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Plan

Lecture 1. How can atoms be used to test the SM and search for new physics?

• Atomic parity violation


Lecture 2. Time-reversal violating electric dipole moments 

• Atomic EDMs, enhancement mechanisms 


Lecture 3. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms 


Lecture 4. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure



Lecture 4.  
Adventures at the intersection of atomic and nuclear physics



Our precision atomic theory group at UQ — aim

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory

Remove nuclear structure uncertainties that hinder tests of atomic theory
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Upper radial component, Cs 6s:

• hyperfine structure, 
• energies,
• E1 amplitudes,

few 0.1% - 1%
0.1%

few 0.1%
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Benchmarking atomic theory



Fine and hyperfine structure

Fine and hyperfine splitting of levels in 133Cs

Nuclear spin ,                                                
total angular momentum 

I = (7/2)+

F = I + J
Primary standard for the SI 

unit for time, the second

Hyperfine splitting in cesium

NIST-F2 Atomic clock
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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 nuclear magnetic moment µ = µI/I
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Many-body result,
finite nuclear charge effect included
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3
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Ball, Fermi distribution
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Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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I

Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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         Bohr-Weisskopf (BW) effect or magnetic hyperfine anomaly
                       — finite nuclear magnetisation contribution
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Interaction

Standard ways to model 
F(r), until recently
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Ball, Fermi distribution
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Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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Quantum electrodynamics 
radiative correction
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Interaction

Standard ways to model 
F(r), until recently

F (r) = (r/rm)3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

Hyperfine splitting quantified by hyperfine constant A,  A = A0(1 + ✏) + �AQED
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Modeling the hyperfine structure
 nuclear magnetic moment µ = µI/I
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describes radial distribution of μ ;
point-nucleus,               F (r) = 1
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contains factor µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB 6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</ latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB 6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</ latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB 6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</ latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB 6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</ latexit>



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

  ➤ Nuclear magnetic moments µ
<latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit>

  ➤ Bohr-Weisskopf effect ✏
<latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit>

  ➤ QED radiative corrections �AQED
<latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit><latexit sha1_base64="nKG0+YrAz2A3jkxH/dlIN15kD28=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuSlLEtrv6Apct2Ae0tWQymTY0kxmSjFiG/oobF4q49Ufc+Tdm2goqeuDC4Zx7ufceNxJcG4Q+nKXlldW19cxGdnNre2c3t5dv6TBWlDVpKELVcYlmgkvWNNwI1okUI4ErWNsdX6R++44pzUN5YyYR6wdkKLnPKTFWGuTyPY8JQ+DZbdJTAWxcXU4HuQIqIoQwxjAluHyKLKlWKyVcgTi1LApggfog997zQhoHTBoqiNZdjCLTT4gynAo2zfZizSJCx2TIupZKEjDdT2a3T+GRVTzoh8qWNHCmfp9ISKD1JHBtZ0DMSP/2UvEvrxsbv9JPuIxiwySdL/JjAU0I0yCgxxWjRkwsIVRxeyukI6IINTaurA3h61P4P2mVihgVceOkUDtfxJEBB+AQHAMMyqAGrkEdNAEF9+ABPIFnZ+o8Oi/O67x1yVnM7IMfcN4+ATXhk+c=</latexit>

Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

  ➤ Nuclear magnetic moments µ
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperfine splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperfine interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the first principles of
QED are derived by employing the two-time Green’s function
method [45]. The correction due to the self-energy diagrams
may be written as

νSE =2
εn !=εa∑

n

〈a|T0|n〉〈n|#(εa)|a〉
εa − εn

+〈a|d#(ε)
dε

∣∣∣∣
ε=εa

|a〉〈a|T0|a〉

+ i

2π

∫ ∞

−∞
dω

∑

n1 n2

〈an2|I (ω)|n1a〉 〈n1|T0|n2〉
(εa − ω − εn1u)(εa − ω − εn2u)

,

(8)

where the first term is the so-called irreducible part, the second
is the reducible, and the third one is the vertex contribution.
The self-energy operator #(ε), its derivative d#(ε)/dε, the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperfine splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn !=εa∑

n

〈a|T0|n〉〈n|U el
VP|a〉

εa − εn

+ 〈a|Uml
VP|a〉, (9)

where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperfine structure intervals for the
ground states of Rb, Cs, Ba+, Fr, and Ra+.

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs. 1 and 2 for the self-energy
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interelectronic-interaction operator I (ω), and the hyperfine
operator T0 are defined in a similar way as in Refs. [46–48],
and u = 1 − i0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperfine splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,

νVP = 2
εn !=εa∑

n

〈a|T0|n〉〈n|U el
VP|a〉

εa − εn

+ 〈a|Uml
VP|a〉, (9)

where the first term is the electric-loop part and the second
is the magnetic-loop contribution. The electric-field-induced
U el

VP and the magnetic-field-induced Uml
VP vacuum polarization

potentials are defined in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperfine structure intervals. Our calcula-
tions were performed for finite nuclear charge (Fermi distribu-
tion) and finite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the finite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
−0.2% for Rb, −0.4% for Cs and Ba+, and −0.6% for Fr and
Ra+. The size of these corrections is significant and on the
level of correlation uncertainties, as we will see in Sec. V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperfine splitting, we will apply the same relative QED
corrections F QED found in the core-Hartree approximation to
the final many-body results presented in Sec. V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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Cs Ba+ Fr Ra+ Reference

-0.38(6) -0.37(4) -0.60(1) -0.55(8) Ginges, Volotka, Fritzsche, PRA (2017)

-0.42 -0.6 Sapirstein and Cheng, PRA (2003)

QED corrections to g.s. hyperfine constants (%)

vacuum
polarization

self
energy

Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):



Hyperfine comparisons
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  ➤ Bohr-Weisskopf effect ✏
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  ➤ QED radiative corrections �AQED
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A(7s)/A(7p1/2) vs atomic mass for francium

Found μ with 0.5% uncertainty

Known with 1-2% uncertainty for Fr isotopes.                               
We can do better!

Aexpt  ! Ath(µth)(µ/µth)
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TABLE I. Literature values for the root-mean-square charge
radii (rrms), magnetic moments (µ), spin (I) and parity (⇧)
designations, and configurations for the unpaired proton (⇡)
and neutron (⌫) for Fr nuclei. The final columns show the
relative BW corrections (✏) determined in this work.

A rrms [36] µ [33] Config. [33] ✏ (%)

(fm) (µN ) I⇧ ⇡ ⌫ 7s 7p1/2
207 5.5720(18) 3.89(8) 9/2� h9/2 �1.26 �0.37
208 5.5729(18) 4.75(10) 7+ h9/2 f5/2 �1.66 �0.50
209 5.5799(18) 3.95(8) 9/2� h9/2 �1.29 �0.38
210 5.5818(18) 4.40(9) 6+ h9/2 f5/2 �1.67 �0.50
211 5.5882(18) 4.00(8) 9/2� h9/2 �1.32 �0.39
212 5.5915(18) 4.62(9) 5+ h9/2 p1/2 �1.77 �0.53
213 5.5977(18) 4.02(8) 9/2� h9/2 �1.33 �0.40

the hyperfine constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI
factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e↵ect, essentially the
same for each isotope, is absorbed here into a0.)

We form ratios using the 7s and 7p1/2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

Rsp ⌘ As

Ap
⇡ a0s

a0p
(1 + ✏s � ✏p + �s � �p). (12)

The term in the parenthesis (less 1) is the sp hyperfine
anomaly [18]. Rsp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig. 2. The isotope
dependence of Rsp is dominated by ✏s (for Fr, ✏s > 3✏p).

Though |�|> |✏|, � is modeled accurately by the charge
distribution (3), and changes only slightly between
nearby isotopes. We quantify possible errors in � by mak-
ing adjustments to the c and t values in Eq. (3), and find
the resulting uncertainties to be negligible.

Since the proton configuration remains unchanged, the
di↵erences in R along the isotope chain are due to the
contribution of the unpaired neutron to the BW e↵ect,
✏(⌫) (see Fig. 2). Thus, we can cleanly extract ✏(⌫) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we find that
we reproduce ✏(⌫) to between 5 and 35%. The neutron
contributes about 30% to the total ✏, see Table I.

To gauge the accuracy of the calculated proton contri-
bution to ✏, we examine R for the odd isotopes. While R
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di↵erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scale R for
Fr by the factor ⇠ = RExpt.

sp (133Cs)/RTh.
sp (133Cs), which

corrects the Cs R value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7s to 7p1/2 hyperfine con-
stants for 207�213Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor ⇠(133Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
find agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e↵ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e↵ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e↵ect to about 10%. A similar result is
reached if we instead re-scale by the Rb ⇠ factor. We
therefore conclude that the BW e↵ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussion— In Table II, we present our
calculated hyperfine constants for 87Rb, 133Cs, and 211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
ATh./µ, however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in Table II. These
are taken as twice the di↵erence between the fitted and
unfitted correlation potentials (‘�⌃’ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15–20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justified by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the 135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):



Hyperfine comparisons

Aexpt  ! A0(1 + ✏) + �AQED
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Provides test of atomic many-body theory in the 
nuclear vicinity only if the following properties/
contributions are known well (< 0.1% uncertainty):

  ➤ Nuclear magnetic moments µ
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  ➤ Bohr-Weisskopf effect ✏
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  ➤ QED radiative corrections �AQED
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nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8
single-particle (SP) -0.21 -1.0 -1.3 -2.8
SP (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections (%) to hyperfine constants 

Difference 0.5% 1.3%
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for  I=L+1/2

Ginges, Volotka, Fritzsche , PRA (2017)

SP model:



Total hyperfine intervals

Ginges, Volotka, Fritzsche, PRA (2017)            
 Extraction of Ra+ BW effect, -4.7%:            Skripnikov, J. Chem. Phys. (2020)            

133Cs 135Ba+ 211Fr 225Ra+

Many-body 9229.5 7286.8 45374 -29113

BW -17.0(131) -91.8(275) -641(244) 1267(380)

QED -35.1(58) -27.1(30) -273(56) 159(23)

Total theory 9177.4 7167.9 44460 -27687

Experiment 9192.6 7183.3 43570 -27731

Difference -15.2 -15.4 890 44

Difference (%) -0.17(16) -0.21(38) 2.0(6)(20) -0.2(14)

Calculations of hyperfine intervals and comparison with experiment. Units: MHz



BW effect — properties

✏ =

R rm
0 drf(r)g(r)[F (r)� 1]/r2

R1
0 drf(r)g(r)/r2
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Relative BW correction

•  In the nuclear region, the electrons see the unscreened 
Coulomb field of the nucleus

•  Since the binding energies                   , wave functions 
with the same angular dependence are proportional.

" ⌧ V (r)
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) ✏n = ✏n0
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BW effect is independent of principal quantum number!

Also, in the nuclear region, for heavy systems:

fs1/2 / gp1/2
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A1s
expt = A1s

0 (1 + ε1s) + δA1s
QED, (5)

as long as the QED contribution δA1s
QED and the nuclear

magnetic moment—which enters both terms on the right-
hand side of Eq. (5)—are known sufficiently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44–49]. The BW effect is known
to ∼1% or better from measurements with 203,205Tl

80+
[9],

207Pb81+ [31], and 209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enter A0. We proceed by introducing an
electron screening factor,

xscr = ε/εH-like, (6)

and express the hyperfine constant for many-electron systems
as

A = A0(1 + xscr εH−like ) + δAQED, (7)

where εH−like is the BW effect for the 1s or 2p1/2 state of
the H-like ion of the same nucleus. For states with j > 1/2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the specific
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections δAQED to the hy-
perfine structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lying p1/2 and p3/2
states in Refs. [42,49]. High-precision calculations of the hy-
perfine structure for the ground states of Rb, Cs, Ba+, Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperfine constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD − ε)φ = 0, where

HD = c α · p + (β − 1) c2 + V, (8)

with p the electron momentum operator, β a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

φnκm(r) = 1
r

(
fnκ (r) 'κm(n)

ignκ (r) '−κ,m(n)

)
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

∫
( f 2 + g2) dr = 1], ' are

two-component spherical spinors, n is the principal quan-
tum number, and κ = (l − j)(2 j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, and m = jz). Then, for a spherically
symmetric potential V (r), the single-particle radial Dirac
equation may be expressed for a given κ as

[
V (r) − ε c(κ/r − ∂r )

c(κ/r + ∂r ) V (r) − ε − 2c2

][
fnκ

gnκ

]
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factor F (r) − 1, which is nonzero only inside
the nucleus:

εnκ =
∫ rm

0 fnκ (r)gnκ (r) [F (r) − 1]/r2 dr∫
fnκ (r)gnκ (r)/r2 dr

. (11)

At small radial distances, r # a0/Z , the electronic screen-
ing potential is negligible, and V ≈ −Z/r. It is seen from
Eq. (10) that for a given κ the only state dependence comes
from the energy ε. Since |V | % |ε|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum number n of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the specific difference
[21] and ratio [22] methods, and the n independence of the
BW effect has been observed experimentally in neutral 85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V | % mc2, and there is a symmetry between the fκ and gκ ′

components with κ ′ = −κ , as may be seen from Eq. (10).
Therefore, in this region fs1/2 ∝ gp1/2 and fp1/2 ∝ gs1/2 , and the
integrand in the numerator of Eq. (11) for s and p1/2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though the s-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperfine correction to the states in the
atomic core) gives an important contribution, particularly for
states with l > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in the V N−1 approxima-
tion (N refers to the total number of electrons in the system),
with the N − 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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TABLE III. Summary of results for the line centers of the hyperfine components of the 6s → 12s and 6s → 13s transitions, and the state
energies Ecg/h of the 12s, 13s, 11d3/2, and 11d5/2 states of 133Cs. The numbers in parentheses following each value are the 1σ standard error
of the mean in the least significant digits.

Ecg/h (MHz)

Line ν33 (MHz) ν44 (MHz) This work Prior expt. [36]

6s → 12s 444 726 731.369 (22) 444 722 187.689 (19) 889 448 351.098 (29) 889 448 348.5 (60)
6s → 13s 450 227 707.055 (13) 450 223 147.601 (15) 900 450 284.724 (20) 900 450 282.0 (60)
6s → 11d3/2 896 269 630.698 (65) 896 269 624.7 (60)
6s → 11d5/2 896 365 856.56 (24) 896 365 852.6 (60)

while the difference gives the hyperfine coupling constant

Ahfs,ns = Ahfs,6s − 1
2 {ν33 − ν44}. (5)

We have included Ecg/h in Table III. The values of the state
energies Ecg/h are in agreement with, but more precise by a
factor of a few hundred than the previous determination [36].

We show our results for the hyperfine coupling constants
Ahfs,12s and Ahfs,13s in Table IV. The relative uncertainty of
each is smaller than 0.06%. We also present in Table IV
values of these coupling constants measured previously using
level-crossing spectroscopy [24,25]. Their results agree with
our results well within their uncertainties. Our uncertainties
are smaller by a factor of almost 10. There are two theoretical
values of Ahfs,12s available for comparison. The authors of
Ref. [37] used the Dirac-Fock wave functions, with third-
order many-body perturbation theory, and a coupled-cluster
method in single and double approximations. Their result
differs by 0.14% from our value. The theoretical calculations
of Ginges et al. [16] is in better agreement with our value,
differing by slightly less than their estimated uncertainty of
0.08%. For Ahfs,13s, the result of Ref. [16] is in similar good
agreement with our value, consistent to within less than the
combined estimated uncertainties.

III. 11d 2D3/2 and 11d 2D5/2 MEASUREMENTS

We used a similar procedure to measure the hyperfine
structure of the 11d3/2 and 11d5/2 levels at a wavelength of

TABLE IV. Summary of results for the hyperfine coupling con-
stants Ahfs of the 12s, 13s, 11d3/2, and 11d5/2 states of 133Cs. The
numbers in parentheses following each value are the 1σ standard
error of the mean in the least significant digits. The techniques
employed in Refs. [38] and [39] yielded the magnitude of Ahfs, but
not its sign. Therefore, we have listed these results preceded by the
“±” sign.

Ahfs (MHz)

Experiment Theory

State This work Prior expt. Ref. [37] Ref. [16]

12s 26.318 (15) 26.31 (10) [24] 26.28 26.30 (2)
13s 18.431 (10) 18.40 (11) [25] 18.42 (1)
11d3/2 +1.0530 (69) ±1.055 (15) [38] 1.06

±1.05 (4) [39]
11d5/2 −0.21 (6) ±0.24 (6) [38] −0.142

λ = 668.98 and 668.91 nm, respectively. The most significant
differences between these measurements and those of the 12s
and 13s states are that the 11d lines are somewhat stronger, the
hyperfine structure is more interesting (four or five hyperfine
components within each spectrum), and the hyperfine splitting
is much smaller. We show an energy level diagram of the
11d3/2 and 11d5/2 states in Fig. 6.

We show sample spectra in Fig. 7. The upper two spectra
are 6s, F → 11d3/2, F ′, with F = (a) 4 and (b) 3, while the
lower spectra are 6s, F → 11d5/2, F ′, with F = (c) 4 and (d)
3. Selection rules for these two-photon transitions allow |$F |
up to 2. The vertical lines in Fig. 7 show the positions of the
individual components of these transitions, with the height
of the lines indicating the calculated relative strength of the
transition, and F ′ labeled for each. Some of the individual
peaks in the 11d3/2 spectra are resolved. We fit a multicom-
ponent line shape to the measured spectra, using computed
values for the relative spacing and heights of the individual
components, and show the results as the green solid lines in
the figures. The only adjustable parameters for these fits are
the line center frequency, the linewidth of individual lines, the
hyperfine coupling constant Ahfs, the baseline, and an overall
peak height.

For the 6s, F → 11d5/2, F ′ spectra, shown in Figs. 7(c)
and 7(d), the spacing between the hyperfine components of
the transition is much smaller than the linewidth of the in-

FIG. 6. Energy level diagram showing the hyperfine components
of the 11d3/2 and 11d5/2 states in cesium. Not shown here is the
ground state from which we excite the cesium atoms. Note that
the 11d5/2 state is inverted, with the level energy decreasing with
increasing F ′. The energy spacings of the 11d3/2 state are not drawn
to scale with the energy spacings of the 11d5/2 state, nor is the
fine-structure interval between the 11d3/2 and 11d5/2 states to scale.
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TABLE I. Summary of results for the hyperfine coupling con-
stant A, in MHz, of the 8p1/2 level. The numbers in paren-
theses following each value are the 1� standard error of the
mean in the least significant digits.

A Source
Experiment
42.97 (10) Tai et al., 1973 [40]
42.92 (25) Cataliotti et al., 1996 [48]
42.95 (25) Liu & Baird, 2000 [49]
42.933 (8) This work

Theory
42.43 Safronova et al., 1999 [46]
42.32 Tang et al., 2019 [47]

42.95 (9) fit method, Grunefeld et al., 2019 [34]
42.93 (7) ratio method, Grunefeld et al., 2019 [34]

(Safronova et al., 1999 [46] and Tang et al., 2019 [47]).
Our measured value of A di↵ers from these results by
⇠1-1.5%.

The sources of uncertainty for these measurements are
recorded in Table II. The uncertainty in the fit includes
the statistical uncertainty in the repeated measurements
of the center frequency, along with the uncertainty in ex-
trapolating to zero laser power. The uncertainty in the
frequency comb laser (FCL) is the uncertainty derived
from the fractional uncertainty (10�12) of the GPS con-
ditioned time base used to stabilize the comb and the
comb tooth number. The uncertainty in the shift due to
the Zeeman e↵ect is determined by the resolution of our
measurement and the degree to which we cancel out mag-
netic fields. We observe no shifts in center frequency for
any of the lines when applying a one Gauss field and we
zero the magnetic field to better than 10 mGauss. With
this, we estimate that the uncertainty is less than the
resolution of the measurement times 1/100. The uncer-
tainty due to beam misalignment is the residual Doppler
error due to imperfect retro reflection. This uncertainty
is only included in the absolute frequency determinations,
discussed in Section IV.

TABLE II. Sources of error and the uncertainty resulting from
each, for the determinations of line centers for each of the
spectra. We add the errors in quadrature to obtain the total
uncertainty. *Beam misalignment a↵ects only the absolute
frequency determinations.

Source �int(kHz)

Fit, �⌫ 12-28

FCL frequency, ⌫FLC < 0.5

Zeeman < 0.2

Beam misalignment* 145

Total Uncertainty, �total
int 12-28

FIG. 5. Energy level diagram showing the hyperfine compo-
nents (not to scale) of the 8p3/2 states of cesium.

III. 8p 2P3/2 MEASUREMENTS

The energy levels of the 8p3/2 states are shown in
Fig. 5. The energies of the hyperfine components of the
8p 2P3/2 state are shifted from the center-of-gravity en-
ergy Ecg of the 8p state by the magnetic dipole (A),
electric quadrupole (B), and magnetic octupole (C) in-
teractions. The coupling constants for these interactions
are represented by A, B, and C, as indicated. The energy
shifts due to each of these terms are

EF 0=5 = Ecg +
h

4
(21A+B + 4C)

EF 0=4 = Ecg +
h

28
(7A� 13B � 132C) (3)

EF 0=3 = Ecg +
h

28
(�105A� 5B + 220C)

EF 0=2 = Ecg +
h

28
(�189A+ 15B � 132C)

as given in Refs. [43, 50]. The spacing between lines then
yield the hyperfine coupling constants A, B, and C, using

A =
11

120
�⌫54 +

2

21
�⌫43 +

3

56
�⌫32

B =
77

120
�⌫54 �

1

3
�⌫43 �

5

8
�⌫32 (4)

C =
7

480
�⌫54 �

1

24
�⌫43 +

1

32
�⌫32,

where�⌫ij = (EF 0=i�EF 0=j)/h is the frequency spacing
between the hyperfine peaks.

A. Experimental Configuration and Procedure

The experimental procedure for measuring the hyper-
fine splitting on the 8p3/2 line is similar to that for the
8p1/2, but varies in a few ways. The wavelength of the
transition is similar, 387.7 nm, so the same laser source
and LBO crystal are used. The hyperfine splitting on
the 8p3/2 line is less than that of the 8p1/2 line, allowing
us to scan across all of the allowable transitions in a sin-
gle sweep. The required scan length is larger by 1.5 to
2 times to include each peak in a single scan. Unfortu-
nately, this smaller spectral spacing also means that the
individual lines are not completely resolvable (see Figs. 6

Ahfs (MHz) for 8p1/2    



Differential hyperfine anomaly

A(1)/A(2) = g(1)I /g(2)I (1 +1 �2)
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Ratio of hyperfine constants of different isotopes of same element:
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TABLE I. Bohr-Weisskopf corrections ε and hyperfine anomalies 1"2 calculated in the ball and single-particle (SP) nuclear magnetization
models for the lowest states of several atoms of interest, and comparison with experimental differential anomalies. A is the atomic mass number
for the isotope, and Iπ is the nuclear spin and parity.

Isotope 1 Isotope 2 Differential anomaly 1"2 (%)

A Iπ εBall (%) εSP (%) A Iπ εBall (%) εSP (%) Ball SP Expt. [59]

37Rb 5s1/2 85 5/2− −0.306 0.044 87 3/2− −0.306 −0.278 −0.001 0.323 0.35142(30)
86 2− −0.306 −0.139 0.000 0.183 0.17(9)

47Ag 5s1/2 107 1/2− −0.497 −4.20 103 7/2+ −0.493 −0.347 −0.018 −3.88 −3.4(17)
109 1/2− −0.498 −3.78 0.007 −0.431 −0.41274(29)

55Cs 6s1/2 133 7/2+ −0.716 −0.209 131 5/2+ −0.716 −0.596 −0.001 0.389 0.45(5)a

135 7/2+ −0.716 −0.247 0.002 0.039 0.037(9)b

134 4+ −0.716 −0.371 0.000 0.163 0.169(30)

56Ba+ 6s1/2 135 3/2+ −0.747 −1.03 137 3/2+ −0.747 −1.03 0.001 0.001 −0.191(5)
70Yb+ 6s1/2 171 1/2− −1.37 −2.41 173 5/2− −1.38 −1.79 0.014 −0.618 −0.425(5)
79Au 6s1/2 197 3/2+ −1.97 15.5 199 3/2+ −1.97 7.47 0.013 7.48 3.64(29)
80Hg+ 6s1/2 199 1/2− −2.04 −3.57 201 3/2− −2.05 −2.20 0.016 −1.39 −0.16257(5)
81Tl 7s1/2 203 1/2+ −2.13 −2.13 205 1/2+ −2.13 −2.13 0.015 0.015 0.0294(81)c

81Tl 6p1/2 203 1/2+ −0.780 −0.780 205 1/2+ −0.781 −0.781 0.005 0.005 0.01035(15)

aReference [69].
bReference [70].
cReference [71].

III. DIFFERENTIAL HYPERFINE ANOMALY

The differential hyperfine anomaly 1"2 is defined via the
ratio of the hyperfine constants for different isotopes of the
same atom (see, e.g., Ref. [59]):

A(1)

A(2)
= g(1)

I

g(2)
I

(
1 + 1"2). (7)

This quantity, which is a measure of the deviation of the
hyperfine structure from the case of a pointlike nucleus, may
be found with high accuracy from experiment, provided the
nuclear magnetic moments are known well and determined
independently of the hyperfine measurements [59]. As for the
theoretical determination of 1"2, the correlation corrections
beyond RPA that contribute to the hyperfine constants A(1)

and A(2) cancel in the ratio [66,68], making the electronic
structure calculations robust at the level of RPA and of high
accuracy. Note that there is a strong cancellation of the BR
corrections in the differential anomaly, δ(1) − δ(2). For nuclei
with different spins, the differential hyperfine anomaly is typ-
ically dominated by the BW effect [59],

1"2 ≈ ε (1) − ε (2). (8)

The comparison of calculated and measured hyperfine anoma-
lies therefore presents a powerful test of the validity of nuclear
magnetization models.

In Table I we present our results for the BW effects and
differential hyperfine anomalies obtained using the ball (2)
and single-particle (3) models. The numerical accuracy for the
BW calculations is better than 1%, well below the model un-
certainty. We present results for the lowest states of systems of
interest for atomic parity violation and electric dipole moment
studies, and we also present results for Ag and Au, which
may be treated as single-valence-electron systems and for
which the BW effects and hyperfine anomalies are particularly

large. The anomaly is calculated using Eq. (7) rather than
Eq. (8), which means that the small differential BR effect is
included. The calculated values for 1"2 are compared against
available experimental data [59]. Note that the uncertainties
in the measured values are dominated by uncertainties in the
nuclear magnetic moments [72].

We draw attention to several points. First, the BW correc-
tion is a significant effect, typically entering at the level of
several 0.1% to several 1% for the considered systems. For
Ag and Au the effect is even larger, contributing at around
10% for Au. Second, the ball and single-particle models often
lead to substantially different BW effects. For 85Rb and 133Cs,
the difference is as large as 0.4% and 0.5%, respectively,
matching or exceeding the atomic structure theory uncertainty
[28,30]. Finally, from a comparison of the calculated and
measured hyperfine anomalies in Table I, it is seen that the
nuclear SP model leads to substantially better agreement with
experiment for the majority of cases. The agreement is partic-
ularly good for isotopes of Rb, Cs, and Ag, and is reasonably
good for Yb+. Our results for Au reproduce the (atypical)
sign and large size of the effect, and agree well with the SP
results of recent atomic many-body calculations [73]. We note
that in Ref. [73] it was found that the BW effect for 197Au
in the SP model is too large to be consistent with a value
directly extracted from the measured hyperfine constant, and
our own calculations, including correlation corrections, agree
with this conclusion. In the ball model, the only difference
in the BW effect between isotopes comes from changing the
nuclear radius, similarly to the differential BR effect, so the
calculated anomaly is always small and the model generally
cannot produce the observed anomalies.

Recently, we considered the case of Fr in detail, and we
demonstrated using “double” differential hyperfine anoma-
lies [74] that the single-particle model works very well for
both odd and doubly-odd isotopes between 207 and 213 [30]
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H-like ion result may be used to find BW effect in 
many-electron atoms!
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atomic calculations!
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Roberts and Ginges, PRA (2022)

There is historical data on muonic hyperfine structure 
for Cs! Propose and implement method to extract the 
BW effect in muonic Cs and translate it to Cs atom

I

muon

Empirical result for 133Cs s states, 
                   ε = -0.24(18)%

              SP model:  -0.21%
                SP(WS) model:  -0.19(14)%
              “ball”/fermi model:  -0.7%  

Sanamyan, Roberts, Ginges, PRL (2023)

from muonic atom experiment



Bohr-Weisskopf effect summary

Accurate modelling of the finite magnetisation distribution in atomic nuclei is important for

➤ Hyperfine comparisons
- Tests of atomic wave functions in the nuclear region
- Reducing APV theory uncertainty to 0.1%

➤ Nuclear structure theory

➤ Determination of nuclear moments

➤ Probing the neutron distribution

➤ Tests of quantum electrodynamics



Summary

Lecture 1. How can atoms be used to test the SM and search for new physics?

• Atomic parity violation


Lecture 2. Time-reversal violating electric dipole moments 

• Atomic EDMs, enhancement mechanisms 


Lecture 3. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms


Lecture 4. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure

New! Postdoc position opening in our group soon
New! PhD stipend available


