Lecture 4: Quantum field theory
for fermions, quantized
electromagnetic field and gauge
fixing
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Fermi-Dirac statistics
(See Chapter 6, Secs 6.3.1)
Fermi-Dirac statistics: Since fermions must obey fermi-Dirac statistics and hence the Pauli exclusion

principle we need to build states that are antisymmetric under pairwise particle exchange, c.f., symmetric
states under pairwise exchange for bosons.

Toy example: Consider a system with only NV possible basis states and a single fermion species. We can
put at most one such fermion in each basis state. Denote the annihilation and creation operators for the

single-fermion basis state | bl-) as l;l- and l;j respectively with the necessary properties
bI10) = |b), bllby=0, bj|b)=10), b0)=0,
which we can summarize in terms of the i"'basis state occupation number n, = 0,1 as
l;;flni)=(1—ni)|nl-+1), b.|n) =n|n —1)
So if the state | bi) Is unoccupied then lAaj creates a fermion in that state and l;l- acting on the state gives
zero, whereas if | bl-) IS occupied then l;j acting on the state gives zero and l;i annihilates a fermion
from that state. We also note that Ni = l;jl;l is the number operator for the i™ basis state and that
{];iv l;j} ;) = (l;zj;:-r + [;j];i) | ;) = | my), since
N;|n) = l;jl;ilni) = nilgjlni— 1) =n[l —(n,— D]|n) =n;|n),

bib |n) = (1 —nb;|n;+ 1) = (1 —n)(m;+ D | n) = (1 = n) | my),

{l;l-, lA?ZL} |n) = [+ (1 —n)l|n) = |n;).

Define now l;jl;j l;j |0) = |b; b, ---b; ), which vanishes if any two b; are the same. We require the
1 2 n n

state to be antisymmetric and so the pairwise exchange of two different b; must also give a minus sign.
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Fock space for Dirac fermions
(See Chapter 6, Secs 6.3.1 and 6.3.4)

This means that we must have l;jlgj = — lSij — {l;j, 13;} =0 ifi#].
For consistency we also then require that {lAal-, l;j} = {l;i, l;j} = 0 fori # j. So we have arrived at the
anticommutation relations for fermlon annlhllatlon and creation operators for our toy model,

(byb7} =6&; and ({b,b;} ={b],b} =
We will generalize these results when constructlng our quantum field theory for Dirac fermions. The set of
all possible states [;ZI;Z;[;:; |0) = |b; b, ---b; ) then form a basis of fermion the Fock space and every

state in the Fock space is some linear combination of these basis states. Obviously the system can never
contain more than N fermions, since there is are only /NV orthogonal single-fermion states available.

Fock space for fermions and anti fermions: Denote the annihilation and creation operators as l;j and
13; for fermions and c?] and cij for antifermions respectively. Let ij - IAQJTIA?] and Ndj . c?jc?] be the number

operators measuring the number of fermions and antifermions respectively in the state j with energy E]
Then the normal ordered Hamlltonlan for free particles must have the form
Z, E(Ny; + Ny) = Z E(bib;+ d!d),
whAere the ainhllatlon operators annlhllate the vacuum so that an empty state has no energy,
b;10) =d.|0) =0
This is analogous to the discussion of the charged scalar field. The anticommutation relations are

(b, 13?} = {d, C?T} =3;, {byb}=1{bl, 13?} ={d,d} = {c?j,c?;f} =0
{b,d} ={bl,d} = {bl,d*} = {0, dT} =
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Dirac Hamiltonian
(See Chapter 6, Sec 6.3.4)

Fock space for Dirac fermions: For Dirac fermions the single particle basis states are the plane wave
solutions of the Dirac equation, which are the normal modes of the Dirac fermion system. This

corresponds to j — (s, p), where s = +(1/2) is the spin state and p is the three-momentum of the
state. For a theory of free relativistic fermions there must be a corresponding normal-ordered
Hamiltonian operator such that

H= [(d®p/2n)%) D (12) E,(b3'bs + dids) = [(dpl(2n)) 212 Ey(Npyps + Nygpo)
with £, = (p? + m?)'? > 0 and where the anticommutation relations are
(by, b3} = {dy, &2}y = 6% 2)°6°(p — ).
1S IS’V — FIST STy — 1 a5 a8\ — 1.5 a8t —
By, by} = ABy BT} = {dy, dy} = (dy, &) =0,
15 38V — (ST 38V — (LS a8ty — LSt g8ty —
By, dy) = (B, dy} = (B, &1y = (B df) = 0.

We not that the total energy is the sum of the energies of the fermions and the antifermions.

We define the one-fermion and one-antifermion states created by l;if and c?ff respectively as

. — ST 7. — ST
|fapas>=\/2prp |O> and |fap9S>=\/2Epdp |O>’

where the normalization is chosen such that the bra-kets of such states are Lorentz invariant. We find

(P, sIfip's) = (fipsIfips) = 2E,6% 2n)°6°(p — p).,

(fip.slfipshy =(fip.s|fip.s)=0.

The results immediately follow from the anti commutation relations.
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Dirac field operators
(See Chapter 6, Secs 6.3.1 and 6.3.4)

We know that u*(p)e 7 and v*(p)e'’™ are the plane wave solutions (normal modes) of the Dirac
equation (i d — m)u’(p)e P = (i1d — m)v’(p)e””* = 0 . We define the Schrédinger-picture operators

A [ d3p (Ao o ipxX ;| Jsto.s —ip-x
w(x) = 20 (1/ \/ 2E, ) 2ei) Dyt (p)e Pt dyvi(p)e”? ] ’
- 3

d’p A . A .
ST, 8T —Iip-X A ip-x

s 2E0) T B3 () 4 ' (e ] ]

where the spinor index a = 1,2,3,4 is suppressed for brevity on u’(p), v’(p), ¥ and its hermitian

conjugate l/A/T. These definitions and the anti commutation relations lead to

H=H[b',d",b,d] = [d*xF#(b,d",b,d) = [d*x y(x)(—iy-V+m)jr(x):

= [(@p/Qr) Y E, :(by'by—dydy)): = [(d°pl(2n)’) Y, E,(byby+dydy),
where fermion normal ordering brings a -ve sign. We identify the normal-ordered Hamiltonian density as
A = wX)(—iy-V+mw(x): .
It also follows that we then have
(0,01} = 8,56°(x=y)  and {0, ¥} = (LX), ¥y} =0,
which are the canonical anticommutation relations for the fermion field.
The Heisenberg picture operators are then (choosing #, = 0O for convenience)

(0 = e (x)e il = J(d3p/(2ﬂ)3)(l/ 2E,) Y [E;MS(p)e—W + j;TvS(p)eiP'XI,

P (x) =

() = ey (x)e i =J(d3p/(27r)3)(1/ 2E,) Y [iaf,ms“f(p)eip'uci;vs‘f(p)e—ip'XI |
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Canonical quantization of the Dirac field
(See Chapter 6, Secs 6.3.6)

Simple canonical quantization argument: Consider the Dirac action
Sl = [diL = [d*x % = [ d*x w(x)(i 6 — my(x)
where y(x) is a four-component column vector with components y (x) € C, where w'(x) is the complex

conjugate row vector with components y*(x), and where i/ (x) = ' (x)y" is the Dirac adjoint spinor.
Similarly to the complex scalar field case, we can then express Hamilton's principle for the Dirac action as

oStwyl _ oStwyl _

SX)  Sy()
which leads to the recovery of the Dirac equation as the equations of motion,

(_
(0 —myx)=px)(—id —m)=0.
The canonical momentum densities conjugate to y;, and y,, are respectively,
7 (x)=6L/8r (x) = 0L | ovr (x) =iy | (x) =i (x)yY),,, 7, (x)=6L/6 (x)=0L /0y (x)=0.
We see that we have a problem since 7 = 0 means that we have a singular system and we should use
the Dirac-Bergmann algorithm at this point. But let us press on anyway and form the Hamiltonian

H= [d’x 2 L, + w i, — L= [dx [ 2 G, + W, 7,) — L]
= [ x [igy 0gy — w(id — myy] = [d*x pl—iy - V+mly = [dx T .

We define in the usual way 7, = 0/0(0,yw,) = i(wy"), and 7, =0ZL/000p,) =0.
Spacetime translational invariance leads to the conserved stress-energy tensor
", =" dw+ 7oy = iwy*oy where 0,19, =0.
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Canonical quantization of the Dirac field
(See Chapter 6, Secs 6.3.6)

The four conserved charges are the ﬁ”, where we find that
P"=(H,P) = fd3x TV = Jd3x ipyo'y = Jd3x ' 0y .
Since (i d — m)y = 0 on-shell then we can write the on-shell Hamiltonian as
H= fd3x iyl oy = Id?’x ' (—ia-V + pmy = Id3x wl—1y-V + mly
The total conserved three-momentum is given by
P = Jd3x W (—iVy .
The Dirac action is Lorentz invariant by construction and we have a conserved angular momentum tensor
M7 = [dx | (370 = x°T%) + 7,(Z0) "y + 7(Z0p) "

= [Px[(»iy 0w — x%iy 0Py) + iy (e )
= [d’x iy’ (xpaa—x00p+fmCl4[}’p, }’0]) y =[xy (Xpiag_xoiap+zpll)€rac> v,

where (2/° = Zg;ac = %apa = %[yp, y?] . The angular momentum is conserved and is given by
J =W M3, M"P?) = fd3x ' (X X (—iV) + S) W = fd?’x ' (X X (—iV) +% <g O)) s
o

Applying Dirac correspondence principle at this point leads to the wrong outcome

(%), Vi) = 6,56°(x =) and [, (%), Fp¥)] = [0, ()] = 0.
The simplest thing to do is to simply replace the commutators with anticommutators because we are
dealing with fermions and then hope everything works out OK, which it does.
More careful canonical argument: The above cavalier argument leads to the right outcome! It is not
possible to give details here (see Sec 6.3.6). In brief, if we use the full Dirac-Bergmann algorithm and
introduce anticommuting (Grassmann) classical fermion fields we correctly arrive at these same results
and all symmetries, Noether currents and the Poincare Lie algebra are preserved.
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Quantum field theory for Dirac fermions
(See Chapter 6, Sec 6.3.7)

With the previous arguments we have arrived at the normal-ordered four-momentum and angular
momentum tensor

p,u — Id?) . .At(x)a,uvf\j(x). A,m/ — Jd3 . "\'t' (x,uay . xva/,t + %[y,u’ }/D]> l/A/
where for example P* = (H,P) = I(d /(2%)3)2 p”(bﬁbf, + cigc?;) .

The Dirac action S[y, y/] is invariant under global phase transformations since if y(x) — ei“l//(x) then
w(x) = e “w(x) and so S[y, W] — S|y, w] . The corresponding Noether current can be written as

= = X[ @p0mh(x) + P07 = = X () (=ilwr*]p) = gy
where we have chosen the conventional sign for the current. The normal-ordered current density operator
WI|| also be conserved since it differs by a constant and so

JOO) =P Orpx): with 0,/ =0.
TheAcorresponcAllng conserved charge operator IS A o X X X
0= [d% ') = [d*x @ p): = [(dplQay) Y (bib —d5dy) = N, — N, =N,

which is the fermion number operator minus the antifermion number operator.

We can prove (as expected) that the Pomcare Lie algebra survives in the quantum field theory
[P, P] = [P, MP7] = i(g"7 P — g PP),
(VP MP°] = i(g”p MHO — ghP NJYO — gV P 4 gho IVP) '
The conserved charge operators P# and M** are the generators of a unitary representation of the
translations and Lorentz transformations respectively, U(a) — ¢iP¢ ang U(A) = o~ ({Dw, 1"
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Fermion propagator and Grassmann algebra
(See Chapter 6, Secs 6.3.2 and 6.3.7)

Feynman fermion propagator: The fermion propagator (or Green'’s function) satisfies by definition
(i 0y = M)Sp(y = x) = i8*(y = x)
and the solution to this with the correct Feynman boundary conditions is

- 5 (00 _ [ _rm) ey [P ~ip-(x—)
Sp(x —y) =0 Ty )y (»N]|0) = J(znyl it et = [(27[)4 Sp(p)e -

Grassmann algebra: It is not possible to discuss this topic in detail but the generators, a;, of a
Grassmann algebra anticommute {a;, aj} = (. They can be thought of as anticommuting c-numbers.

They arise because the allow a representation of fermion Fock space, i.e., we can identify a; with an
occupied fermion state i. So we can represent |bi1bi2’ : .bl-n) with the Grassmann product a; a; ...q; .

ll’l
Note that even Grassmann elements commute with everything, e.g., (al-aj)ak = ak(aiaj).

The rules of Grassmann algebra allow a representation of actions in fermion Fock space (see Sec. 6.3.2

for details). The (left) Grassmann derivative satisfies
0 0 d 0 0 0

—1=0, —a;,=6;,, —a=—-a—ifi#¥j, ——=———
oa; da; ’ 77 oa; ! / 0a, 7 da; da; oa; da,

and the definition of Grassmann integration is
Jda;1=0, |daja;=—|ada; =5, {ai,daj} = {dal-,a’aj} =0,

which has similarities with Grassmann differentiation.
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Fermion generating functional
(See Chapter 6, Secs 6.3.8)

Fermion spectral function: The spectral function for fermions can be expressed in terms of a Grassman
functional integral over both the Grassman-valued field y and the Grassmann-valued field . The fermion

action S[y, y/] is an even Grassman element and so commutes with everything. The spectral function can
be shown to be

F(t'= 1) = [DpDyeW . where  SLiyl = [\dt]d>x prx)(id — m(x) .

We can generalize this by adding source terms #(x) and #(x) which are also Grassmann-valued and so
anticommuting.

F(e”, ¢y = w{O™(t", 1)} = [ DDy 7wl where
SI. v 1.1 = ST yl+ [d*x [y + o] = [ d*x [Z + iy + ] .

Fermion generating functional: Defining the generating functional in the usual way we have

tr | To=i 1Ly d*x (=i
_ . F™T,-T) w{O™T,-T)}
Z[ij,n] = Lim lim lim -
T-oo(1—ie) F(T,—T) T—>oo(1 i€) tr{ U(T T)} T—>oo(l—i€) tr [Te—iET d‘bc%]

B . <O | Te’fT d*x [+ | ()> I@l’—”@weiﬂy_fﬂ/jﬁ,n]
= Ilim —  lim
T—oco(1—i€) <O | O> T—oo(1—i€) J@l/j@wehg[w W]

For a free fermion field we can write S[y, | = Ja’4x d*y (x) [(z 0 — m)6*(x — y)] w(y) and perform

the fermion functional integral exactly to arrive at
J Dy Dy e+ d*x [y )+ n(x)]

J@l/_/@l//eis[ll_fﬂlf]

= exp {— Id4x a’4y 7(xX)Sp(x — y)’?(y)} :

Zln,n] =
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Fermion generating functional
(See Chapter 6, Secs 6.3.8)

Using these results we arrive at

s 5’ _ Dy Dy y () (x)e 7V
OTgw(y)[0) = — Zli1,m] = J - — = Sp(x — ),
on(x)on(y) - | D Dy eiStiw]
=n=
which recovers the earlier result that (O | 70 (x)y(y) | 0) = Sz(x — y) . The general result is
A A 2 2 . . 5m+n _
O] Ty(xp).. e )w(yy)...p(y,,)0) = (=)™" Zlit, n]

57j(x1) ST ()SN(y1)- -S1(y) o
= Opnp,.. k€7 mSp(X] — ykl)SF(XZ — yk2)° - Sp(, — Ykm) :
where the factor ¢X++%m antisymmetrizes the product or propagators appropriately under pairwise particle

exchange as it should. Thus the fermion version of Wick’s theorem includes the eh--kn_For further detail
see Sec 6.3.8.

This brings us to the end of our quick survey of the quantum field theory of Dirac fermions.
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Canonical quantization of the electromagnetic field
(See Chapter 6, Secs 6.4.1)

Canonical quantization of the electromagnetic field: A careful construction of the Hamiltonian
formulation of electromagnetism as carried out in Chapter 3, Sec. 3.3.2. This was necessary because as
we observed earlier electromagnetism is a singular system. Using the Coulomb gauge the construction of
the relevant Dirac brackets was made and two constraints emerged that reduced the four degrees of

freedom in A* to the two degrees of freedom of the electromagnetic field. It was shown that the
appropriate canonical quantization relations are then

[E @), (9] jomyo = [A1x), A(¥)]ocyo = 0, and  [A(y), E'(0)]omyo = — iSF(X — y),
where the transverse delta function is defined as

SE(x — y) = J[d3k/(27z)3]elk (x- w[ — kf/kz)]

The Hamiltonian operator for the system is
A= [d [l(ﬁlz + B2 — (V- B9, — JA]

where the term containing V - E —jO =V-E- p vanishes when acting on states in the physical
subspace, i.e., the physical subspace is the null space of the operator V - E —jo and of the Coulomb
gauge operator V - A. This ensures that Coulomb’s law and the gauge fixing conditions are always

satisfied, V- E =p and V - A = 0. We can explicitly verify that this canonical quantization
reproduces Maxwell’'s equations at the operator level as it should,

A\

Faraday's law: V X E=-B , Gauss' magnetismlaw: V-B =0,

Gauss' law: V - E = P, Ampere's law: V X B — Jj= E
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Canonical quantization of the electromagnetic field
(See Chapter 6, Secs 6.4.1)

Fock space for photons: Since photons are bosons the commutation relations for the annihilation and
creation operators are

[dp.a ]l =@, 1=0  and  [aa."] = (2r)6" 5k —K'),

where A = 1,2 label the polarization state of the photon state.

The normal-ordered Hamiltonian and number operators are then

A d3k ) A+ A 2 A 2 $
H= J oy 2 a)kafaf( = Jd3k 2 o Ny = Jd3k 2 BNy

N =——a"at and N= Jd3k > N

Here w, = E, = V/K* is the energy of a photon with three-momentum k and polarization A = 1,2 and
Nﬁ is the corresponding occupation number density. The operator /N measures the total number of
photons. Since dfj |0) = 0, the free vacuum state | Q) has zero energy and zero photons. For a free

electromagnetic field take A® = 0 since in Coulomb gauge Gauss’ law leads to
0 1 p(t,x) 3,
O(x) = A%x) = d’x’.
dr ) |x—Xx'|
The polarization three-vectors are orthogonal to k and orthonormal to each other,
elk,1)- k=0 and e(k,A) - e(k,A") =0, .

A

Since satisfying V - A = 0 we can write expand the field operator in terms of the plane wave states
(normal modes) as

AX) = [(@k1Q)®) (1 20) X7 _ ek, )(@he™™ + af e %)
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Quantization of the electromagnetic field
(See Chapter 6, Secs 6.4.1 and 6.4.3)

Normal-oArdered Hamiltonian: The result is that everything is consistent and we verify that the normal-
ordered H is
H= [d :70)A, - Z: = [dx < K+ B = [[d°k/Q2n))w, Y, aiia .
In Coulomb gauge in the quantization inertial frame for a free photon AO(x) = (0 and so we can write
Arx) = [(@k1Qry) (14 20) X-_, (€9(k, Dafe ™™ + ek, )*af ™)
where we have defined
e'(k,2) = (0,e(k,4)) for A=12.

We can write A = 1,2 or A = % 1 for the linear polarization and helicity bases respectively.

Functional integral for photons: This is discussed in detail in Secs. 6.4.3 and 6.4.4 but is too lengthy to
try and summarize here. It is complicated by the need to restrict the physical space with the two
constraints of Coulomb’s law and Coulomb gauge. It is possible to generalize the argument to other
gauges including especially covariant gauges that we will soon discuss. Covariant gauges maintain
manifest Lorentz covariance during all stages of calculations and so are very convenient.

Arbitrary covariant gauge: It can be shown that we can quantize in an arbitary covariant gauge using
for the spectral function with a source

FI(t", 1) = [DAL,iogic EXPII{SAA] = [d*xj,A*}],  where

SJA] = [d*x { — (1/4)F, F* — (1/2£)(9,A%)*} .
We refer to the arbitrary real £ as the R ¢ gauge parameter, where & = 1 is called Feynman gauge and

& = 1 is called Landau gauge.
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Quantization of the electromagnetic field
(See Chapter 6, Secs 6.4.4)

Photon generating functional: We define the generating functional in the usual way as

' l (T 4x ;T AHM
' FJ(T T) - tI'{ UJ(T T)} : f@Aperlodlc {Sé[A] o g AT
Z[j]l= Iim lim lim

T— oo(1—i€) F(T T) T—>oo(1 i€) tr{U(T T)} T—>oo(1—i€) J@Aperlodlc ng[A]
For the free photon case we can write the action in a quadratic form
\ 1 1
Se[A] = [d*x {-5(9,A,0¢AY - 0,A,0"A¥) — 2—5(0#14#)2}

[d'x dy 6*(x = y)2{—=05A,(0HAX() + 04A, (A, () — L04A,()05A,(7)

= [d*xd'y 7A,(0)[ (8" 03 ~[1-31040)5*=D)] A, () = [d*x dly 3A,DK™(x, 1)A,0).
We can then perform the resulting Gau33|an functional integrals to give
Z[j] = exp {—% Jd4x d4yjﬂ(x)D,’§”(x — y)jy(y)} ,  Where

d*k I ) Tt eV e P o
e (0o ) = [ e,

D¥(x —y) EJ

where Dg” (x — y) is the covariant Feynman propagator for the photon. We see that
lef”(x —v) = i(K~HY"(x, y) since
1 : : :
{gMo:—[1- E]a’@”} Dp,,(x —y) = 15”p54(x -y), which gives

Jd*y K, )Dp, (v = 2) = i8,6%(x — 2).
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Quantization of the electromagnetic field
(See Chapter 6, Secs 6.4.5)

(l)k 5k

periodic

( R R > ‘ I@A AM(xp)---AM(x) o SelAl
Q| TAM () AP (x) | Q) = — ; Z[j]| = lim
1 ‘ 0y, (X1)++-0J,, (%) j=0 T—oco(1—ic) [2AF piSA]

perlodlc

We then recover as expected
2

A A . 0 .
DY (x =) = (QUTAM (1) A | @) = (P 7] ‘
7,(X)0],(y)
As for the free scalar field case taking k derivatives vanishes unless k is even and gives the sum of every
pairwise contraction of the K Xj pairs in the product of k/2 photon propagators as it should for bosons.

Covariant canonical quantization: This is discussed in detail in Sec. 6.4.5 and is referred to as the
Gupta-Bleuler formalism. It uses Feynman gauge and also attempts to impose the covariant Lorenz

gauge-fixing condition OMA“ = ( to make the approach work. However we immediately have a conflict

with the required canonical commutation relations for bosons. The Gupta-Bleuler approach imposes the
weaker Lorenz gauge condition on the physical subspace that

A(+)(x) |P)=0 and (V| a”fift_)(x) forall  |W) € Vppys
where Aﬂ - Aﬁ) + Aft ) with Aﬁ) and A/(;) corresponding to the annihilation (positive frequency)
and creation (negative frequency) parts of AM respectively. The procedure is successful and leads t
(O] TA* (A" ()| 0) = = g*Dplx = y) = Dy(x = y),
which is the Feynman gauge propagator.
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