Lecture 3: Harmonic oscillator,
normal modes, quantised free
scalar field, Poincareé invariance,
Fock space, functional integral,
generating functional
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Quantization of normal modes
(See Chapter 6, Secs 6.1.1-6.1.2)

Normal modes: The derivation of normal modes for small oscillations around a static stable equilibrium
for a classical systems was discussed in Chapter 2, Sec. 2.3. We denote the normal modes as {(7),

where { = ({}, ..., {y) for a system with degrees N of freedom. The effective Lagrangian and effective
Hamiltonian are

2 2%D 252 2, 252
L=3) 5(§-i7) . H=Z) 5(x 40 =T 5(F+0/0)
The normal mode conjugate momenta are 7; = 6L/0C = C and the normal modes satisfy the harmonic

j
oscillator equations of motion, C + w: CJ 0 . Any small oscillation around this stable equilibrium can be

expressed as a linear superposition of the normal modes.

Quantization of normal modes: In Dirac’s canonical quantization program the fundamental Poisson
brackets become

60,601 = [0, 7D =0 and  [E0), &(D)] = ihdy,

We have the normal mode Hamiltonian in quantum mechanics

A

_ VvV 1(x2 222
H = ZJ | 2( + 07 ¢ >
where (:, TT; and w; are the normal mode Hermitian coordinate operator, the Hermitian conjugate

momentum operator and the angular frequency of the i normal mode respectively. An example of such

quantized normal modes are the phonons of a crystalline solid, which arise from the quantized normal
modes of the small oscillations of the ionic lattice of the crystal.
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Quantization of normal modes
(See Chapter 6, Secs 6.1.1-6.1.2)

Define the annihilation and creation operators as

N LN P g ai= et
CZJ-: % CJ-I_;]T[] an Clj — % Z:]_;]]TJ
Then we have [d; ak] = [aj, AT] = and [A- AT] = 0y and

=3 ha)(aa?‘—g)=2j ha)(am+ =X hoN;+3).

- ATA V. — NT — _

Nj a;a;, where N] = Nj and [N J-,Nk] = [H,Nj] =0
[N aT] = ]kaT and [N, aq ] =—oua;,

where His the quantum Hamlltonlan N is the total number operator and N is the number operator for

the] normal mode. Define the number eigenstates (the occupancy number basis) as
|n) = |ny,ny, -++,ny)  where lefi) = njlr_i) with n,=0,1,2,...,
which satisfies

Ality = T hay (Nj+3)17) = B hay (43 ) 17) = B@)|7) = By + T nha)

where E, = N —ha) is referred to as the zero-point energy.
0 =12

It follows that

ATl >— °’nj+1’"°>’ Ciy = nj+1
A with
ajl...,nj,...> =Cj_|...,nj— 1,---> for n]Z 1 Cj—z\/ﬁj

So we see that
A]T and a create and annihilate respectively a quasiparticle in the] normal mode.
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Quantization of normal modes
(See Chapter 6, Secs 6.1.1-6.1.2)

So we see that we can form any occupation number basis state using

(7)Y = |ny,ny, ..., 0yn) = Hj]il((&;)”f/\/a) 10) .

Observation: It seems reasonable to contemplate the possibility that what we think of as the classical
vacuum is some stable equilibrium of a larger underlying theory, where what we think of as free particles

are the quasiparticles of an effective free quantum theory built on that vacuum. Interactions are analogous
to deviations from purely quadratic behavior.

Use of natural units: From this point on we will be using natural units, h =c =k =1, where kis

Boltzmann’s constant. We may occasionally explicitly restore these constants when it is important to

motivate a discussion. These quantities can always be restored from expressions in natural units using
dimensional arguments.

Free quantized scalar field: A scalar particle is a boson (i.e., a particle that satisfies Bose-Einstein
statistics) with zero spin. The quantized normal modes of the relativistic classical scalar field are the
scalar particles of quantum field theory.
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Free scalar field
(See Chapter 6, Secs 6.2.1)

Recall the Lagrangian density of a free classical real scalar field,
L = 20,0)* — 3m*p* = 20yp* — (Y $)* — m*¢?
As we saw the corresponding Euler-Lagrange equation of motion is the Klein-Gordon
equation given in \Eq{Eq:KG_eqgn_class},
(0,0" + m*)p(x) = (95 — V> + m>)p(x) = 0
Were it not for the Vng(x) term these equations of motion would correspond to having one harmonic

oscillator at each spatial point X. So this system correspond to an infinite number of
coupled harmonic oscillators. We also recall the Hamiltonian denS|ty from earlier,

H = 1) + 5 V2P@) +omPp(x)  with  7(x) = =2—(x) = ()

0(504?)

According to Dirac's canonical quantization procedure we should use the Correspondence Principle we
should use the fundamental Poisson brackets for a classical scalar field theory,

(), PO Fyomyo = {#(0), 7} 00 =0 and  {P(x), #(3)} yo_yo = IS (X =) .
to arrive at the equal-time canonical commutation relations (ETCR) for the quantum field theory,
[0, P00 = [R(X), D)oo =0 and  [h(x), ()]0 = 53X~ y)

where these are the Heisenberg picture operators. The operators will then obey the same equations of
motion as their classical counterpan‘s Recall that for a Hamiltonian with no explicit time dependence a

Heisenberg picture operator, A(t) is related to its Schrodinger picture (denoted s) form A A(to) by
A(I) — elH(t to)A e zH(t fo)
S
where the reference time £ is the arbitrary time at which the two pictures coincide.
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Free scalar field
(See Chapter 6, Sec 6.2.1)

For a free scalar field the normal modes are the plane wave solutions, gbp(x, 1), of the KGE,
(0°101%) — V* + m?|py(x, 1) = [(0°/0F°) + wp|py(x,1) =0 forall p € R?,

where w,, = Ep o p2 + m?. We have the correspondences to the discrete mechanics case

j_)p7 a)j_>a)p’ C](t)_>¢p(xat)’
which leads to

A A~ LIpX AT AT —zp X
. —> —_
a; ane and a]. ae ,

o A AT f _ A IPX 4 AT, —ipX
E= (11, 20)@+ ) — ) = (1/ 2a)p)<apep +ale )

A A AT A - A LIpX _ AT, —IpX
;= — /a)j/Z(aj a].) — JZ'p(X) = — I, /a)p/2 (ape p€ > :

From Dirac’s canonical quantization procedure we arrive at (in the Schrodinger representation)

(%), (V)] = [#,x),2,(y)] =0 and [(x), 7,(Y)] = iF>x—y).

This Ieads to the creation and annihilation operator commutation relations

Gy, dp] = [a},a71=0 and [apa']= (226 (p - p)
in analogy with the mechanlcs case. The number density operator for the normal mode labeled by p is
N 1
= /\'*‘ VaN

p— (271.)3 P P’
= [Npall=ai8p-p), [Npayl=-a,6°@-p). [NyN1=0

The number operator N iIncludes all normal modes,

N = jd3 N j (d pl(2n)*) aja,
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Free scalar field
(See Chapter 6, Sec 6.2.1)
The Hamiltonian is given by

1 | A 1 5.
= |&x# = |&Bx | =22+ =(V$)? + =m>§?

d d3 , / 1 \ /).,
= Jd x[ civrorx =g V2 (dp — L)y —d" )
(27)0 2 2 P

N

-p-p+m* d’p d°p 1
+ (ap+aip)(ap,+aip,) > _[ 3(p+p)5

2, [gp 2}

d’p o, d’p 1
— AT ’\ ’\T _ ATA A AT
- J Q2r) 2 (@ v = [ @y o otte T 5 1p dpl)

where the very last term is the infinite zero-point energy,

~ dp @y d’p @p
0|H|0 =[ |@l,a_, +a,a|o —J [d,, AT]—"aﬂ —25%0) .
< ) 2n)3 2 0 p-p ) 2r)3 2 2

Subtracting a constant from the Hamiltonian has no physical consequence and so we can always do this.
It is then convenient to define normal ordering, where all of the creation operators in a product are moved

to the left of all of the annihilation operators. The normal ordered form of an operator/i is denoted : A :
and we then have for example,

/\T ._. VaN /\T _ AT VaN o /\ /\T /\T VaN /\T _ AT AT AT VaN VaN VaN
(p,dp, = Ap,Ap = dp dy,  and Ap,%p,%p,p,Apstps = Yp,fp,Upip,Yp,Yps -
Normal ordering is not a linear operation and we define for example
. /\T /\ A /\T /\ . VaN Vo VaN .
Hp Gy, Ay, + dy Ay Ay 0 = 2y Ay Gy dy
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Free scalar field
(See Chapter 6, Sec 6.2.1)

Since d;,|0) = 0 and (0| d; = () then any normal-ordered operator containing at least one a,, or &; will

have a vanishing vacuum expectation value, (0| :f(a,a"): |0) =

So we simply redefine the Hamiltonian to be its normal-ordered form,

A= [dx |12+ H(Vd) +1 m2¢2] [(dp1Q2x)) (@,/2) 6" a_ +a b
- d’p AT A
= | o Pplpdp = [d°p = [d’p E,N,,

which satisfies (0 | H| 0)=0. Slmllarly the three-momentum operator to be its normal-ordered form,
P=—[d’ :2Vp: = [(dpl(2n)®) p(aa,) = [dp pN,, whichsatisfies (0|P|0) =
In summary we can write P* = (H, P) = Id?’ p’“‘Np and (OlP’“‘ 10) =

A

Using the earlier commutation relations for and azT it is then relatively simple to show that

o p
[N,a"'}':_a";, [Naa]=_ap9 [ ] ’ [HaNp]_[HaN]_
T il=wd = E4T Hil=—wd =—EG&4
[H,a | = wpa;, = Epap, |H, ap] = — W,d, = Epap,
[IA)') aAI): — pap ’ [Pa ap] — — p&p ’
A.PY=0. [(Phal=p'|  ay and [Pha)=-p"|  a,

Note that
a,al10y =[a &il] 10) = 22’8 (P —q)|0),  (0]ayal|0) = [ayal =Q2n)’6*(p—q).
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Free scalar field
(See Chapter 6, Sec 6.2.3)

This result generalizes to

(0|ay, --a,aj --al 10y = 2n)"|6°(p, — q,)--6°(p, — q,) + all permutations of (q;---q,)| .

Normalization of states: The single boson state with three-momentum p and energy Ep = (p2 + mz)”2

is defined to have the normalization
|p) =4/2E, &E |0), which leads to the resultthat  (p|q) = 2Ep(2n)353(p —q).

Summary: Each application of d;ﬁ creates an on-shell particle with energy Ep =(|p |2 + mz)l/2

and momentum p and so &I, is a creation operator. Conversely, each application of &p removes an on-

shell particle with energy if there is one and so d_, is an annihilation (or destruction)} operator. If there is

P

no corresponding particle to annihilate, then d, acting on the state gives zero.

| Y

Fock space: The space of all free particle states is referred to as Fock space, which is the Hilbert space

for the free field. A symmetrized state is an immediate consequence of applying nnormalized one-boson
creation operators to give

— Anl2 AT A A
| p1p2pn> = 2" \/EplEpzn.EPn a;;l az’z.“a;n | O> '
The state obeys Bose-Einstein statistics (symmetric under particle exchange) since all of the creation

operators d; commute with each other. The set of all such states for different momenta p; and particle

(boson) number n are a basis for Fock space. The set of all P; for some fixed n form a basis for the n
-boson subspace of the Fock space.

sssssssssssssss
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Free scalar field
(See Chapter 6, Sec 6.2.3)

The combination a’3p/Ep is Lorentz invariant, d3p’/Ep, = d3p/Ep, [see proof of Eq. (6.2.50)] and we can
show that for any Lorentz invariant function of four-momentum , g(p), we have the result that

d3p 1 B d4p 2 2
J(ij')3 2L, 8(P) | jomsp = J o) (2m)o(p~ — m~)g(p) ‘pozo -

It also follows that the field operator acting on the vacuum creates a one-particle state at x,
5 d’> . d’
§010) = | S E—eriglo) = | ST

(27)3 \@ (27) 2E,

ePx

. Ip) -

p

Lagrangian and equations of motion: Dirac’s canonical quantization program leads to the operator
Lagrangian and equations of motion

A= [dxd = ([@x20hw) ) - L= [&x (200d00) - Z)

A SL 0L 0L 0F
a(x) = and J,

= — = - - —— =0
0(0pp)(x)  9(9pP)(x) 0(0,0)(x) 0p(x)
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Free scalar field
(See Chapter 6, Sec 6.2.4)

We also recover the four-momentum and angular momentum operators as before which obey the
Poincaré Lie algebra in operator form in terms of commutators,

) =0 — g™,
Pt = [dPx T%(x) = (A,P) with H = [d’x[7 a‘)?— L., P=|dx7- al’?’,
HY = fd?’x [x”foy (x) — x" foﬂ(x)] ;
[MW/, Mpa] = i(g"” MHo — ghP Mo — gve MHP + gho Mvp) ,
[PH, M%) = i(g"P7 — ghoP?), [P P]=0

Where we have a unitary representation of the translation operator and the restricted Lorentz
transformations of SO*(1,3) given respectively by

U(Cl) — elf’-a and U(A) — 6_(i/2>a)/wMW |

Causality and spacellke separatlons For space like separations we can show

IA(x —y) = [¢(x) qb(y)] = forall (x —y)> <0 [see proof of Eq. (6.2.144)] .
So the field operator commutes W|th itself whenever the spacetime points have a spacelike separation.

This is the condition of causality in that the measurement of the field at point x cannot affect the
measurement of the field at point yfor a spacelike separation.

Time-ordering operator: Recall the time-ordering operator introduced in Lecture 1,

TA(X)B(Y) = 0(x° — yOHAX)B(Y) + 0° — xO)B)A(x) .
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Free scalar field
(See Chapter 6, Sec 6.2.6)

Feynman propagator: The Feynman propagator for the scalar field is defined as the vacuum expectation

value (vev) of the time-ordered product of two field operators,

Dp(x—y) = (0| T(x)g(y) | 0) =J L | e-ipey =J TPy (e
PETY = g Qn)* pr—m? + ie ~ J Qo T

where the result on the right-hand side is obtained after a little work [see proof of Eq. (6.2.153)] and
where D(p) = i/(p2 — m” + i€) is the momentum-space Feynman propagator. The i€ in the

denominator results from analytically continuing back from Euclidean space and acts as a damping term
in the functional integral. It has the same origin as it did in quantum mechanics.

We can decompose the positive and negative energy parts of the field as qg(x) = q$+(x) + gg_(x), where

- d’p . [ dp V.
¢+(X)E[(2ﬂ)3(1/ 2Ep)ap€ P* and ¢ (X)=J(2ﬂ)3(1/ 2Ep)a17;ep .

We see that ¢*(x)[0) =0, (0]~ (x) =0 = (0]hx)P(y)|0) = (0| H*(x)p~(3)]0) .

Contractions: We define the contraction of two field operators as

6@, d ()] for a® >y

PEOW =\ G4 (y), 6 ()] for 20 <y
It then follows that )

To(x)p(y) = :0(2)9(y): + Dr(z — y) = :9(2)d(y) + Dr(z — y):

sssssssssssssss
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Free scalar field
(See Chapter 6, Sec 6.2.8)

Wick’s theorem: The generalization of this result is referred to as Wick’s Theorem and has the form

TP P(xy) - p(x,) = : {h(x,)p(x,)-p(x,) + all contractions} :
For a proof see the proof of Eq. (6.2.208).

Consider an example of Wick’s theorem R |

To(x1)d(w2)(23)p(z4) = :(D(21)(w2) d(23)P(24) + B(21)P(2)P(3)D(4)

|
+ ¢(21)(22)d(x3)P(24) + B(21)P(22)P(73)D(74)): - (6.2.209)

Taking the vacuum expectation value of this leaves only the fully contracted terms, since the vacuum
expectation value of any normal-ordered product of operators vanishes, (0 | :¢(x1)---gb()cj): |0) = 0. So

(O Tp(x))p(x)p(x3)p(x4) | 0) = Dp(xy — x5)Dp(x3 — x4)
+ DF(xl — X3)DF(X2 — X4) + DF(xl — .X4)DF(X2 — X3)
Consequence of Wick’s Theorem: The general form of this result is that the vacuum expectation value
of the time-ordered product of operators will vanish if n is odd and if n is even the result is

(O] Th(x)p(xy)++p(x,) |0) = Dy — x)Dp(x3 — X3+ Dy, — x,)
+ all pairwise combinations of (x;, x5, ***, X,

sssssssssssssss
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Free scalar field
(See Chapter 6, Sections 6.2.9 and 6.2.11)

Functional integral formulation: The extension of the path/functional in quantum mechanics to scalar
quantum field theory is relatively straightforward and we arrive at an analogous resullt,

(9" 1|9 1) = ("G = 1)) = (p"| e | §)) = [Dp SV,
which leads to the result for the spectral function

F(l‘” o I/) - tre—iﬁ(t”—t’)/h — J@sp¢ <¢ | e—iﬁ(t”—t’)/h | ¢> — I@Squ <¢, tul ¢, t’)
= [ D1 DPperiodicy X1 [ d*x [mgp — T (¢, m)])
= [ Dperionic EXPL(/N) [ d*x L(h, 0,0} = [ Dbperionic eXP{IMSUP).1",1)} .

The integral is over functions ¢(x) periodic in space (or vanishing at spatial infinity) and periodic in time.

Spectral function for a scalar field with a source: Including a source term j(x)¢(x) for the scalar field
again leads to a result analogous to that for quantum mechanics for the spectral function with a source J,

Fj(t”a t/) — tI'{ ﬁj(tﬂa t/)} — tr{Te_iLt/ d4X[%_j(X)d;(X)]} = I@¢(periodic) eiS[d)’j] )
where we have defir/)ed )
Slgp.j1 = SII+ [ d*x j()p() = [d'x [Z+j@dpw)] and L =3[0,40"p — m*$*] ~ U(&).

We will now denote the general vacuum state as | £2) and use that notation in interacting theories and we
will define it to be normalized such that (Q2| Q) = 1. In a free theory we have | Q) = |0) .
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Free scalar field generating functional
(See Chapter 6, Sections 6.2.9 and 6.2.11)

Generating functional: In analogy with quantum mechanics we define the generating functional Z[ j] as
. . —i [l d*x (X —j)
. - F(T,=T) _ u{U(T,-T)) ot [Te ]
Z[j]= Ilim = I = lim

= m — -
T-oo(l-ie) F(T, =T)  T-oo(l-ie) tr{U(T, — T)}  T—oo(l-ie) [Te—ijde4x%]

A D, . .. USIBI+ L dxjg)
_ hm <Q | TelffT d4xj(x)q/)1(x) | Q) _ hm .[ ¢(per10dlc) .
T—oo(1—ie€) T—oo(1—ie€) jgng(perio dic) 2iS[¢]
Similarly it can then be shown by generalizing the quantum mechanics arguments that the ground state
expectation value of time-ordered products of Heisenberg picture scalar operators are given by
: S[]
7 7 (_ l)kék . . I@¢(peri0dic) ¢(X1) °e ¢(xk) e'
(Q[Thp(x)) () | €2) = Z[jl] = lim .

oj(x1)-+-0j(x;,) » T—oco(1—ie) j@gb(perio dic) €519)
J:

One commonly finds that the limit 7 — oco(1 — ie) and ““periodic" are not explicitlyindicated but are to be
understood and that the denominator is sometimes not included in the definition of Z| j] , e.g., in Peskin

and Schroeder. It will later be useful to also define the time-ordered product before taking j(x) = 0,
(—i)kék

(QITh(x))p(x) | Q) = Toaion 24!
Ssitn,

and so, for example, Z[j] = (Q| Q)j.
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Free scalar field generating functional
(See Chapter 6, Sections 6.2.9 and 6.2.11)

Summary for free scalar field: We have for the Minkowski space action with source j(x)that

SLp. 1 = [d'x { 30,0 — (m® = ic)p* + i |

= [d*x d* [%qb(x){ (—d;iax” —m?+ ie) 54 (x = y)} dO)| + [d*xjop

For a free scalar field we see above that the action is a gaussian and after carrying out the gaussian
integration over fields we obtain

: 1 : :
Z[j] = exp { —= Jd*x d%y j(x) Dp(x - y)J(y)} -
When we evaluate the two-point function we then see that we recover as we should that

(0| Th(x)p(y) | 0) = Dp(x —y) .

More generally we recover the result of Wick’s theorem from the free scalar field generating functional
Z]j], since

(0| Th(xy)...h(x) |0) = (=)

k

Z
0j(ty)---0j(t)

/]

j=0
= Of=even] {DF(xl — X)Dp(x3 — Xx4)-+-Dp(x_1 — X)

+ all pairwise combinations of (x;, x5, ---, xk)} :
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Free charged scalar field
(See Chapter 6, Sections 6.2.7)

Free charged scalar field: We now wish to consider the charged scalar field as a quantum field theory.
We can write the normal-ordered Lagangian density operator in terms of Heisenberg picture field
operators as

& =210 f0> + OboP — PG~ m3: = 10,04 - m*pi:
where we have defined  p(x) = (1/7/2)[d,(x) + i()],  dTx) = (1/7/2)[d(x) — ih»(x)] ,and

where we have the usual cancel commutation relations
These can equally be written in terms of the ¢, ¢", 7, #'. The only non-vanishing commutators are

[(t, %), 2(t,x)] = [$7(t, %), 21, x)] = i63(x = X) .

The operators must obey the same equations as their classical counterparts so we have

A (x) = = =), A= i = %p(x) .
(P (x)) (0o (x))

The normal-ordered Hamiltonian density is obtained in the usual way

A

H = Z¢?7%+JIZ\'T§£T—§/”I = :7%*7%+(Vq$7)-(Vg5)+mzquq§:

From Noether’s Theorem we recover in the usual way the normal-ordered Hamiltonian and three-
momentum operators, which are given by

H= [ 72+ (V") - (V) + m*pTp:
P=—[dc :2Vp+7 V..
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Free charged scalar field
(See Chapter 6, Sections 6.2.7)

We can defined new annihilation and creation operators for particles associated with ¢ (denoted fp, fz))

and antiparticles associated with ¢» (denoted Sps §;)

fo = ANDdy, +idyyl . f= (112 2)la; —ia) 1,
&= IV Dlay, —idy), &= n2)la] +ial ],

It is straightforward to verify that the commutation relations between the new annihilation and creation
operators are

o o1 =15 1= 180 8y 1=185, 80 1= 8p1= 1 81 1= 175 8o 1 = [, &1
oo Fi1= 18 251= Y80 — P

Noether current (from phase invariance): From the classical Noether current we know that we will
have the conserved normal-ordered Noether current at the operator level,

=130 h - @Nb|: wih 9,740 =0
where we have chosen to change the sign of the current remembering that

we are always free to redefine a conserved current by multiplying it by a constant.
Conserved charge: The correspondlng conserved charge i IS then

0= [dxj%%) =i[dx T2 (x) — 2Wp(x): = N;— N, = N,

g
where the number operators for the gb and qbT are respectlvely defined as

A d3p e Jo— | B3, = d3 5T 5
Ny = d’ pr (27)3 Jolv Ny = |d°pNg, = 27)3 Ep8p -
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Free charged scalar field
(See Chapter 6, Sections 6.2.7)

Example of electric charge: The conserved charge can be associated with electric charge when the
charged scalar field is coupled to the electromagnetic field. In that case if ¢ has electric charge g then qu

has charge —¢g and we redefine the charge operator as 0 = qN qu qN Then the total charge is

the charge of the particles associated with the ¢ field minus the charge of the antiparticles associated
with the ng field. In general particles and antiparticles will have opposite charges.

Conserved four-momentum We can similarly show that the normal ordered four-momentum operator is
Pt = (H,P) = [dp p" [Ny + Nyl = j (a3 /(27r)3) PUL b + 858)]

and that [pr, pr] = [pr, ] = [ gp, ] = (. It then follows that [ﬁ”,ﬁ] = [IA’”, Q] =0

and so, as expected, the system IS invariant under spacetime translations and the charge Q IS a

conserved charge as it had to be since [H, Q] =

Generating functional for complex scalar field: For the complex scalar field we have
I(@¢lg¢ ) €' Cloriil+S12.)0D)
Z1j,j*1 =Z[j,}Zlj,] = lim
T>co(l-ie)  [(Dh Dp,) €Sl +Sld))
I(@¢@¢*) o SlP.P*.j.J*]
= Ilim :
T-wo(l—ie)  [(DPDP*) eiSld-*]
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Free charged scalar field
(See Chapter 6, Sections 6.2.7)

Free complex scalar field: In the free case the action is a again quadratic in the fields and we can
perform the gaussian integration to find

21,1 = ZUZLjs) = exp { =% [d*xd®y [, Dy = y)j,) + ) Delx = i) |
= exp {— [d*x dyj*(x) Dy(x = )i}

which leads to the important results that
2

o )
01 TdOG (V) [0) = (—i)? 21 J*
(O Tp)p'(y)|0) = (=) 57*(x) 5j(y) I =0

lim | (@¢2¢*) p(0)d*(y) eSld-9*]
T—oo(1—ie) I(@¢@¢*) SiSlp g™

(0| Thx)p(»)|0) = (0| T (x)p () |0) = 0.

= Dp(x —y),

Here Dy (x — y) is the same Feynman propagator that we encountered in the hermitian scalar field case.
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