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Ward Identity in QED and QCD

When a process contains one or more external photons, the amplitude is 
proportional to the external photon polarization, that can be factorized:

ℳ =ℳ𝜇𝜀
𝜇(𝑘)

The Ward identity tells us that by replacing the polarization vector with the
photon momentum, we get zero

ℳ𝜇𝑘
𝜇 = 0

This tells us that the amplitude for a longitudinally polarised photon is zero for
example.

In QCD, if we check the Ward identity for the process 𝑞ത𝑞 → 𝑔𝑔 we notice that it 
is violated.

Indeed one can check that there are unphysical polarizations for which the
amplitude does not cancel.



Optical Theorem violation, BRST 

symmetry and ghosts

This leads to a violation of the optical 

theorem when considering loop 

diagram 𝑞ത𝑞 → 𝑞ത𝑞

This happens due to an issue that 

arises when quantising non-abelian 

gauge theories.

This is solved by introducing additional

fields (ghosts) and the BRST 

symmetry.

(See QCD course for more details)



Running Coupling Constants and Beta 

Functions in QED

The Beta function is positive, so the coupling constant grows going towards larger energy scales, 

and hits a Landau Pole at very large energy



Running Coupling Constants and Beta 

Functions in QCD

The Beta function is negative, so the coupling constant grows going towards smaller 

energy scales, and hits a Landau Pole at Λ𝑄𝐶𝐷 ≈ 330𝑀𝑒𝑉



Confinement, Baryons, Mesons
As the strong coupling constant becomes very large at low energies, perturbative expansion fails.

However, one can get the order of magnitude of the important energy scale Λ𝑄𝐶𝐷 ≈ 330𝑀𝑒𝑉



Color Singlets

 Quarks confine to form color singlets

 Possible ways to form singlets:

 3⨂ത3 = 1⨁8

 3⨂3⨂3 = 1⨁8⨁8⨁10

 3⨂ത3⨂3⨂ത3 = 1⨁8⨁8⨁(8⨂8) =
1⨁8⨁8⨁1⨁8⨁8⨁10⨁10⨁27

 3⨂3⨂3⨂3⨂ത3 =
1⨁8⨁8⨁10⨁8⨁(8⨂8)⨁(8⨂8)⨁(10⨂8)



Symmetry Patterns for Baryons and 

Mesons
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Chiral Symmetry of massless QCD

 The 𝑆𝑈(3)𝐴 symmetry gets spontaneously broken by nonperturbative effects 

of QCD vacuum

 This means 8 broken generators, so one expects 8 massless goldstone bosons

 However quarks are not really massless, they have a small mass, (much) 

smaller than Λ𝑄𝐶𝐷

 This means the 𝑆𝑈(3)𝐴 symmetry is just an approximate symmetry, and as 

such we expect 8 nearly-massless (=very light) goldstone bosons

 These are indeed the mesons of the meson octet!



Chiral Symmetry of massless QCD:

The U(1) problem

 The 𝑈(1)𝐴 symmetry would gets spontaneously broken by nonperturbative 

effects of QCD vacuum as well

 This would mean that one would expect an additional light meson, that was 

found, but was not light!

 This originated the so called “𝑈(1)” problem

 The solution to the problem is the fact that the 𝑈(1)𝐴 symmetry is a 

symmetry of the classical lagrangian, but gets broken by quantum effects, 

and therefore is not a symmetry at all. 

 As such, the Goldstone theorem does not apply!


