of a commutator, but from the mathematical point of view it
is convenient to introduce it in order to define an invertible Killing form. The mathematical
definition of a Kac-Moody algebra is much more general, and includes ordinary as well as
affine Lie algebras, and many more. We will nevertheless use the term “Kac-Moody” algebra
from here on in a restricted sense, to refer to (11.4).

11.5. TWISTED AND UNTWISTED AFFINE ALGEBRAS

Since the current has integral spin, the “natural” mode expansion is in terms of integer
modes. One can however also consider fractionally moded operators by introducing twist
fields. One find that in many cases the fractionally mode algebras are isomorphic to the
integrally moded ones. There is a set of algebras and twistings (related to so-called outer
automorphisms of the horizontal Lie-algebra) for which this is not the case. They are known
as twisted affine algebras. In these lectures we will only encounter the untwisted ones.
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11.6. PRIMARY FIELDS

Primary fields are defined by the condition that they should be Virasoro primary fields, and
in addition satisfy

) T .
J(2)®" (w, W) = ——& (w, W) + ...
() (w,18) = L4 (w,0) +
The leading pole is determined as in the general arguments given in chapter 7. Since the
field appearing on the right hand side has the same conformal weight as ®, one can label all
the fields with that conformal weights by a label ¢, and then the operator product inevitably
looks like the one above.

This implies that the ground states |r) are rotated into each other by the horizontal algebra,
which acts via the matrices T7:

Jo Iri) = Ti5(r) Irj) (11.5)

where

[r:) = ©%(0)|0)

The matrices T (r) can be shown to satisfy the commutation relations of the horizontal
algebra,

[Ta’ Tb] — Z-fabcTc ,

by acting with a second generator J(’]’ . They are the representation matrices of the horizontal
algebra in some representation r determined by ®°.

Note that the current itself is not a Kac-Moody primary field, just as the energy momentum
tensor is not a conformal field.

11.7. THE SUGAWARA TENSOR

In addition to the current modes the algebra under consideration consists of Virasoro gener-
ators, with definite commutation relations with themselves and the currents. Actually, there
is one as yet unknown quantity in the Virasoro algebra, namely its central charge. It turns
out that the Virasoro generators can be expressed in terms of the currents in the following
way:

1

T(z) = m:

D TM2) I z) + (11.6)

where the sum is over all generators of the horizontal algebra. This is called the Sugawara
energy-momentum tensor [34]. As usual, normal ordering means subtraction of the singular
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terms,

0" J4(2)0%(z) = lim ZJ“ 79 () — Fdim(adi)
a

w—z (z — w)2

(For U(1) algebras dim(adj) should be interpreted as the number of U(1) generators.) To
verify that this is indeed the Virasoro generator, we have to check the operator product with
the current, and with T'(w). The requirement that J*(z) is a conformal field of weight 1
fixes the normalization in (11.6). In the computation one uses the relation

facdfbdc Tr T _ 296ab

adJ adj —

Then the computation of T'(z)T (w) serves as a check, but in addition determines the central
charge:

_ kdim(adj)
 k+g

The Virasoro generators can be expressed in terms of the modes of the currents:

1
L — a a
O m;oo Tovend"m

where normal ordering means that positive modes should appear to the right of negative
ones.

11.8. HIGHEST WEIGHT REPRESENTATIONS

Highest weight representations are characterized by a ground state |r) that is annihilated
by all positive modes of J,. This implies automatically that it is annihilated by all positive
modes of the (Sugawara) energy-momentum tensor, i.e. that it is a Virasoro highest weight.

The only remaining freedom we have in characterizing representations is the action of the
zero-mode generator J§. We have already seen before that the ground states form a represen-
tation r of the horizontal algebra generated by the zero-modes. Representations of simple Lie
algebras are themselves generated by step operators acting on highest weight vectors. This
implies that any irreducible unitary representation of a Kac-Moody algebra is completely
characterized by a highest weight vector of the horizontal algebra and the eigenvalue of the
operator K, called the level (k). Completely, because once we know the horizontal algebra
highest weight and £ we know the action of all current modes and the Virasoro generators.
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In particular we know the conformal weight of the ground state:

_ 2 (rlJgdg )
h= 2(k£gg (11.7)

The expectation value can be computed using (11.5):

D (il JG TG ) =Y (THr)T(r)ig = Ca(r)di; -

a

Here i and j label the components of the representation r, and C(r) is the quadratic Casimir
operator. The result is thus

Note that our normalization is such that in the adjoint representation Cs(adj) = 2g.

The representation r must be an irreducible highest weight representation of the horizontal
algebra. What remains to be done is to determine which representations and which values of
k are allowed. Rather than attempting to solve this directly in general, we start by looking
at the simplest theories.

11.9. U(1) THEORIES

If all structure constants f*° vanish one obtains a product of one or more U(1) factors.
Their currents can always be written in terms of free bosons, J? = i0®'. They satisfy the
operator product (11.1) with £ = 1. We have already studied this case in detail, and discuss
it only here to show how it fits in.

Since f2¢ = 0, the dual Coxeter number g vanishes. Then the energy-momentum tensor has
the standard form for free bosons, T'(z) = —%(8@(,2))2. The central charge is equal to the
number of free bosons, as expected.

The representations are labelled by the zero-mode momenta of the ground states, usually
referred to as charges. The ground states satisfy thus

Jolgy =qlg) ,

and they are in fact uniquely labelled by ¢q. Their conformal weight is %q2. Note that Jy = p,
the momentum operator.
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11.10. THE SU(2) KAC-MOODY ALGEBRA

The root system of SU(2) has just one simple root «. This is also the only positive root, and
is also equal to the highest root. The Weyl vector p is equal to half the sum of the positive
roots, and is thus equal to %oz. The dual Coxeter number is easily computed to be 2.

The algebra is generated by three currents J% a = 1...3. The structure constants are
proportional to €%%¢. The proportionality constant can be determined by (11.3), which reads

(—i.’L‘GGCd)(—i.T€de) — 2g5ab — 45ab ’

where 2 is the proportionality constant. We find thus that z = +/2. This is a disadvantage
of this normalization: SU(2) generators are not normalized in the familiar way. Similarly
the generators in the spinor representation are %\/éTi, where 7° are the Pauli matrices. [An
advantage of our normalization is that for any algebra and any representation the quantity
I5(R), defined by Tr T*T® = I5(r)é® is an integer.]

Highest weight representations of the SU(2) Kac-Moody algebra are characterized by SU(2)
Lie-algebra representations and the level k; hence they are characterized by & and the SU(2)
spin j. A ground state has 2j + 1 components |j, m). Its conformal weight is

_JG+1

k+2

Here we recognize the SU(2) Casimir eigenvalue j(j + 1).

The following argument restricts the values of k. The algebra (11.4) has several interesting
sub-algebras. One is the zero-mode algebra,

[Jg, Jg] = iV2ebe ¢ .

Apart from the normalization this is a standard SU(2) algebra. Since we want to use results
from SU(2) representation theory, we have to change the normalization of the generators.
Furthermore we go to a basis of raising/lowering operators. Hence we define

1

V2

1

I* (Jd +iJ3): 13_\/773,

so that [I I _} = 2I3. Standard results in SU (2) unitary representation theory tell us now
that the eigenvalues of I3 must be (half)-integers. It is easy to check that the following
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generators satisfy the same commutation relations:

1 1
V2 V2
- 1

3 _ 1 3 _ 1 3

P=gk— sl =gk =1

V2

A (J —iJ3); - (JLy +iJ2);

Hence we conclude that the eigenvalues of I must also be (half)-integers, and furthermore
since I3 and I® commute we can diagonalize them simultaneously. This is only consistent if
k is an integer. Furthermore unitarity (positivity of the residue of the propagator) requires
it to be a positive integer.

Now we can directly get a further constraint by computing the norm of the state I- |7,m),
where |7, m) is one of the components of the ground state

0 < (j,m| I*I™ |j,m)

= (j,m| [I517 ] 1, m)
g, m| 217 |5, m)
,m| (k = 2I%) |j, m)
,m| (k= 2m)[j,m)

=
=
=

J
J

Here we used the requirement of unitarity (positivity of the norm), the highest weight prop-
erty of |j,m), which implies that J¢, [j,m) = 0, and the SU(2) commutator [I*, 7] = 213,
Clearly m cannot be larger than %k, and the same follows then for j. It is convenient to label
the representations by integers [ = 2j. They are thus restricted to the values 0 <[ < k.

11.11. SU(2) AT LEVEL 1.

For k£ = 1 there are thus precisely 2 representations, with ground state spins j = 0 and

%. We have already seen a realization of this theory, namely in the self-dual point of the

¢ = 1 circle theory. At this point there are three spin-1 fields, namely d® and etiV2®  Their
operator products are (singular terms only)

0 ()P () = T2 ivan )

(z —w)
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ei\/ﬁ@(z) 61’\/5‘1) (w)

= non-singular

and

£V28(2) ,—iv22(w) _ 1 + iv2 0P (w)

(z—w)? z-—w

These is precisely equal to (11.1) with k£ = 1 provided we define

Jl(z) - %ﬁ(elﬁé +e—i\/§<1>) ’ J2(Z) _ _%iﬂ(eiﬂcb . e—iﬁé) ’
J? =i0d .

Thus we see that this algebra can be realized with a single free boson. We have already
seen in the previous chapter that for R2 = 2N the bosonic theories have 2N characters
with conformal weights TN’ —N <m < N. For N =1 this agrees with the SU(2) level-1
description of the same theory.

The primary field corresponding to the only non-identity representation can also be written
in terms of the free boson, namely as exp(i%\/i@(z). Unfortunately things are less simple
at higher levels.

11.12. GENERALIZATION TO OTHER KAC-MOODY ALGEBRAS

The foregoing results on SU(2) have an immediate generalization to other algebras. This
generalization works exactly like the reasoning one follows to derive the Lie-algebra repre-
sentations from the representation theory of SU(2). The results for SU(2) are valid for any
SU(2) sub-algebra of some Kac-Moody algebra, and now it is simply a matter of finding the
most suitable one.

Let us first find a suitable basis for the current modes J3. For the zero modes there is a
standard basis, the one introduced in section 11.2.

To generalize this to Kac-Moody algebras one simply attaches an extra index n to all oper-
ators, and includes the central term. The result is

[Hy HY) = mm 40,087
-Hi Ea] _ lEa

m-+n

Eﬂ‘} — 6 G E(a"‘ﬁ)

n+m

Eg, E., -’] =a- _'n+m + Kndp+m,0 -

It is easy to see that any root & defines a conventionally normalized SU(2) subalgebra, whose

i 2 p—a j- 2 d i1 ~ ot
generators are It = \/ & FE* T =FE2, and I3 = % (Kn—a- Hp). The normalization



— 110 —

of this SU(2) is the traditional one, i.e. [IT, 17| = 2I° etc. By arguments similar to the ones
used for SU(2) we conclude that the quantity 2nK/(@%) must have integer eigenvalues, for

any n and @ Obviously the strongest constraint comes from n = 1. If we have normalized
our root system in the canonical way, .e. 1;? = 2, there is always a root with norm 2, and

we find that K must have integer eigenvalues k. The norms of other roots that can occur

2

in simple Lie algebras are 1 or 5, in the canonical normalization. This does not impose

additional constraints.

One can use the same subalgebra to find constraints on the ground states. We know already

that the ground states are representations of the horizontal algebra, and are characterized

by a highest weight X. The ground state has then dim(rx) components, where r; indicates

the representation with highest weight X.

Take any component |u), where y is any weight in ry. By requiring positivity of the norm
of I~ |uu) we get now the condition 2% < k. This condition is most restrictive if we take p
equal to the highest weight of the ground state representation X, and 9 equal to the highest

root. In the canonical normalization we get then

<
>
VAN
o~

Just as for SU(2) the number of representations satisfying this condition is finite. The

following picture shows the allowed highest weights for the algebra Ay at various levels
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The negatively moded currents J2,, act on these ground states and create the full Kac-Moody
representation. Since they are in the adjoint representation of the horizontal algebra, they
also change the representation that one finds at higher excitation levels (the excitation level,
also called grade is defined as the conformal weight of a descendant minus that of the ground
state. It should not be confused with the level of the algebra). Naively the representation
content at the higher excitation levels can be obtained by selecting all combinations of
current modes that produce the desired excitation level, and tensoring the ground state
representation with the adjoint representation as many times as required. For example, one
might expect the first excited level to contain all representations in the tensor product r\®ry,
the latter being the adjoint representation. However, the norms of some of the representations
in the tensor product might be 0, just as was the case for Virasoro representations.

Zero-norm states are removed. Nothing in the previous arguments guarantees the absence
of negative norm states, which would make the representation non-unitary. The conditions
we have satisfied are necessary conditions for the absence of some potential negative norm
states, namely those occurring in certain SU(2) subalgebras. One way to show that the
representations are indeed unitary is to find an explicit realization of the symmetries in
some well-defined field theory.
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11.13. THE FRENKEL-KAC CONSTRUCTION

One such realization is the Frenkel-Kac construction [35].

This is a generalization of the level-1 construction which we gave for SU(2). It works for
any Lie-algebra whose roots have the same length, which is conveniently normalized to the
value 2. Such a Lie-algebra is called simply-laced, and the algebras enjoying this property
are A,, D, and Fg, F7 and Fg.

The generators of these algebras at level 1 can be written down explicitly in terms of r free
bosons, where r is the rank. One simply writes them as

E%(z) = el ® (2)

and

H'(2) = i0%(z) ,

and defines modes in the usual way. This yields the correct operator product for the SU(2)
sub-algebras associated to each of the roots (as one may check), and furthermore one gets

e ()P (w) = (2 — w)O"ﬂ(ai(o_z“Lg)'(I> (w)+ ...

Inner products between roots of simply laced algebras can be 2,1,0,—1 and —2. In the first
case @ = ﬁ, and in the last case @ = —ﬁ If a- B = —1 one ﬁnds that a + ﬁ is a root.
Precisely in that case the operator product has a pole, exactly as required by (11.1).

However, this is not quite the end of the story, because the coefficients ¢(&, E) can have signs.
Although many of these signs are merely a conventions, some are essential. To reproduce
them one has to introduce so-called co-cycle factors in the definition of the root generators,
whose commutators produce the correct signs. We will not discuss this further.

The Frenkel-Kac construction yields thus an explicit realization of level-1 simply laced alge-
bras in terms of free bosons. The lattice on which the momenta of these bosons are quantized
is the weight lattice of the simply-laced algebra, which is the dual of the root lattice.

11.14. THE WZW-MODEL

Realizations of the other theories can be obtained from the so-called Wess-Zumino-Witten
models. These are conformal field theories with a two-dimensional action

S = k[SWZ + Sw]
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The first term is due to Wess and Zumino [36], and has the form

Swz = — / P2 Tr 8ag(2)0%9(2) |
167

where ¢(z) is a map from the two-dimensional surface to a group manifold. In other words,
for every point z on the manifold, g(z) is some element of the group G under consideration.
Here G' can be any compact group belonging to a simple Lie algebra.

The second term was added by Witten [37], and has the bizarre form

1

S
W= our

/ Bye® Tr g~ (1)0ag ()9~ (1)939(1)9~ (1) Dr9 (1)

The strange feature is that the integral is over a three-dimensional surface. However the inte-
gral is a total derivative, and hence it can be written as a surface integral over the boundary
of the three-surface. The boundary of a three-surface is a two-dimensional manifold, for
which we take the one used in the first term, with the boundary condition g(y)|y=, = g(2).
The extra term is required to make the theory conformally invariant. Upon quantizing the
theory one finds that £ must be an integer for the integral to be consistent.

-1

The currents that generate the Kac-Moody algebra for this model are J(z) = dgg~" and

J(z) = g~ tog.
11.15. MODULAR TRANSFORMATION PROPERTIES

Virasoro characters for representations of Kac-Moody algebras can be defined in the usual
way. It is however useful to define a more general quantity, namely

20k (, 9‘3 = Try,, 2miT(Lo—c/24) e2ni§-ﬁ0 ‘

Here the trace is over all states in the representation with highest weight A\ and level k. If
we put the variables #* to zero this reduces to the Virasoro character.

A general formula for the characters and their transformation properties was given by Kac
and Peterson [38]. The result is

Xy k(T +1, 0_) = eQTri(h*’k_c’“/24)X>\,k(T, 0_> , (11.8)

with h and c as defined earlier, and

—

—ik§>

1 0
X)\k(_; ; = e 47 ZSA)\’XX T, )
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A very important feature is that different levels do not mix under modular transformations.
This could have been expected on the basis of the WZW-model (which has a definite level
and can be defined on the torus).

Formulas for the matrix elements of S can be found in the literature. Many important results
on Kac-Moody algebras are due to V. Kagc, in collaboration with various other authors. These
results are collected in a book [39], but this is not easily accessible. The formulas for S can
be found for example in [40] or [§].

11.16. MODULAR INVARIANT PARTITION FUNCTIONS FOR SU(2)

An as yet unsolved problem is that of finding all modular invariant partition functions for
all WZW-models. That is, one wants to find all non-negative integer matrices M) ) that
commute with S and T (the latter is implicitly defined in (11.8)) and with My = 1, so that
the vacuum is unique.

The only horizontal algebras for which this problem has been solved are SU(2) and SU(3).
For SU(2) the solutions are divided into three types called A, D and E:

A : These are simply the diagonal invariants, which exist at any level, and for any algebra.

D : They occur at all even levels. If the level is a multiple of 4, they imply and extension
of the chiral algebra. For the other even levels they correspond to automorphisms of
the fusion rules.

E : They occur for level 10, 16 and 28.

The notation is chosen because the solutions resemble the classification of the simply-laced
Lie-algebras. The resemblance is more precise than suggested here, but so far there is no
deep understanding of the mathematical structure (if any) behind this observation.

The A and D invariants are explicitly

k
Pk
1=0

k/4—1
3" [ X + Ko ® + 2/ X0 (k=0 mod 4)
m=0
k k
SR+ Y A, (k=2mod 4)
l=0,even 1=0,0dd

This is called the ADE-classification of the SU(2) modular invariants. It was obtained and
shown to be complete by Cappelli, Itzykson and Zuber [41].
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11.17. FUSION RULES AND SIMPLE CURRENTS

The fusion rules can be derived using Verlinde’s formula. There is also a more direct approach
which is a modified version of the tensor product rules of the horizontal Lie algebra.

Such a tensor product has the general form

l
Ti®7“j=ZMij T,

where Mijl gives the multiplicity of the representation r; in the tensor product of r; and r;.
For example, in SU(3) one has the rule

(8)® (8) = (1) + (10) + (10) + 2(8) + (27)

Here representations are indicated by their dimension, and the bar indicates the complex
conjugate. The coefficients Mijl are somewhat reminiscent of the fusion rule coefficients.
Indeed, it is true that Nj;' < M,;!, with equality in limit of infinite level (for fixed i, j
and k). For example, these are the results for SU(3) at various level, with [n] indicating a
Kac-Moody representations whose ground state is the Lie-algebra representation (n):

k=2: [8]x[8] =[1]+[8]
k=3: [8] x[8] = [1]+[10] + [10] + 2[8]
k=4: [8] x[8 =[1]+ [10] + [10] + 2[8] + [27] .

For higher levels the result is as for £ = 4. For £ = 1 the ground state [8] does not exist.
One method for finding these results starts with the group theory tensor products, to which
certain level-dependent projections are applied.

Most Kac-Moody algebras have simple currents. They are the representations whose ground
state highest weight is k£ times a so-called co-minimal fundamental weights. The only excep-

tion is Eg level 2, which has a simple currents even though it has no fundamental weights at
all.

For SU(2) the simple current is the representation with j = k. For SU(N) they are all N
representations with Dynkin labels (0,...,0,%,0,...,0), etc.
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11.18. MODULAR INVARIANT PARTITION FUNCTIONS FOR OTHER KAC-MOODY ALGE-
BRAS

No complete classification exists, although it seems plausible that at least for simple horizon-
tal algebras the present list of solutions is close to complete. The majority of the invariants
on that list are simple current invariants. For example for SU(2) all D-type invariants are
simple current invariants. Only the three exceptional invariants remain mysterious. This is
also the pattern one observes for other algebras.

11.19. COSET CONFORMAL FIELD THEORIES

A huge class of rational conformal field theories can be obtained with the coset construction
[42]. Consider a Kac-Moody algebra G and another Kac-Moody algebra H. Suppose the
horizontal sub-algebra of H can be embedded in that of G, Then one can associate a con-
formal field theory with any such pair G and H. For simplicity we will assume that both
horizontal algebras are simple.

The embedding implies that one can write the currents of H in terms of those of G:
Th(2) =Y MiJ&(2)
a
Substituting this into the operator product (11.1) one finds

) . kMz Mj 5ab ZM@ Mj fabc
Tiale) Hy ) = “Z b + e )

The fact that we have an embedding in the horizontal algebra implies that in the last term
the identity MZM] fa¢ = flM! can be used to get f“'J!(w), and that in the first term
MZlMg 6%  §%. However, in general there is a proportionality coefficient, which is called
the Dynkin index of the embedding. This index, which we denote I(G, H) is an integer. We
find thus the following relation for the level of G and H:

ki = 1(G, H)kg

If H is not simple, one simply attaches a label to H to indicate the simple factors; if G is
not simple one does the same, and includes on the right-hand side a sum over the G-labels.

The energy-momentum tensor of the coset conformal field theory is Tg(z) — TH(2), where
Te and Ty are the Sugawara tensors for G and H, each at the appropriate level.
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The currents of H are spin-1 conformal fields with respect to Tg; on the other hand, they
are linear combinations of currents of Tz, and hence they are also spin-1 conformal fields
with respect to Tg. But that implies that the operator product of Tg(2) — Ty (z) with J}'{
is non-singular, since the singularities cancel. Furthermore, since the Sugawara tensor Ty
is constructed completely out of the currents of H, it follows that the operator product
(Tg(2) — Ty (2)) Ty (w) is non-singular, or in other words T (2)Ty(w) = Ty (2)Ty(w) up to
non-singular terms. The same is true for Ty (z)Tg(w). Hence we get

(Ta(2) = Tu(2))(Te(w) — Ta(w)) = Ta(2)Te(w) — T (2)Ta(w)
To(w) = Tu(w) | Ouw(Te(w) = Tr(w))

CG — CH
(2= w)? c—w?

- (z—w)‘l—i_2

This tells us that Tg — Ty is a Virasoro generator with central charge cg — cy that is
“orthogonal” to T in the sense that their operator product is non-singular. Hence the
original energy-momentum tensor 7 has been decomposed into two orthogonal pieces

I =Tg/g +TH ,

with TG/H =T¢ —Ty.

Given such a decomposition, any representation of G can be decomposed in terms of H
representations,

V(dg) =Y @®x,Va(Ar) ® Voyr(Aa, M) -

Here \p labels all representations of the Kac-Moody algebra H, and V() denotes a rep-
resentation space. Each single state in the G representation is a product of some state
in an H-representation times a state in a G/H representation. In this way we define the
representation spaces for the coset theory. Note that Tg /gy = Tg — Ty realizes a unitary
representation on this space. This follows from unitarity of the modes of T and Ty (in the
sense that LL = L_,) as well as the fact that the norm of states in G representations are
equal to products of norms of states in H and G/H representations. Hence the norms of the
latter cannot be negative.

Naively, we can explicitly construct the characters of the coset theory by decomposing any
GG representation systematically into H representations. This corresponds to the following
relation

Xy (T Z brS (1) Xy, (T) (11.9)

The functions bﬁi (7) are called the branching functions of the embedding. They are some-
times confused with the characters of the coset theory, but in general this is not correct. The
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relation (11.9) does not give sufficient information to compute the branching functions. To
compute them one has to take into account not only the dependence on 7 of the characters,
but use also the representation content with respect to the horizontal algebra.

11.20. THE MINIMAL DISCRETE SERIES AS A COSET THEORY

An interesting example is the series

SU(2)1 X SU(Z)k
SU(2)k+1

The central charge is
6

R s Yy

which corresponds precisely to the central charges of the minimal Virasoro models if we
make the identification m = k£ + 2. Since the minimal models are the only unitary theories
with these central charges (apart from non-diagonal modular invariants of these theories) the
coset theories must form an explicit realization of the minimal models. This is quite useful,
because we had not proved that the minimal models are actually unitary, we just had not
been able to rule them out.

Let us compute some of the branching functions. The representations of G are labelled by
two integers 0 < [y < 1 and 0 < ls < k, and those of H by one integer 0 < I3 < k + 1.
Let us consider /; = I3 = 0. The ground state of the G Kac-Moody representation is then
the Lie-algebra representation (0,0). It decomposes to (0) of H. The branching function
starts thus at hg — hg = 0. At the next excitation level we encounter the states (J2;)1 |0)
and (J%;)2 |0), generated from the vacuum by the currents of SU(2) x SU(2). There are six
states, and they transform in the representation (3) + (3) of H.

In the vacuum representation of H we will have also a set of states J?; |0), in the (3) of
SU(2). This removes one of the (3)’s we found. The other is not a singlet, and hence can
not contribute to the branching function bg’o. It must thus be interpreted as the first term
in a new branching function bg’o, where “2” denotes the representation (3) (in general the
dimension is (I + 1), since [ denotes twice the usual SU(2) spin). The leading conformal
weight in that branching function is

1 1

5i3(3l3+1)
04+0+1—-222° - =2
o (k+1)+2 27

where the first two terms are the ground state weight in GG, the third is the excitation level,
and the last is the contribution from the term —7Ty, with I3 = 2 and k£ = 1. This branching
function is seen to correspond to the h = % representation of the Ising model. There is no
contribution at the first excited level to bg’o. This agrees with the fact that L_; |0) = 0 on
the ground state.
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11.21. FIELD IDENTIFICATION

The complications with interpreting the branching functions as characters start becoming
clear as soon as one observes that for example the branching function b(l)’o is identically
zero, since the G-representation contains only integer spin representations of SU(2). Closely
related, but less obvious, is the fact that several branching functions are in fact identical.
Something like this had to happen, since the total number of branching functions one gets
for the coset SU(2); ® SU(2)1/SU(2)2 is 2 x 2 x 3 = 12. This exceeds the number of Ising
model representations by a factor of 4.

The solution is that only the following branching functions are non-vanishing, and that they
are identical in pairs:

by? = by’ h=0
1
pl0 — 301 h— -
1 1 16
1
p00 — L1 P
2 0 9

This phenomenon is called field identification [43,44].

In this case it is still true that the branching functions are equal to the characters. However,
in other cases it happens that the number of fields that is identified is not always the same.
In that case there are non-trivial problems [45]. The solution is beyond the scope of these
lectures, and partly beyond the scope of what is presently known. However, it is certainly
true that in these cases the characters are not simply equal to the branching functions. This
problem occurs frequently, for example in the cosets SU(2); ® SU(2);/SU(2)k4; whenever
k and [ are both even. For a more detailed discussion of this problem see [22] and [46].

11.22. OTHER COSET MODELS

It should be clear that the set of coset models is huge. Most of them have a central charge
larger than 1, and are example of rational conformal field theories with an extended algebra.
For example, it was shown that the series

SU(3)1 X SU(3)k
SU(3)k+1

has a chiral algebra with currents of spin 3, and forms the minimal series of the W3 algebra
(which will not be discussed here further).

The number of coset models is so large that it has even been suggested that in combination
with free bosonic theories and orbifolds and perhaps some other ideas it exhausts the set
of rational conformal field theories. Unfortunately this “conjecture” has never been made
sufficiently precise to disprove it. Any claims that rational conformal field theories have
in some — usually vague — sense been classified should be regarded with a great amount of
suspicion. In fact it is fairly clear that even rational conformal field theories with a single
primary field are essentially unclassifiable.
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12. Superconformal algebras

There is still another important class of extensions of the chiral algebra, namely by currents
of spin % Since these are half-integer spin currents, many of the remarks we made in
the section on fermionic currents are valid here as well. In particular there are two sectors,
Neveu-Schwarz and Ramond, and there may be square root branch cuts in operator products.

The name “superconformal” refers to the fact that a spin—% current can be put in a super-

multiplet together with the energy-momentum tensor. The currents of this algebra generate
the so-called superconformal transformations, a supersymmetric generalization of conformal
transformations. Indeed, one can describe the entire algebra in a manifestly supersymmetric
way, but we will write it in terms of components.

12.1. THE N =1 ALGEBRA

The simplest superconformal algebra is generated by a single spin-% current Tr(z) in addition
to the Virasoro generator. This is the N = 1 superconformal algebra. The complete set of
operator products is

%c 2 1
T(2)T(w) = =) + = w)2T(w) o w(?T(w)
3
T(EITr(w) = L Ti() + L oTe(w)
1, 1
Tr(2)Tr(w) = —2° _2 0T (w)

The first two operator products simply state that 7'(z) is the energy-momentum tensor and
Tr(z) a spin 2 conformal field.

Modes are defined as in section 7. The modes of the supercurrent are traditionally called
Gp. The algebra in terms of modes looks like this

[Lm, Ln] = (m — n)Lm+n + % 3
[Lma Gr] = (%m - T)Gm+r
{Gr,Gs} = 2L, 45 + %c(r2 — D)orts0

(m? — m)0m4n,0

In the last term we find an anti-commutator because the left-hand side of the corresponding
operator product is odd under the exchange z <+ w. This is also exactly like the free fermion.

The fermionic currents G can be half-integer-moded (Neveu-Schwarz) or integer moded (Ra-
mond). To emphasize this we have used indices r and s for this current. A new feature, in
comparison with the free fermion, is that it is now possible that a Ramond ground state is
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annihilated by Gy (because of the anti-commutator {bg, bg} = 1 this is impossible for the free
fermion). Because of the last relation, this implies immediately that h = 5 for such a state.
These states are often called chiral states. Furthermore any state which is not annihilated
by Go must have h > 57. Note that the latter ground states necessarily come in pairs of
opposite fermion number, related by G, whereas the ones annihilated by G¢ are unpaired.
This also implies that in superconformal theories the trace in the Ramond sector with (—1)
projection may be non-zero, unlike the free fermion case. In fact this trace clearly receives
contributions only from the chiral states with A — ¢/24 = 0, so that the corresponding terms
in the partition function are constants. This implies in particular that this contribution to
the partition function (which corresponds to the PP-sector) is modular invariant by itself.

In the Neveu-Schwarz sector one should note the relation
{G,,G_;} = 2L + %c(r2 — %)

Since 2 > % the left-hand side is positive or zero, with the latter value occurring only for
r= % and h = 0. If the left-hand side is positive we have

G|z} >0

for ground states. Hence the excitations have positive norm. There is a unique ground state
with the property G_; /9 |z) = 0, namely the vacuum (note that ground states in any case

satisfy Gy |[z) = 0,7 > 3).

The unitary representations of this algebra form a discrete series for 0 < ¢ < 3/2, whereas for
larger values of ¢ there are infinitely many representations, just as for the Virasoro algebra.
The c-values for this series are

8

3

=21l —- — =3.4....
¢ 2[ m<m+2>]’m '

The m = 3 value is ¢ = 7/10, and coincides with a member of the minimal Virasoro series.
Obviously superconformal representations are in particular representations of the Virasoro
algebra. The second member is on the ¢ = 1 boundary of the Virasoro representations.

A concrete realization of this series is given by the coset models

SU(2)s x SU(2);
SU@2)k+2
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12.2. THE N = 2 ALGEBRA

There are also superconformal models with extended supersymmetry [47]. The case of most
interest is N = 2, since it occurs in supersymmetric string theories. In these theories there
are two supercurrents. Note that just having two supercurrents is not yet enough, since
a tensor product of two N = 1 models would also have that property, and one would not
expect it to have extended supersymmetry. To get an N = 2 algebra the currents need to
satisfy a set of operator products. Furthermore it turns out that the algebra must contain
one additional current J of spin 1. This current generates a U(1) algebra.

The full algebra is, in terms of modes:

3

[Lin, Ly] = (m — n) Liptn + e m-— m)5m+n,0

12(
(L, Gy ] = (3m — 1) G
{G;’ G:} =2Lp45 — (T - S)Jr+s + %0(702 - %)5r+s,0
[Lm, Jn] = —nJmin
[Im, Jn] = %cm5m+n70

[Jm, GF] = £GF

m+r

This algebra also has a discrete series, with central charges

The first member of this series has ¢ = 1. It is also in the N = 1 series, and can be
realized as a circle compactification of a single free boson (with R?2 = 2N = 12). The central
charges turn out to be identical to those of the SU(2) Kac-Moody algebras, if one substitutes
m = k + 2. This is related to the fact that the minimal series can be obtained from the
following cosets

Ground states are characterized by a conformal weight h and a U(1) charge ¢. In addition
one can have chiral states both in the Neveu-Schwarz and in the Ramond sector. In the
Neveu-Schwarz they have the special property

Gil/z [¢) =0 or G:1/2 [¢) =0

and are called respectively chiral or anti-chiral states. Primary states satisfy the condition
G} |¢) = G; |¢) = 0 for r > 0. Chiral primary (or anti-chiral primary) states satisfy the
corresponding combination of these conditions.
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Using the algebra (as for N = 1 above) it is easy to deduce that for chiral primaries h = %q,
and for anti-chiral primaries h = —%q. The only state that is both chiral and anti-chiral
primary is thus the vacuum. Furthermore it can be shown that any other state in the theory
has h > %|q\, and that the conformal weights of chiral primaries satisfies h < ¢/6.

An interesting consequence of the relation between charges and conformal weights is that
within the set of chiral primary states conformal weights are “conserved” in operator products
just like charges. Consider the operator product of two chiral primary fields ¢; and ¢2
(ignoring anti-holomorphic components). Then

$1(2)p2(w) = (z — w)* M =P2p3(w) + less singular terms.

The charge of ¢3 is ¢; + g2, and therefore hs > %(ql +q2) = h1+hsg (note that chiral primaries
have positive charges). Hence the operator product is non-singular. Therefore we can define

B1xa(2) = lim 61(2)n(w)

This limit is zero if ¢3 is not a chiral primary state, and is equal to ¢3 if it is a chiral primary.
Hence this defines a closed operation on the chiral primary states. This is called the chiral
ring [45]. There is of course also an anti-chiral ring.

In the Ramond sector one defines chiral states as those which are annihilated by both GaL
and G . From the anti-commutator of these two operators one learns that those are precisely
the states with h — ¢/24 = 0.

An important property of N = 2 algebras is spectral flow. This means that there exists an
operator Uy that maps the entire algebra to an isomorphic one. It acts on the generators by
conjugation, and the mapping has the following effect

Up Lol = Ly, + 0.7 + ge%n,o
UpJnlhy ' = Jn + gefsn,o
UGy = G,

The interesting feature of this map is that it changes the mode of the supercurrent. Closer
inspection shows that for 6 = % it maps the Neveu-Schwarz moded algebra to the Ramond
moded algebra. It is not difficult to show that chiral primary states are mapped to the
chiral Ramond grounds states, while the latter are mapped to the anti-chiral states by the
same map. This shows in particular that there is a one-to-one correspondence between chiral
Ramond ground states and (anti)-chiral states in the Neveu-Schwarz sector. In string theory
this is related to space-time supersymmetry, as the Neveu-Schwarz sector yields space-time
bosons and the Ramond sector space-time fermions; one of the conditions for having space-

time supersymmetry is N = 2 supersymmetry in two dimensions.
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