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Plan

Lecture 1. How can atoms be used to test the SM and search for new physics?

• Atomic parity violation


Lecture 2. Time-reversal violating electric dipole moments 

• Atomic EDMs, enhancement mechanisms 


Lecture 3. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms 


Lecture 4. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure



Lecture 3.  
Precision atomic theory



Our precision atomic theory group at UQ — goal 

To maximise the discovery potential of precision atomic experiments

➤  Push state-of-the-art atomic calculations to 0.1% precision

➤  Development of high-precision many-body methods

➤  Improved benchmarking of atomic theory
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Upper radial component, Cs 6s:

• hyperfine structure, 
• energies,
• E1 amplitudes,

few 0.1% - 1%
0.1%

few 0.1%
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Aim — accurate wave functions across all scales
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• Relativistic vs. non-relativistic



number of valence electrons

• How to treat 
correlations?

Depends on how 
many valence 
electrons



• We will consider 
the theory for 
these atoms and 
ions



valence electron

electron “core”
nucleus

• Starting point for the many-
electron problem:  relativistic 
Hartree-Fock (RHF)

• Beyond RHF:  the 
correlation potential 

• QED radiative corrections:   
vacuum polarisation and 
self-energy

Vnuc ! Vnuc + VHF
<latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit><latexit sha1_base64="lqEYQejKCEFokjN1B1hq6fgH5XI=">AAACFnicbZDLSsNAFIYnXmu9RV26GSyCIJZEBF0WBemygr1AE8JkOmmHzkzCzEQpIU/hxldx40IRt+LOt3HaZlFbfxj4+M85nDl/mDCqtOP8WEvLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDsc3ozr7QciFY3FvR4lxOeoL2hEMdLGCuyzVpB5kkOR4tyTtD/QSMr4Ec7YpwXXb/PArjhVZyK4CG4BFVCoEdjfXi/GKSdCY4aU6rpOov0MSU0xI3nZSxVJEB6iPukaFIgT5WeTs3J4bJwejGJpntBw4s5OZIgrNeKh6eRID9R8bWz+V+umOrryMyqSVBOBp4uilEEdw3FGsEclwZqNDCAsqfkrxAMkEdYmybIJwZ0/eRFa51XXqbp3F5XadRFHCRyCI3ACXHAJaqAOGqAJMHgCL+ANvFvP1qv1YX1OW5esYuYA/JH19QuF4p+P</latexit>

VHF ! VHF + ⌃
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Vnuc ! Vnuc + Vrad
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,    radiative potential

Overview



One-electron problem

• Schrödinger Hamiltonian

h' = ✏'
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h =
p2

2m
+ V (r)

<latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit><latexit sha1_base64="Zl8KLhKBnEV7N2gOxmfugcJDpBE=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqAXoejFYwX7AW0sm+2mXbqbhN2NUELAv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsmOjxXlLKRNzTSnnVhSLHxO2/74euq3H6hULArv9CSmnsDDkAWMYG2kvn0wuuwFEpM0vq9laU1kp62KPOnbZafqzID+EjcnZcjR6NufvUFEEkFDTThWqus6sfZSLDUjnGalXqJojMkYD2nX0BALqrx0dn6Gjo0yQEEkTYUazdSfEykWSk2EbzoF1iO16E3F/7xuooMLL2VhnGgakvmiIOFIR2iaBRowSYnmE0MwkczcisgImzS0SaxkQnAXX/5LWrWq61Td27Ny/SqPowiHcAQVcOEc6nADDWgCgRSe4AVerUfr2Xqz3uetBSuf2YdfsD6+ASFalO0=</latexit>

Seek solution to:

, V (r) = Vnuc(r) + Vel(r)
<latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="ybuD/BNdr/K161VIIQ2y/PL5v3c=">AAACAnicbVBNS8NAEJ3Ur1qrRq9eFqtQEUriRS+C4MVjBZsW2hA22027dLMJuxuhhP4BL/4VLx4U8Ud489+4aXPQ1gcDb96bYXdemHKmtON8W5W19Y3Nrep2bae+u7dvH9Q9lWSS0A5JeCJ7IVaUM0E7mmlOe6mkOA457YaT28LvPlKpWCIe9DSlfoxHgkWMYG2kwD7xmvIMXSMvyAcyRiIjs0I4L3vKizawG07LmQOtErckDSjRDuyvwTAhWUyFJhwr1XedVPs5lpoRTme1QaZoiskEj2jfUIFjqvx8fs0MnRpliKJEmhIazdXfGzmOlZrGoZmMsR6rZa8Q//P6mY6u/JyJNNNUkMVDUcaRTlARDRoySYnmU0Mwkcz8FZExlphoE2DNhOAun7xKvIuW67TceweqcATH0AQXLuEG7qANHSDwBC/wBu/Ws/VqfSziqlhlbofwB9bnD2lQmCk=</latexit><latexit sha1_base64="A0qoOJXwE3R9EnNlanyl9Kt+xTI=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahIpTEi16EohePFWxaaEPYbKft0s0m7G6EEvoHvPhXvHhQxKt3b/4bN20OWn2w8Oa9GWbnhQlnSjvOl1VaWl5ZXSuvVzY2t7Z37N09T8WppNCiMY9lJyQKOBPQ0kxz6CQSSBRyaIfj69xv34NULBZ3epKAH5GhYANGiTZSYB95NXmCL7EXZD0ZYZHSaS6cFjXwvAzsqlN3ZsB/iVuQKirQDOzPXj+maQRCU06U6rpOov2MSM0oh2mllypICB2TIXQNFSQC5Weza6b42Ch9PIileULjmfpzIiORUpMoNJ0R0SO16OXif1431YMLP2MiSTUIOl80SDnWMc6jwX0mgWo+MYRQycxfMR0RSag2AVZMCO7iyX+Jd1Z3nbp761QbV0UcZXSADlENuegcNdANaqIWougBPaEX9Go9Ws/Wm/U+by1Zxcw++gXr4xsBNpmd</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit><latexit sha1_base64="qAdHkI31ikM48vdVIpdtaa+Cnkg=">AAACDXicbVDLSgMxFM3UV62vUZduglWoCGVGBN0IRTcuK9hpoR2GTJppQ5PMkGSEMvQH3Pgrblwo4ta9O//GTDsLbT0QOPece7m5J0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/ueSpOJSYtHLNYdkKkCKOCtDTVjHQSSRAPGWmHo5vcbz8QqWgs7vU4IT5HA0EjipE2UmAfeTV5Aq+gF2Q9yaFI8SQXTouasLwM7KpTd6aAi8QtSBUUaAb2V68f45QToTFDSnVdJ9F+hqSmmJFJpZcqkiA8QgPSNVQgTpSfTa+ZwGOj9GEUS/OEhlP190SGuFJjHppOjvRQzXu5+J/XTXV06WdUJKkmAs8WRSmDOoZ5NLBPJcGajQ1BWFLzV4iHSCKsTYAVE4I7f/Ii8c7qrlN3786rjesijjI4AIegBlxwARrgFjRBC2DwCJ7BK3iznqwX6936mLWWrGJmH/yB9fkDAnaZoQ==</latexit>

• Dirac Hamiltonian
h = c↵ · p+ (� � 1)c2 + V (r)

<latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit><latexit sha1_base64="2vQsn0sDU6zSyKf/e1lybrgd6ug=">AAACH3icbVBNSwMxEM36bf2qevQSLEJLseyKqBdB9OKxgq1Ct5bZbLYNZjdLMiuUpf/Ei3/FiwdFxFv/jWntQa0PQh7vzTAzL0ilMOi6Q2dmdm5+YXFpubCyura+UdzcahqVacYbTEmlbwMwXIqEN1Cg5Lep5hAHkt8E9xcj/+aBayNUco39lLdj6CYiEgzQSp3iUe+U5X6gZGj6sf2oDzLtwcBnoUJqnYimg2rZDzjCvldhdwfVZllXOsWSW3PHoNPEm5ASmaDeKX76oWJZzBNkEoxpeW6K7Rw0Cib5oOBnhqfA7qHLW5YmEHPTzsf3DeieVUIaKW1fgnSs/uzIITaj9W1lDNgzf72R+J/XyjA6aeciSTPkCfseFGWSoqKjsGgoNGco+5YA08LuSlkPNDC0kRZsCN7fk6dJ86DmuTXv6rB0dj6JY4nskF1SJh45JmfkktRJgzDySJ7JK3lznpwX5935+C6dcSY92+QXnOEXLOuhtw==</latexit>

� =

✓
1 0
0 �1

◆

<latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit><latexit sha1_base64="rk62/oG3P8kMZWIwkuZbaWITz8o=">AAACHXicbVDLSsNAFJ34rPEVdelmsChuLIkUdCMU3bisYB/QhDKZ3rZDJ5MwMxFL6I+48VfcuFDEhRvxb5y2QbT1wHAP59zL3HvChDOlXffLWlhcWl5ZLazZ6xubW9vOzm5dxamkUKMxj2UzJAo4E1DTTHNoJhJIFHJohIOrsd+4A6lYLG71MIEgIj3BuowSbaS2U/ZD0ARfYFN7TGRJRLRk9yPbw0fY9X3bNfXEwz6Izo/ZdopuyZ0AzxMvJ0WUo9p2PvxOTNMIhKacKNXy3EQHGZGaUQ4j208VJIQOSA9ahgoSgQqyyXUjfGiUDu7G0jyh8UT9PZGRSKlhFJpOs19fzXpj8T+vlerueZAxkaQaBJ1+1E051jEeR4U7TALVfGgIoZKZXTHtE0moNoHaJgRv9uR5Uj8teW7JuykXK5d5HAW0jw7QMfLQGaqga1RFNUTRA3pCL+jVerSerTfrfdq6YOUze+gPrM9vlVefvQ==</latexit>

↵ =

✓
0 �
� 0

◆

<latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit><latexit sha1_base64="7CJ4rHCRoCAcCEPAA7/4jjd6J5A="></latexit>

Dirac matrices:                                      ,

'm(r) =
1

r

✓
f(r)⌦m(n)

i↵g(r)⌦�m(n)

◆

<latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit><latexit sha1_base64="4PXEkYIODWrZlwGR3avCeQTf0Mw="></latexit>

Solution has form:



Coupled radial equations:

(Vnuc(r) + Vel)f +
⇣ d

dr
� 

r

⌘
g = ✏f

<latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit>

�
⇣ d

dr
+



r

⌘
f + [↵2(Vnuc(r) + Vel)� 2]g = ↵2✏g

<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Solve using finite-difference method — Adams-Moulton

Express this as: dy

dr
= F (y, r)

<latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit><latexit sha1_base64="/KjS0oB+qrPt8tjeQd8LQl0cvyE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCBSmJCLoRioK4rGAf0IYymUzaoZNJmJkIMQR/xY0LRdz6H+78G6dtFlo9cOFwzr3ce48XMyqVbX8ZpYXFpeWV8mplbX1jc8vc3mnLKBGYtHDEItH1kCSMctJSVDHSjQVBocdIxxtfTfzOPRGSRvxOpTFxQzTkNKAYKS0NzL1+IBDO/DTPfJFfXNfSY3E0MKt23Z7C+kucglShQHNgfvb9CCch4QozJGXPsWPlZkgoihnJK/1EkhjhMRqSnqYchUS62fT63DrUim8FkdDFlTVVf05kKJQyDT3dGSI1kvPeRPzP6yUqOHczyuNEEY5ni4KEWSqyJlFYPhUEK5ZqgrCg+lYLj5COQ+nAKjoEZ/7lv6R9UnfsunN7Wm1cFnGUYR8OoAYOnEEDbqAJLcDwAE/wAq/Go/FsvBnvs9aSUczswi8YH98cGpT5</latexit>

y =

✓
f
g

◆

<latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit><latexit sha1_base64="uB6aDoPmMI4gQjgen74bi0YZ/pY=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuyoyIuhGKblxWsA/olJJJ77ShmUxIMmIZ+idu/BU3LhQRd/0b03YQbT0QOJxzLrn3hJIzbTxv7Cwtr6yurRc23M2t7Z3d4t5+XSepolCjCU9UMyQaOBNQM8xwaEoFJA45NMLBzcRvPIDSLBH3ZiihHZOeYBGjxFipUzwf4is3CKHHRCZjYhR7HLlRJxgQKQkOAreXczcA0f2JdIolr+xNgReJn5MSylHtFL+CbkLTGIShnGjd8j1p2hlRhlEOIzdINUhCB6QHLUsFiUG3s+l9I3xslS6OEmWfMHiq/p7ISKz1MA5t0u7X1/PeRPzPa6UmumxnTMjUgKCzj6KUY5PgSVm4yxRQw4eWEKqY3RXTPlGEGlupa0vw509eJPXTsu+V/buzUuU6r6OADtEROkE+ukAVdIuqqIYoekIv6A29O8/Oq/PhfM6iS04+c4D+wBl/A+Kmoug=</latexit>

with

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)

One-electron problem



In practice, we use a variable radial grid, point-spacing exponentially increasing at 
small distances, becoming linear at large distances 

• start with solutions at large distances that satisfy the equation with potential

V (r) = (N � Z � 1)/r
<latexit sha1_base64="c5UfAY+yVEMTH3vLNtzQLPmBqWY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahPbQmIuhFKHrxJBXsB7ahbLabunSzCbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/eTP3WiErFIvGgxzH1QjwQLGAEayP1bLtZkmV0hUp3lceKWz6VPbvoVJ0Z0DJxM1KEDPWe/dXtRyQJqdCEY6U6rhNrL8VSM8LppNBNFI0xGeIB7RgqcEiVl84un6ATo/RREElTQqOZ+nsixaFS49A3nSHWT2rRm4r/eZ1EB5deykScaCrIfFGQcKQjNI0B9ZmkRPOxIZhIZm5F5AlLTLQJq2BCcBdfXibNs6rrVN3782LtOosjD0dwDCVw4QJqcAt1aACBETzDK7xZqfVivVsf89aclc0cwh9Ynz+WC5EG</latexit><latexit sha1_base64="c5UfAY+yVEMTH3vLNtzQLPmBqWY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahPbQmIuhFKHrxJBXsB7ahbLabunSzCbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/eTP3WiErFIvGgxzH1QjwQLGAEayP1bLtZkmV0hUp3lceKWz6VPbvoVJ0Z0DJxM1KEDPWe/dXtRyQJqdCEY6U6rhNrL8VSM8LppNBNFI0xGeIB7RgqcEiVl84un6ATo/RREElTQqOZ+nsixaFS49A3nSHWT2rRm4r/eZ1EB5deykScaCrIfFGQcKQjNI0B9ZmkRPOxIZhIZm5F5AlLTLQJq2BCcBdfXibNs6rrVN3782LtOosjD0dwDCVw4QJqcAt1aACBETzDK7xZqfVivVsf89aclc0cwh9Ynz+WC5EG</latexit><latexit sha1_base64="c5UfAY+yVEMTH3vLNtzQLPmBqWY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahPbQmIuhFKHrxJBXsB7ahbLabunSzCbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/eTP3WiErFIvGgxzH1QjwQLGAEayP1bLtZkmV0hUp3lceKWz6VPbvoVJ0Z0DJxM1KEDPWe/dXtRyQJqdCEY6U6rhNrL8VSM8LppNBNFI0xGeIB7RgqcEiVl84un6ATo/RREElTQqOZ+nsixaFS49A3nSHWT2rRm4r/eZ1EB5deykScaCrIfFGQcKQjNI0B9ZmkRPOxIZhIZm5F5AlLTLQJq2BCcBdfXibNs6rrVN3782LtOosjD0dwDCVw4QJqcAt1aACBETzDK7xZqfVivVsf89aclc0cwh9Ynz+WC5EG</latexit><latexit sha1_base64="c5UfAY+yVEMTH3vLNtzQLPmBqWY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahPbQmIuhFKHrxJBXsB7ahbLabunSzCbubQgn9J148KOLVf+LNf+O2zUFbHww83pthZp4fc6a043xbuZXVtfWN/GZha3tnd8/eP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/eTP3WiErFIvGgxzH1QjwQLGAEayP1bLtZkmV0hUp3lceKWz6VPbvoVJ0Z0DJxM1KEDPWe/dXtRyQJqdCEY6U6rhNrL8VSM8LppNBNFI0xGeIB7RgqcEiVl84un6ATo/RREElTQqOZ+nsixaFS49A3nSHWT2rRm4r/eZ1EB5deykScaCrIfFGQcKQjNI0B9ZmkRPOxIZhIZm5F5AlLTLQJq2BCcBdfXibNs6rrVN3782LtOosjD0dwDCVw4QJqcAt1aACBETzDK7xZqfVivVsf89aclc0cwh9Ynz+WC5EG</latexit>

and integrate inwards

• Integrate outwards starting with solutions at small distances where 

V (r) ⇡ �Z/r
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• Meet at outer turning point

Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)



Solving the radial Dirac equation

Method described in detail in: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)
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Figure 2.2: The radial wave function for a Coulomb potential with Z = 2 is
shown at several steps in the iteration procedure leading to the 4p eigenstate.

The number of nodes increases with increasing energy. To reduce the number
of nodes, we must, therefore, lower the energy. We do this by multiplying E
(which is of course negative) by a factor of 1.1. Repeating steps 2 - 4 with
E = −0.110 a.u., leads to the curve shown in the dot-dashed curve in the
figure. The number of nodes remains nr = 3, so we repeat the steps again with
E = 1.1(−0.110) = −0.121 a.u.. At this energy, the number of nodes nr = 2
is correct, as shown in the dashed curve in Fig. 2.2; however, the derivative of
the wave function is still discontinuous at ac. To achieve a wave function with
a continuous derivative, we make further corrections to E using a perturbative
approach.

If we let P1(r) and Q1(r) represent the radial wave function and its derivative
at E1, respectively, and let P2(r) and Q2(r) represent the same two quantities
at E2, then it follows from the radial Schrödinger equation that

d

dr
(Q2P1 − P2Q1) = 2(E1 − E2)P1P2 . (2.89)

From this equation, we find that

2(E1 − E2)
∫ ∞

ac

P1 P2 dr = −(Q2P1 − P2Q1)+, (2.90)

2(E1 − E2)
∫ ac

0
P1 P2 dr = (Q2P1 − P2Q1)−, (2.91)

Illustration of matching: 
radial 4p orbital 
(non-relativistic) 
in Coulomb potential 

Check number of “zeros”  

n = n0 + l + 1
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Crude adjustment to 
energy until correct 

Fine adjustment until 
function and derivative 
are smooth



Relativistic Hartree-Fock

• Hamiltonian for many-electron atom:

H =
NX

i=1

h0(ri) +
NX

i<j

1

|ri � rj |
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• Wish to solve

H�(r1, r2, ..., rN ) = E�(r1, r2, ..., rN )
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Figure 3.2: Solutions to the HF equation for helium, Z = 2. The radial HF
wave function P1s(r) is plotted in the solid curve and electron potential v0(1s, r)
is plotted in the dashed curve.

3.2 HF Equations for Closed-Shell Atoms

For a system of N -electrons, the Hamiltonian is

H(r1, r2, · · · , rN ) =
N∑

i=1

h0(ri) +
1
2

∑

i!=j

1
rij

, (3.37)

where h0 is the single-particle operator for the sum of the kinetic energy and the
electron-nucleus interaction given in Eq.(3.2), and where 1/rij is the Coulomb
interaction energy between the ith and jth electrons. We seek approximate
solutions to the N -electron Schrödinger equation

H(r1, r2, · · · , rN )Ψ(r1, r2, · · · , rN ) = EΨ(r1, r2, · · · , rN ). (3.38)

The solutions corresponding to electrons (and other fermions) are completely
antisymmetric with respect to the interchange of any two coordinates

Ψ(r1, · · · , ri, · · · , rj , · · · , rN ) = −Ψ(r1, · · · , rj , · · · , ri, · · · , rN ) . (3.39)

It is perhaps worthwhile repeating here an observation by Hartree (1957, p.
16) concerning “exact” solutions to Eq.(3.38) in the many-electron case. If we
consider, for example, the 26 electron iron atom, the function Ψ(r1, r2, · · · , rN )
depends on 3 × 26 = 78 variables. Using a course grid of only 10 points for
each variable, it would require 1078 numbers to tabulate the wave function for
iron. Since this number exceeds the estimated number of particles in the solar
system, it is difficult to understand how the wave function would be stored
even if it could be calculated! Of more practical interest are approximations
to “exact” solutions and methods for systematically improving the accuracy of
such approximations.

From: W. R. Johnson, Atomic Structure Theory (Springer, Berlin, 2007)
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• Approximate solution — single Slater determinant

�(r1, r2, ..., rN )
1p
N !

���������

'a(r1) 'b(r1) · · · 'n(r1)
'a(r2) 'b(r2) · · · 'n(r2)

...
'a(rN ) 'b(rN ) · · · 'n(rN )

���������
<latexit sha1_base64="qZWZBrTKSeoaEyDd9HKyQbl9NF4="></latexit><latexit sha1_base64="qZWZBrTKSeoaEyDd9HKyQbl9NF4="></latexit><latexit sha1_base64="qZWZBrTKSeoaEyDd9HKyQbl9NF4="></latexit><latexit sha1_base64="qZWZBrTKSeoaEyDd9HKyQbl9NF4="></latexit>

where h'a = (ho + U(r))'a = ✏a'a
<latexit sha1_base64="6Km+pUjXwKnc4+5gfQxcBavdvDg=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoEcqMCHUjFN24rGAf0JbhTpp2QjOZIckUSumnuPFX3LhQRHf6NabtILX1QOBwzrnc3OPHnCntOF9WZm19Y3Mru53b2d3bP7APj+oqSiShNRLxSDZ9UJQzQWuaaU6bsaQQ+pw2/MHt1G8MqVQsEg96FNNOCH3BeoyANpJnlwPcHoKMA+YBvsaFwIvOawVZLC6qbRorxk0cflXPzjslZwa8StyU5FGKqmd/trsRSUIqNOGgVMt1Yt0Zg9SMcDrJtRNFYyAD6NOWoQJCqjrj2YETfGaULu5F0jyh8UxdnBhDqNQo9E0yBB2oZW8q/ue1Et276oyZiBNNBZkv6iUc6whP28JdJinRfGQIEMnMXzEJQALRptOcKcFdPnmV1C9KrlNy7y/zlZu0jiw6QaeogFxURhV0h6qohgh6RM/oFb1ZT9aL9W59zKMZK505Rn9gff8AwOKiJQ==</latexit><latexit sha1_base64="6Km+pUjXwKnc4+5gfQxcBavdvDg=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoEcqMCHUjFN24rGAf0JbhTpp2QjOZIckUSumnuPFX3LhQRHf6NabtILX1QOBwzrnc3OPHnCntOF9WZm19Y3Mru53b2d3bP7APj+oqSiShNRLxSDZ9UJQzQWuaaU6bsaQQ+pw2/MHt1G8MqVQsEg96FNNOCH3BeoyANpJnlwPcHoKMA+YBvsaFwIvOawVZLC6qbRorxk0cflXPzjslZwa8StyU5FGKqmd/trsRSUIqNOGgVMt1Yt0Zg9SMcDrJtRNFYyAD6NOWoQJCqjrj2YETfGaULu5F0jyh8UxdnBhDqNQo9E0yBB2oZW8q/ue1Et276oyZiBNNBZkv6iUc6whP28JdJinRfGQIEMnMXzEJQALRptOcKcFdPnmV1C9KrlNy7y/zlZu0jiw6QaeogFxURhV0h6qohgh6RM/oFb1ZT9aL9W59zKMZK505Rn9gff8AwOKiJQ==</latexit><latexit sha1_base64="6Km+pUjXwKnc4+5gfQxcBavdvDg=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoEcqMCHUjFN24rGAf0JbhTpp2QjOZIckUSumnuPFX3LhQRHf6NabtILX1QOBwzrnc3OPHnCntOF9WZm19Y3Mru53b2d3bP7APj+oqSiShNRLxSDZ9UJQzQWuaaU6bsaQQ+pw2/MHt1G8MqVQsEg96FNNOCH3BeoyANpJnlwPcHoKMA+YBvsaFwIvOawVZLC6qbRorxk0cflXPzjslZwa8StyU5FGKqmd/trsRSUIqNOGgVMt1Yt0Zg9SMcDrJtRNFYyAD6NOWoQJCqjrj2YETfGaULu5F0jyh8UxdnBhDqNQo9E0yBB2oZW8q/ue1Et276oyZiBNNBZkv6iUc6whP28JdJinRfGQIEMnMXzEJQALRptOcKcFdPnmV1C9KrlNy7y/zlZu0jiw6QaeogFxURhV0h6qohgh6RM/oFb1ZT9aL9W59zKMZK505Rn9gff8AwOKiJQ==</latexit><latexit sha1_base64="6Km+pUjXwKnc4+5gfQxcBavdvDg=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoEcqMCHUjFN24rGAf0JbhTpp2QjOZIckUSumnuPFX3LhQRHf6NabtILX1QOBwzrnc3OPHnCntOF9WZm19Y3Mru53b2d3bP7APj+oqSiShNRLxSDZ9UJQzQWuaaU6bsaQQ+pw2/MHt1G8MqVQsEg96FNNOCH3BeoyANpJnlwPcHoKMA+YBvsaFwIvOawVZLC6qbRorxk0cflXPzjslZwa8StyU5FGKqmd/trsRSUIqNOGgVMt1Yt0Zg9SMcDrJtRNFYyAD6NOWoQJCqjrj2YETfGaULu5F0jyh8UxdnBhDqNQo9E0yBB2oZW8q/ue1Et276oyZiBNNBZkv6iUc6whP28JdJinRfGQIEMnMXzEJQALRptOcKcFdPnmV1C9KrlNy7y/zlZu0jiw6QaeogFxURhV0h6qohgh6RM/oFb1ZT9aL9W59zKMZK505Rn9gff8AwOKiJQ==</latexit>



Relativistic Hartree-Fock

• Expectation value of full Hamiltonian: E = h�|H|�i
<latexit sha1_base64="2spknWQ04CaQYaebsEnXqvnycBk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3QhFEbqsYB/QhDKZ3rZDJ5MwMxFK2pUbf8WNC0Xc+g3u/BsnbRbaeuByD+fcy8w9QcyZ0o7zbS0tr6yurRc2iptb2zu79t5+Q0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm8xvPoBULBL3ehSDH5K+YD1GiTZSxz66vfI4EX0O2KsNGB5Xx1n35FTr2CWn7EyBF4mbkxLKUevYX143okkIQlNOlGq7Tqz9lEjNKIdJ0UsUxIQOSR/ahgoSgvLT6RkTfGKULu5F0pTQeKr+3khJqNQoDMxkSPRAzXuZ+J/XTnTv0k+ZiBMNgs4e6iUc6whnmeAuk0A1HxlCqGTmr5gOiCRUm+SKJgR3/uRF0jgru07ZvTsvVa7zOAroEB2jU+SiC1RBVVRDdUTRI3pGr+jNerJerHfrYza6ZOU7B+gPrM8fYFKYbQ==</latexit><latexit sha1_base64="2spknWQ04CaQYaebsEnXqvnycBk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3QhFEbqsYB/QhDKZ3rZDJ5MwMxFK2pUbf8WNC0Xc+g3u/BsnbRbaeuByD+fcy8w9QcyZ0o7zbS0tr6yurRc2iptb2zu79t5+Q0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm8xvPoBULBL3ehSDH5K+YD1GiTZSxz66vfI4EX0O2KsNGB5Xx1n35FTr2CWn7EyBF4mbkxLKUevYX143okkIQlNOlGq7Tqz9lEjNKIdJ0UsUxIQOSR/ahgoSgvLT6RkTfGKULu5F0pTQeKr+3khJqNQoDMxkSPRAzXuZ+J/XTnTv0k+ZiBMNgs4e6iUc6whnmeAuk0A1HxlCqGTmr5gOiCRUm+SKJgR3/uRF0jgru07ZvTsvVa7zOAroEB2jU+SiC1RBVVRDdUTRI3pGr+jNerJerHfrYza6ZOU7B+gPrM8fYFKYbQ==</latexit><latexit sha1_base64="2spknWQ04CaQYaebsEnXqvnycBk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3QhFEbqsYB/QhDKZ3rZDJ5MwMxFK2pUbf8WNC0Xc+g3u/BsnbRbaeuByD+fcy8w9QcyZ0o7zbS0tr6yurRc2iptb2zu79t5+Q0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm8xvPoBULBL3ehSDH5K+YD1GiTZSxz66vfI4EX0O2KsNGB5Xx1n35FTr2CWn7EyBF4mbkxLKUevYX143okkIQlNOlGq7Tqz9lEjNKIdJ0UsUxIQOSR/ahgoSgvLT6RkTfGKULu5F0pTQeKr+3khJqNQoDMxkSPRAzXuZ+J/XTnTv0k+ZiBMNgs4e6iUc6whnmeAuk0A1HxlCqGTmr5gOiCRUm+SKJgR3/uRF0jgru07ZvTsvVa7zOAroEB2jU+SiC1RBVVRDdUTRI3pGr+jNerJerHfrYza6ZOU7B+gPrM8fYFKYbQ==</latexit><latexit sha1_base64="2spknWQ04CaQYaebsEnXqvnycBk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3QhFEbqsYB/QhDKZ3rZDJ5MwMxFK2pUbf8WNC0Xc+g3u/BsnbRbaeuByD+fcy8w9QcyZ0o7zbS0tr6yurRc2iptb2zu79t5+Q0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm8xvPoBULBL3ehSDH5K+YD1GiTZSxz66vfI4EX0O2KsNGB5Xx1n35FTr2CWn7EyBF4mbkxLKUevYX143okkIQlNOlGq7Tqz9lEjNKIdJ0UsUxIQOSR/ahgoSgvLT6RkTfGKULu5F0pTQeKr+3khJqNQoDMxkSPRAzXuZ+J/XTnTv0k+ZiBMNgs4e6iUc6whnmeAuk0A1HxlCqGTmr5gOiCRUm+SKJgR3/uRF0jgru07ZvTsvVa7zOAroEB2jU+SiC1RBVVRDdUTRI3pGr+jNerJerHfrYza6ZOU7B+gPrM8fYFKYbQ==</latexit>

• Require that the energy is stationary with respect to variations of the 
radial wave functions, subject to the normalisation condition

• Finally, obtain relativistic Hartree-Fock equations, with potential:
where Vnuc(r) is the nuclear potential and the Hartree-Fock potential VHF is given by

VHFRa(r) =
X

b

(2jb + 1)

h
v0(b, b, r)Ra(r)| {z }

direct

�
X

k

⇤akb
vk(b, a, r)Rb(r)

| {z }
exchange

i
. (3)

The first and second terms on the right are the direct and exchange parts of the Hartree-

Fock potential; R denotes f ,g and

vk(a, b, r) =

Z 1

0
dr0

rk<
rk+1
>

h
fa(r

0
)fb(r

0
) + ↵2ga(r

0
)gb(r

0
)

i
, (4)

⇤akb
=

✓
ja jb k

�1/2 1/2 0

◆2

⇧(la + k + lb) , (5)

where

⇧(l) =

⇢
1 , l even
0 , l odd

.

5 Initialization and set-up

This is the place where most of the di↵erences between the procedures lie.

.......

5.1 Constructing the radial grid

The radial grid is constructed in the routine radial grid. The grid is chosen to be

exponential close to the nucleus and linear at larger distances. Rapid oscillation of the

functions close to the nucleus is therefore taken care of.

Equally spaced grid x is related to variable grid r by

x = � ln(r) + r (6)

and the Jacobian is ���
dr

dx

��� =
r

r + �
. (7)

Parameter What is it? Where do I find it? Typical value

� determines distance for module 4.
exp. ! linear transition parameters

rmin distance from zero module 1.e�6

for first point in grid parameters

rmax distance for last point data for run depends on system; e.g.,

excited states for Cs, 100.

max points number of points in grid module depends on system;

parameters for Cs, 1500

3

where
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• Solving the RHF equations, 

(Vnuc(r) + Vel)f +
⇣ d

dr
� 

r

⌘
g = ✏f

<latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit><latexit sha1_base64="n9ezWf33yu0Nm0MAjsYbk4HUJhI="></latexit>

�
⇣ d

dr
+



r

⌘
f + [↵2(Vnuc(r) + Vel)� 2]g = ↵2✏g

<latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit><latexit sha1_base64="zRYTwCVAz2p1MStnlIWi5CKpkx8="></latexit>

Vel = VHF
<latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit><latexit sha1_base64="3Zy8A9GJB3CNemShU4yZskc+0Ao=">AAAB+nicdZDLSgMxFIYz9VbrbapLN8EiuCpJEdsuhKIgXVawF2iHIZOmbWjmQpJRyjiP4saFIm59Ene+jZm2gooeCHz8/zmck9+LBFcaoQ8rt7K6tr6R3yxsbe/s7tnF/Y4KY0lZm4YilD2PKCZ4wNqaa8F6kWTE9wTretPLzO/eMql4GNzoWcQcn4wDPuKUaCO5drHjJgPpQybSc4PNq9S1S6iMEMIYwwxw9QwZqNdrFVyDOLNMlcCyWq79PhiGNPZZoKkgSvUxirSTEKk5FSwtDGLFIkKnZMz6BgPiM+Uk89NTeGyUIRyF0rxAw7n6fSIhvlIz3zOdPtET9dvLxL+8fqxHNSfhQRRrFtDFolEsoA5hlgMccsmoFjMDhEpuboV0QiSh2qRVMCF8/RT+D51KGaMyvj4tNS6WceTBITgCJwCDKmiAJmiBNqDgDjyAJ/Bs3VuP1ov1umjNWcuZA/CjrLdPCs6T3A==</latexit>

• Self-consistently for electrons of core 

• Freeze potential of core, V N�1
HF

<latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit><latexit sha1_base64="0Ki0Of08Uz36WMSZrr8SqyMAbJY=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3lqSIbXdFQbqSCvYB7VgyaaYNzWSGJCOUYX7DjQtF3Poz7vwbM20FFT1w4XDOvdx7jxcJrg1CH87S8srq2npuI7+5tb2zW9jbb+swVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm1xmfueeKc1DeWumEXMDMpLc55QYK/Xbd8n1KU4HSeMqHRSKqIQQwhjDjODKObKkVquWcRXizLIoggWag8J7fxjSOGDSUEG07mEUGTchynAqWJrvx5pFhE7IiPUslSRg2k1mN6fw2CpD6IfKljRwpn6fSEig9TTwbGdAzFj/9jLxL68XG7/qJlxGsWGSzhf5sYAmhFkAcMgVo0ZMLSFUcXsrpGOiCDU2prwN4etT+D9pl0sYlfDNWbF+sYgjBw7BETgBGFRAHTRAE7QABRF4AE/g2YmdR+fFeZ23LjmLmQPwA87bJ5crkWU=</latexit>

• Solve for valence electron in V N�1
HF
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Correlation potential

• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction
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• Perturbation theory in residual Coulomb interaction, 
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<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

�
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit>
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<latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

↵
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

�
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7od0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdtma81cwx/ID39gkkFo0o</latexit>

n
<latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT 16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7o d0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdt ma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT 16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7o d0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdt ma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT 16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7o d0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdt ma81cwx/ID39gkkFo0o</latexit><latexit sha1_base64="grrYa2+4GaBuHy4/qGreLie45nI=">AAAB6HicdVBNSwMxEJ2tX7V+VT 16CRbBU0mK2PZW9OKxBfsB7VKyadrGZrNLkhVK6S/w4kERr/4kb/4bs20FFX0w8Hhvhpl5QSyFsRh/eJm19Y3Nrex2bmd3b/8gf3jUMlGiGW+ySEa6E1DDpVC8aYWVvBNrTsNA8nYwuU799j3XRkTq1k5j7o d0pMRQMGqd1FD9fAEXMcaEEJQSUr7EjlSrlRKpIJJaDgVYod7Pv/cGEUtCriyT1JguwbH1Z1RbwSSf53qJ4TFlEzriXUcVDbnxZ4tD5+jMKQM0jLQrZdFC/T4xo6Ex0zBwnSG1Y/PbS8W/vG5ihxV/JlScWK7YctEwkchGKP0aDYTmzMqpI5Rp4W5FbEw1ZdZlk3MhfH2K/ietUpHgImlcFGpXqziycAKncA4EylCDG6hDExhweIAnePbuvEfvxXtdt ma81cwx/ID39gkkFo0o</latexit>

↵
<latexit sha1_base64="pz4iG lBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpss lrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Y vl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iG lBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpss lrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Y vl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iG lBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpss lrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Y vl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iG lBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpss lrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Y vl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

�
<latexit sha1_base64="cPRYOuPm9cg UY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2 J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cg UY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2 J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cg UY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2 J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cg UY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2 J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>
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<latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit><latexit sha1_base64="C7af23fAS7qmc2Sm5CJo8zG+hr0="></latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

a
<latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit><latexit sha1_base64="kmTPLZYMuAAb0QaPZP+t3cL8HAo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwEMckt6MVjAuYByRJmJ73JmNkHM7NCWPIFXjwo4tVP8ubfOJtEUNGChqKqm+4uL5ZCG0I+nNza+sbmVn67sLO7t39QPDzq6ChRHNo8kpHqeUyDFCG0jTASerECFngSut70OvO796C0iMJbM4vBDdg4FL7gzFipxYbFEikTQiilOCO0ekksqddrFVrDNLMsSmiF5rD4PhhFPAkgNFwyrfuUxMZNmTKCS5gXBomGmPEpG0Pf0pAFoN10cegcn1llhP1I2QoNXqjfJ1IWaD0LPNsZMDPRv71M/MvrJ8avuakI48RAyJeL/ERiE+HsazwSCriRM0sYV8LeivmEKcaNzaZgQ/j6FP9POpUyJWXauig1rlZx5NEJOkXniKIqaqAb1ERtxBGgB/SEnp0759F5cV6XrTlnNXOMfsB5+wQQYo0b</latexit>

↵
<latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit><latexit sha1_base64="pz4iGlBNo+DEZQhh7hYHyalpi5k=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4KkkR296KXjxWsB/QLiWbZtvYbHZJskIp/Q9ePCji1f/jzX9jtq2gog8GHu/NMDMvSKQwFuMPb2V1bX1jM7eV397Z3dsvHBy2TJxqxpsslrHuBNRwKRRvWmEl7ySa0yiQvB2MrzK/fc+1EbG6tZOE+xEdKhEKRq2TWj0qkxHtF4q4hDEmhKCMkMoFdqRWq5ZJFZHMcijCEo1+4b03iFkacWWZpMZ0CU6sP6XaCib5LN9LDU8oG9Mh7zqqaMSNP51fO0OnThmgMNaulEVz9fvElEbGTKLAdUbUjsxvLxP/8rqpDav+VKgktVyxxaIwlcjGKHsdDYTmzMqJI5Rp4W5FbEQ1ZdYFlHchfH2K/ietcongErk5L9Yvl3Hk4BhO4AwIVKAO19CAJjC4gwd4gmcv9h69F+910briLWeO4Ae8t0/Yd49O</latexit>

�
<latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit><latexit sha1_base64="cPRYOuPm9cgUY2ZB8iPUkV+Z4eU=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxgtsW2qVk07QNzWaXJCuU0t/gxYMiXv1B3vw3ZtsKKvpg4PHeDDPzwkQKYzH+8HJr6xubW/ntws7u3v5B8fCoZeJUM+6zWMa6E1LDpVDct8JK3kk0p1EoeTucXGd++55rI2J1Z6cJDyI6UmIoGLVO8nsht7RfLOEyxpgQgjJCqpfYkXq9ViE1RDLLoQQrNPvF994gZmnElWWSGtMlOLHBjGormOTzQi81PKFsQke866iiETfBbHHsHJ05ZYCGsXalLFqo3ydmNDJmGoWuM6J2bH57mfiX103tsBbMhEpSyxVbLhqmEtkYZZ+jgdCcWTl1hDIt3K2IjammzLp8Ci6Er0/R/6RVKRNcJrcXpcbVKo48nMApnAOBKjTgBprgAwMBD/AEz57yHr0X73XZmvNWM8fwA97bJxDbjto=</latexit>

n
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Correlation potential

• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction

Excitation energies,
error ~ 10%

⇥
c↵ · p+ (� � 1)c2 � Z/r + VHF
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• Perturbation theory in residual Coulomb interaction, 

• Pull out the correlation potential and add it to the Hartree-Fock equations,
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• Starting point: relativistic Hartree-Fock (RHF),

• Lowest-order correlation corrections  -  2nd order in Coulomb interaction

Excitation energies,
error ~ 1%

• Perturbation theory in residual Coulomb interaction, 

• Pull out the correlation potential and add it to the Hartree-Fock equations,
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All-orders correlation potential

Classes of diagrams included to all 
orders using the Feynman diagram 
technique
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1. Electron-electron screening

2. Hole-particle interaction

Non-linear-in-    contributions⌃
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Affect on wave function

equations for the valence electrons. This yields Brueckner
orbitals j iBr, and energies � iBr, . Such a procedure also takes
into account the higher orders in Σ in the Brueckner orbitals
and energies.

In this work we calculate ( )S 2 for all atoms considered
and we calculate ( )S ¥ for Cs. We calculate ( )S 2 using a
B-spline basis set [38] obtained by diagonalizing the relati-
vistic Hartree–Fock operator on a set of 40 splines of order
k=9 within a cavity of radius 40 a.u. The exchange part of

( )S ¥ is also considered in the second-order, with (multi-
polarity-dependent) factors used to screen the Coulomb
interaction. For the direct part of ( )S ¥ , the Feynman diagram
technique is used for inclusion of the core polarization and
hole-particle classes of diagrams; see [37] for further details
about the method. The correlation potential method, using all-
orders ( )S ¥ , has proven to be remarkably successful in high-
precision atomic structure calculations for heavy alkali atoms;
notably, this method was used to obtain one of the most
precise results for parity violation in Cs [39–41].

Inclusion of the correlation potential modifies the orbitals
of the valence electrons at large distances, 2r aB. These are
the distances that also determine the binding energies of the
electrons. Placing fitting factors before the correlation
potential Sk kf and fitting to the experimental binding ener-
gies may be considered a way of taking into account missed
effects in the correlation potential. (Experience has shown
that, indeed, fitting of the energies leads to improved wave
functions at all distances.)

In table 3 we present the Uehling shift for the valence
orbitals of Cs with the correlation potential taken into
account. We present results both for ( )S 2 and ( )S ¥ to see how
sensitive the Uehling correction is to the correlation correc-
tions. The values presented in this table do not include the
large effects of core relaxation.

It is seen from table 3 that the effect of the correlations is
large. They increase the 6s level shift by around 50% and they
exceed the relaxation correction for this level. The relative
corrections for the other waves is even larger, though for
these waves the relaxation effect dominates.

The effect of the correlation potential is to pull the wave
functions closer to the nucleus. This leads to larger Uehling
shifts for all waves and is more important for the orbitals
with >l 0.

The difference between the results using ( )S 2 or ( )S ¥ is
significant, affecting the second digit in the results. However,
the fitted results shown in columns five and eight of table 3,
agree very well, to about 2% for 6s and significantly better for
the other waves. That is, as long as the correlation potential
is fitted to reproduce the experimental energies, the correla-
tion corrections to the Uehling shifts are insensitive to the
details of Σ.

Therefore, we have performed calculations for Na
through to E119 with the second-order correlation potential

( )S 2 fitted to reproduce experimental energies (for E119, we
use fitting factors from Fr). These results, which also include
the important core-relaxation effects, are presented in the
sixth column of table 4.

In the final column of table 4 we present, along with the
results of [22], the vacuum polarization calculations per-
formed by Thierfelder and Schwerdtfeger [18] in the relati-
vistic Hartree–Fock approach. Their results are in reasonable
agreement with our relaxed core results �d . We are not aware
of other many-body vacuum polarization results for the alkali
atoms.

It is worth emphasizing the effect of the correlation
potential on the valence electron wave functions. The wave
functions are modified by the correlation potential in the
region 2r a ;B see figure 2, where we illustrate the relativistic
Hartree–Fock and Brueckner upper radial component for the
6s orbital of Cs. For <r aB, the Brueckner wave functions are
proportional to the Hartree–Fock wave functions,

( ) ( )j j< = <r a c r aB BBr . The effect that the correlation
corrections have in this region is simply in the normalization
of the wave functions. Obviously, since the Uehling potential
acts at a distance close to the nuclear radius,

∣ ∣ ∣ ∣j j j já ñ = á ñV c VBr Ueh Br
2

Ueh . If the range of the correction
to the Hartree–Fock potential dVHF

Ueh were within aB, then
∣ ∣ ∣ ∣j d j j d já + ñ = á + ñV V c V VBr Ueh HF

Ueh
Br

2
Ueh HF

Ueh also, i.e.,
( )( ) ( )� � � � �d d d d d= =cBr

2
Br
1 1 . We do notice some deviation

from this relation, which is a result of the long range of the
relaxation correction to the Hartree–Fock potential; this range
indeed extends beyond =r aB, as we saw in the previous
section. Overall, though, the relation above holds fairly well.

From consideration of the level of agreement between the
fitted Brueckner results of Cs from table 3, we estimate the
uncertainty of our final results for the alkali atoms Na to E119
(column six of table 4) to be a few percent.

While the aim of this work is to study the effect of many-
body corrections on the QED radiative shifts, applied to the
Uehling potential specifically, we note that there are other
contributions to the vacuum polarization shift at the one-loop
level that we have not included, for instance the higher-order
in aZ corrections and remaining electron screening effects
corresponding to a vacuum polarization loop in the photon
exchange between electrons. A more precise study would

Figure 2. Upper radial component of the Cs 6s orbitals. Thick solid
line corresponds to the relativistic HF orbital, dashed line is the
Brueckner orbital, and the thin solid line is the rescaled relativistic
HF orbital, which is seen to coincide with the Brueckner orbital for
1r aB (see inset).

7

J. Phys. B: At. Mol. Opt. Phys. 49 (2016) 095001 J S M Ginges and J C Berengut

RHF
Brueckner



“Small corrections”

Breit corrections Retardation and magnetic corrections to
Coulomb interaction

1

r
! 1

r
� 1

2r

⇣
↵i ·↵j +↵i · n ↵j · n

⌘

where r = nr = ri � rj

QED corrections in many-body calculations

Radiative potential method - Flambaum, Ginges, PRA (2005)
,Model operator approach - Shabaev, Tupitsyn, Yerokhin, PRA (2013)

+ +!
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Radiative potential

Typical range of quantum electrodynamics radiative 
interactions

within the 1s orbit,                 

r ⇠ ~/mc ⇡ 1/137 a.u.

r ⇠ 1/Z

In this region, valence electron of a neutral atom behaves like an electron in a 
highly-excited state of a hydrogen-like ion!

1/137

1s

1/Z

Electron sees unscreened nucleus,                 

Binding energies of valence electrons, ✏ ⇠ 10�5mc2
<latexit sha1_base64="LdJ12pmtilerM6uunQ4UxDlliFI=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwY8mMta27ohuXFewD+iKTpm1okhmSjFCG4sZfceNCEbd+hTv/xkxbQUUPXDiccy/33uOHnGmD0IezsLi0vLKaWkuvb2xubWd2dms6iBShVRLwQDV8rClnklYNM5w2QkWx8Dmt+6PLxK/fUqVZIG/MOKRtgQeS9RnBxkrdzH6LhprxQMKWZgK6qBOfnE0E6XjdTBblzksFL1+AKIdQ0fXchHjF/GkeulZJkAVzVLqZ91YvIJGg0hCOtW66KDTtGCvDCKeTdCvSNMRkhAe0aanEgup2PH1hAo+s0oP9QNmSBk7V7xMxFlqPhW87BTZD/dtLxL+8ZmT6pXbMZBgZKslsUT/i0AQwyQP2mKLE8LElmChmb4VkiBUmxqaWtiF8fQr/JzUv56Kce53Pli/mcaTAATgEx8AFRVAGV6ACqoCAO/AAnsCzc+88Oi/O66x1wZnP7IEfcN4+ASCrlps=</latexit><latexit sha1_base64="LdJ12pmtilerM6uunQ4UxDlliFI=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwY8mMta27ohuXFewD+iKTpm1okhmSjFCG4sZfceNCEbd+hTv/xkxbQUUPXDiccy/33uOHnGmD0IezsLi0vLKaWkuvb2xubWd2dms6iBShVRLwQDV8rClnklYNM5w2QkWx8Dmt+6PLxK/fUqVZIG/MOKRtgQeS9RnBxkrdzH6LhprxQMKWZgK6qBOfnE0E6XjdTBblzksFL1+AKIdQ0fXchHjF/GkeulZJkAVzVLqZ91YvIJGg0hCOtW66KDTtGCvDCKeTdCvSNMRkhAe0aanEgup2PH1hAo+s0oP9QNmSBk7V7xMxFlqPhW87BTZD/dtLxL+8ZmT6pXbMZBgZKslsUT/i0AQwyQP2mKLE8LElmChmb4VkiBUmxqaWtiF8fQr/JzUv56Kce53Pli/mcaTAATgEx8AFRVAGV6ACqoCAO/AAnsCzc+88Oi/O66x1wZnP7IEfcN4+ASCrlps=</latexit><latexit sha1_base64="LdJ12pmtilerM6uunQ4UxDlliFI=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwY8mMta27ohuXFewD+iKTpm1okhmSjFCG4sZfceNCEbd+hTv/xkxbQUUPXDiccy/33uOHnGmD0IezsLi0vLKaWkuvb2xubWd2dms6iBShVRLwQDV8rClnklYNM5w2QkWx8Dmt+6PLxK/fUqVZIG/MOKRtgQeS9RnBxkrdzH6LhprxQMKWZgK6qBOfnE0E6XjdTBblzksFL1+AKIdQ0fXchHjF/GkeulZJkAVzVLqZ91YvIJGg0hCOtW66KDTtGCvDCKeTdCvSNMRkhAe0aanEgup2PH1hAo+s0oP9QNmSBk7V7xMxFlqPhW87BTZD/dtLxL+8ZmT6pXbMZBgZKslsUT/i0AQwyQP2mKLE8LElmChmb4VkiBUmxqaWtiF8fQr/JzUv56Kce53Pli/mcaTAATgEx8AFRVAGV6ACqoCAO/AAnsCzc+88Oi/O66x1wZnP7IEfcN4+ASCrlps=</latexit><latexit sha1_base64="LdJ12pmtilerM6uunQ4UxDlliFI=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwY8mMta27ohuXFewD+iKTpm1okhmSjFCG4sZfceNCEbd+hTv/xkxbQUUPXDiccy/33uOHnGmD0IezsLi0vLKaWkuvb2xubWd2dms6iBShVRLwQDV8rClnklYNM5w2QkWx8Dmt+6PLxK/fUqVZIG/MOKRtgQeS9RnBxkrdzH6LhprxQMKWZgK6qBOfnE0E6XjdTBblzksFL1+AKIdQ0fXchHjF/GkeulZJkAVzVLqZ91YvIJGg0hCOtW66KDTtGCvDCKeTdCvSNMRkhAe0aanEgup2PH1hAo+s0oP9QNmSBk7V7xMxFlqPhW87BTZD/dtLxL+8ZmT6pXbMZBgZKslsUT/i0AQwyQP2mKLE8LElmChmb4VkiBUmxqaWtiF8fQr/JzUv56Kce53Pli/mcaTAATgEx8AFRVAGV6ACqoCAO/AAnsCzc+88Oi/O66x1wZnP7IEfcN4+ASCrlps=</latexit>

V ⇡ �Z/r
<latexit sha1_base64="+ccALoKJ0hvI/earNwnq0TW0mmA=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwY0xiaOuu6MZlBfvANpTJdNIOnSTjzKRYQr/DjQtF3Pox7vwbJ20FFT1w4XDOvdx7j88ZlcqyPozc0vLK6lp+vbCxubW9U9zda8o4EZg0cMxi0faRJIxGpKGoYqTNBUGhz0jLH11mfmtMhKRxdKMmnHghGkQ0oBgpLXnNLuJcxPfw5PZU9Iolyzyvlh23DC3Tsiq2Y2fEqbhnLrS1kqEEFqj3iu/dfoyTkEQKMyRlx7a48lIkFMWMTAvdRBKO8AgNSEfTCIVEeuns6Ck80kofBrHQFSk4U79PpCiUchL6ujNEaih/e5n4l9dJVFD1UhrxRJEIzxcFCYMqhlkCsE8FwYpNNEFYUH0rxEMkEFY6p4IO4etT+D9pOqZtmfa1W6pdLOLIgwNwCI6BDSqgBq5AHTQABnfgATyBZ2NsPBovxuu8NWcsZvbBDxhvn1mjkdI=</latexit><latexit sha1_base64="+ccALoKJ0hvI/earNwnq0TW0mmA=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwY0xiaOuu6MZlBfvANpTJdNIOnSTjzKRYQr/DjQtF3Pox7vwbJ20FFT1w4XDOvdx7j88ZlcqyPozc0vLK6lp+vbCxubW9U9zda8o4EZg0cMxi0faRJIxGpKGoYqTNBUGhz0jLH11mfmtMhKRxdKMmnHghGkQ0oBgpLXnNLuJcxPfw5PZU9Iolyzyvlh23DC3Tsiq2Y2fEqbhnLrS1kqEEFqj3iu/dfoyTkEQKMyRlx7a48lIkFMWMTAvdRBKO8AgNSEfTCIVEeuns6Ck80kofBrHQFSk4U79PpCiUchL6ujNEaih/e5n4l9dJVFD1UhrxRJEIzxcFCYMqhlkCsE8FwYpNNEFYUH0rxEMkEFY6p4IO4etT+D9pOqZtmfa1W6pdLOLIgwNwCI6BDSqgBq5AHTQABnfgATyBZ2NsPBovxuu8NWcsZvbBDxhvn1mjkdI=</latexit><latexit sha1_base64="+ccALoKJ0hvI/earNwnq0TW0mmA=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwY0xiaOuu6MZlBfvANpTJdNIOnSTjzKRYQr/DjQtF3Pox7vwbJ20FFT1w4XDOvdx7j88ZlcqyPozc0vLK6lp+vbCxubW9U9zda8o4EZg0cMxi0faRJIxGpKGoYqTNBUGhz0jLH11mfmtMhKRxdKMmnHghGkQ0oBgpLXnNLuJcxPfw5PZU9Iolyzyvlh23DC3Tsiq2Y2fEqbhnLrS1kqEEFqj3iu/dfoyTkEQKMyRlx7a48lIkFMWMTAvdRBKO8AgNSEfTCIVEeuns6Ck80kofBrHQFSk4U79PpCiUchL6ujNEaih/e5n4l9dJVFD1UhrxRJEIzxcFCYMqhlkCsE8FwYpNNEFYUH0rxEMkEFY6p4IO4etT+D9pOqZtmfa1W6pdLOLIgwNwCI6BDSqgBq5AHTQABnfgATyBZ2NsPBovxuu8NWcsZvbBDxhvn1mjkdI=</latexit><latexit sha1_base64="+ccALoKJ0hvI/earNwnq0TW0mmA=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwY0xiaOuu6MZlBfvANpTJdNIOnSTjzKRYQr/DjQtF3Pox7vwbJ20FFT1w4XDOvdx7j88ZlcqyPozc0vLK6lp+vbCxubW9U9zda8o4EZg0cMxi0faRJIxGpKGoYqTNBUGhz0jLH11mfmtMhKRxdKMmnHghGkQ0oBgpLXnNLuJcxPfw5PZU9Iolyzyvlh23DC3Tsiq2Y2fEqbhnLrS1kqEEFqj3iu/dfoyTkEQKMyRlx7a48lIkFMWMTAvdRBKO8AgNSEfTCIVEeuns6Ck80kofBrHQFSk4U79PpCiUchL6ujNEaih/e5n4l9dJVFD1UhrxRJEIzxcFCYMqhlkCsE8FwYpNNEFYUH0rxEMkEFY6p4IO4etT+D9pOqZtmfa1W6pdLOLIgwNwCI6BDSqgBq5AHTQABnfgATyBZ2NsPBovxuu8NWcsZvbBDxhvn1mjkdI=</latexit>



Radiative potential

10-4 0.01 1
Radius Ha.u.L

-1.0

-0.5

0.0

0.5

1.0
Large radial component

6s radial wave functions for H-like and neutral Cs

neutral

H-like

0.005 0.010 0.015
Radius Ha.u.L

0.05

0.10

0.15

0.20

0.25

0.30

Large radial component

6s radial wave functions for H-like and neutral Cs

neutral

H-like (rescaled)

1

137

1

55



Radiative potential

Ab initio derivation to 
first order in       ; cut-off 
imposed for electric part

Vrad(r) = VUeh(r) + Vmag(r) + V high
el (r) + V low

el (r)

   First order in      
vacuum polarization
— Uehling potential 

Approximation to 
long-range electric part. 
Semi-empirical

• Define radiative potential: h'|Vrad(r)|'i = �✏SE + �✏V P
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h'|Vrad|'i
⇢(rn)

=
h'|Vrad|'iH�like

⇢(rn)H�like
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• Introduce local radiative potential:

Z↵
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Note:

Flambaum, Ginges (2005)



Radiative potential

Vrad(r) = VUeh(r) + Vmag(r) + V high
el (r) + V low

el (r)

• Define radiative potential: h'|Vrad(r)|'i = �✏SE + �✏V P
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h'|Vrad|'i
⇢(rn)

=
h'|Vrad|'iH�like

⇢(rn)H�like
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• Introduce local radiative potential:

Note:

Flambaum, Ginges (2005)
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ATOMIC MANY-BODY EFFECTS AND LAMB SHIFTS IN . . . PHYSICAL REVIEW A 93, 052509 (2016)

TABLE II. Breakdown of contributions to the first-order valence self-energy shift, using the FGRP method, to the Cs 6s binding energy in
the core-Hartree approximation. Results for different nuclear approximations are given. The units are 10−5 a.u. The final screened finite-nucleus
result 8.608 × 10−5 a.u. corresponds to the value F (Zα) = 0.016 43, presented in Table III.

Density approximation δε(1)
mag δε

(1)
high δε

(1)
low δε(1)

point-nucleus 1.391 6.583 0.762 8.736
step-function 1.391 6.577 0.762 8.730
Fermi distribution 1.391 6.577 0.762 8.730
electron core −0.013 −0.043 −0.065 −0.121
finite nucleus, screened 1.378 6.534 0.697 8.608

part of the self-energy shift for the s waves is proportional
to ∇2V (r) and V (r) is the potential experienced by the
electron [25], the self-energy shift may be approximated by
the ratio δεSE = δεSE,H〈ϕ|∇2V (r)|ϕ〉/〈ϕH|∇2V (r)|ϕH〉 [24].
(See also Ref. [23] for a recent implementation of this
approach and for other references.) For states l > 0, the ra-
tio δεSE = δεSE,H〈ϕ|βα · ∇V (r)|ϕ〉/〈ϕH|βα · ∇V (r)|ϕH〉 has
been proposed [32], where β and α are Dirac matrices.

Using the ratio methods above, one may yield reasonable
estimates for the self-energy corrections for valence s orbitals
of atoms and ions. However, for estimating shifts for orbitals
with l > 0, this procedure may prove to be cumbersome or
inadequate, since core relaxation corrections determine the
size and the sign of the effect [8,30,33].

The goal, then, is to extract from Eq. (1) a local potential
that, when averaged over an orbital’s wave function, gives the
one-loop self-energy correction to the energy of the orbital.
This potential may then be added to many-body atomic
structure codes in a simple manner. One may expect, from
examination of Eq. (1), that as long as self-energy shifts for
hydrogenlike ions are reproduced with high accuracy by such a

potential, the accuracy for self-energy shifts for neutral atoms
should also be high.

It is worth noting that the local potential that was isolated
from the nonlocal model operator considered in the work of
Shabaev et al. [27] was fitted to the (tightly bound) 1s state
of hydrogenlike ions and then applied to the (loosely bound)
valence s levels in neutral atoms. This is likely the reason for
the deviations on the order of 10% from the results of exact
QED for calculations in frozen atomic potentials. Indeed, from
Table VI in their work [27], it can be seen that their local
potential produces shifts for the 5s level in hydrogenlike ions
that deviate from the exact self-energy shifts by about 30% for
the heavier ions considered in that table, 40 ! Z ! 92.

In the FGRP approach, the self-energy part of the radiative
potential contains a magnetic form factor term and an electric
form factor term, divided into high- and low-frequency
components

VSE(r) = Vmag(r) + Vhigh(r) + Vlow(r). (3)

For the point-nucleus case V
point

nuc = Z/r , the potentials have
the form [8]

V point
mag (r) = iα2

4π
γ · ∇

[(
Z

r

)(∫ ∞

1
dt

1

t2
√

t2 − 1
e−2tr/α − 1

)]
, (4)

V
point

high (r) = −Al(Z,r)
(

α

π

)(
Z

r

)∫ ∞

1
dt

1√
t2 − 1

[(
1 − 1

2t2

)
[ln(t2 − 1) + 4 ln(1/Zα + 1/2)] − 3

2
+ 1

t2

]
e−2tr/α, (5)

V
point

low (r) = −Bl(Z)Z4α3e−Zr , (6)

where γ = βα is an array of Dirac matrices. The coefficients
Al(Z,r) = Al(Z) r/(r + 0.07Z2α3) and Bl(Z) are fitting fac-
tors and in Ref. [8] they were found by fitting to the 5s,
5p1/2, and 5p3/2 self-energy shifts for hydrogenlike ions [34].
In that work, a single local potential was formed with
no dependence on the orbital angular momentum quantum
number l. In the current work, we introduce an l dependence
to the potential in order to control the shifts to d levels and
to improve the potential’s accuracy for use in many-body
calculations.

We keep the same fitting factors as those in Ref. [8] for
the s and p levels, and for d levels we introduce different
factors, optimized to fit 5d3/2 and 5d5/2 self-energy shifts in

hydrogenlike ions [27,34,35],

Al(Z) =
{

1.071 − 1.976x2 − 2.128x3 + 0.169x4, l = 0,1
0, l = 2,

Bl(Z) =
{

0.074 + 0.35Zα, l = 0,1
0.056 + 0.050Zα + 0.195Z2α2, l = 2,

(7)

where x = (Z − 80)α. For l > 2, we set Al(Z) and Bl(Z) to
zero. The magnetic term is exact to first order in Zα and no
fitting factors are introduced for it.

In Table I we present the self-energy shifts for hydrogenlike
ions obtained using the point-nucleus radiative potential
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• Fitting factors found by reproducing SE shifts in exact QED to H-like ions 



In frozen atomic potential (Kohn-Sham)

Self-energy shifts and comparison to exact 
QED

�✏SE =
↵

⇡

(Z↵)4

n3
F (Z↵)mc2

          Radiative      Radiative         Exact          Model 
              potential       potential +       QED         Operator
                                  screening                           

Cs   6s    0.0167       0.0164       0.0162      0.0163 
Fr    7s    0.0099       0.0098       0.0098      0.0099

F (Z↵)
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SE shifts for Cs.  Units: 10-5 a.u.  
  

6s1/2       8.13       8.43 
6p1/2       0.11     -0.38  
6p3/2          0.32     -0.09 
5d3/2      -0.06     -1.21 
5d5/2        0.07    - 1.12
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Radiative potential



What else?

• This is a snapshot of some of our methods

• Need to go further to:

-  take into account external fields

-  consider multi-valence electron atoms

• There are other high-precision methods out there



Summary

Lecture 3. Precision atomic theory 

• Many-body methods, relativistic Hartree-Fock, QED in many-electron atoms 


Next. Adventures at the intersection of atomic and nuclear physics

• Case study in the hyperfine structure


