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To	be	covered:	Solitons	in	quantum	gases	
•  Lecture	1:	Solitons	and	topological	solitons	

–  solitons	in	water:	the	KdV	equa;on,	iintegrability	
–  solitons	of	the	nonlinear	Schrodinger	equa;on	
–  solitons	of	the	sine	Gordon	equa;on	-	topological	solitons	
–  Bose	Josephson	vor;ces	in	linearly	coupled	BECs	

•  Lecture	2:	Semitopological	solitons	in	mul;ple	dimension	
–  Solitons	as	quasipar;cles:	effec;ve	mass	
–  solitons	in	the	strongly-interac;ng	Fermi	gas	
–  snaking	instability	
–  vortex	rings	
–  solitonic	vor;ces	

•  Lecture	3:	Quantum	solitons	and	Majorana	solitons	
–  solitons	in	strongly-correlated	1D	quantum	gas	
–  solitons	with	Majorana	quasipar;cles	in	fermionic	superfluids	



Solitons 

5 credit: Alex Kasman 
Tikhonenko et al. (1996) 
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Sengstock group (2008) 
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Topologial	solitons	

So	if	a	soliton	is	a	localised	wave,	then	what	is	a	
topological	soliton?		



Hagfish	makes	a	knot	

Credit:	Stefan	Siebert,	Sophia	Tintory,	Casey	Dunn			hRps://vimeo.com/7825337		



Topologial	solitons	

So	if	a	soliton	is	a	localised	wave,	then	what	is	a	
topological	soliton?		
	
Wikipedia:		
“A	topological	soliton	or	a	topological	defect	is	a	
solu;on	of	a	system	of	par;al	differen;al	equa;ons	or	
of	a	quantum	field	theory	homotopically	dis;nct	from	
the	vacuum	solu;on.”	
	
Homotopy:	a	con;nuous	deforma;on	



Solitons	appear	spontaneously	

e.g.	when	cooling	through	the	Bose-Einstein	condensa;on	phase	transi;on	

•  Nature	Physics	2013:	
ARTICLES

PUBLISHED ONLINE: 8 SEPTEMBER 2013 | DOI: 10.1038/NPHYS2734

Spontaneous creation of Kibble–Zurek solitons in
a Bose–Einstein condensate
Giacomo Lamporesi, Simone Donadello, Simone Serafini, Franco Dalfovo and Gabriele Ferrari*
When a system crosses a second-order phase transition on a finite timescale, spontaneous symmetry breaking can cause the
development of domains with independent order parameters, which then grow and approach each other creating boundary
defects. This is known as the Kibble–Zurek mechanism. Originally introduced in cosmology, it applies to both classical and
quantum phase transitions, in a wide variety of physical systems. Here we report on the spontaneous creation of solitons in
Bose–Einstein condensates through the Kibble–Zurek mechanism. We measure the power-law dependence of defect number
on the quench time, and show that lower atomic densities enhance defect formation. These results provide a promising test
bed for the determination of critical exponents in Bose–Einstein condensates.

The Kibble–Zurek mechanism (KZM) describes the
spontaneous formation of defects in systems that cross
a second-order phase transition at a finite rate1–5. The

mechanism was first proposed in the context of cosmology to
explain how, during the expansion of the early Universe, the rapid
cooling below a critical temperature induced a cosmological phase
transition resulting in the creation of domain structures. In fact,
the KZM is widespread in nature and applies to both classical
and quantum phase transitions6,7. Experimental evidence has been
observed in superfluid 3He (refs 8,9), in superconducting films10
and rings11–14 and in ion chains15–17. Bose–Einstein condensation in
trapped cold gases has been considered as an ideal platform for the
KZM (refs 18–22); the system is extremely clean and controllable
and particularly suitable for the investigation of interesting
effects arising from the spatial inhomogeneities induced by the
confinement. Quantized vortices produced in a pancake-shaped
condensate by a fast quench across the transition temperature have
already been observed23, but their limited statistics prevented a
test of the KZM scaling. The KZM has been studied across the
quantum superfluid to Mott insulator transition with atomic gases
trapped in optical lattices24,25. Here we report on the observation
of solitons resulting from phase defects of the order parameter,
spontaneously created in an elongated Bose–Einstein condensate
(BEC) of sodium atoms. We show that the number of solitons in
the final condensate grows according to a power law as a function
of the rate at which the transition is crossed, consistent with the
expectations of the KZM, and provide the first indication of the
KZM scaling with the sonic horizon. We support our observations
by comparing the estimated speed of the transition front in the gas
to the speed of the sonic causal horizon, showing that solitons are
produced in a regime of inhomogeneous KZM (refs 5,20,26). Our
measurements can open the way to the determination of the critical
exponents of the BEC transition in trapped gases, for which so far
little information is available27.

The KZM predicts the formation of independent condensates
when the system crosses the BEC transition at a sufficiently
fast rate. Further cooling and thermalization below the critical
temperature cause the independent condensates to grow. In axially
elongated trapping potentials, as in our experimentwhere the aspect
ratio is about 10, neighbouring condensates with different phases

INO-CNR BEC Center and Dipartimento di Fisica, Università di Trento, 38123 Povo, Italy. *e-mail: ferrari@science.unitn.it

will approach, forming planar non-topological solitonic defects18
(Fig. 1a (i–iii) for a pictorial view). We characterize this process
by counting the solitons as a function of the quench time and
the atom number at the transition by means of direct imaging
after a ballistic expansion of the sample (Fig. 1a (iv–v)). Figure 1b
shows a typical density distribution of a condensate with a negligible
thermal component after a long time-of-flight (TOF) integrated
along one radial direction. In Figure 1c, a clear density depletion
is visible and we interpret it as a soliton. More solitons are shown
in the other panels, including cases where the solitonic planes are
bent and/or collide as in Fig. 1f,g. We never observe structures
that could be identified as topological defects such as vortices and
vortex rings, which would be favoured in less elongated traps or
pancake-shaped condensates23. As opposed to artificially created
solitons through phase imprinting techniques28–30 or by exciting the
superfluid with laser pulses or through collisions31,32, our solitons
spontaneously form when the BEC is created by crossing the
transition temperature.

The identification of these defects as solitons is based on
several arguments: they are simultaneously observed as lines from
two orthogonal directions in the radial plane, demonstrating
their planar structure, mostly perpendicular to the weak axis of
confinement; sometimes they exhibit a bent shape as we expect
for snake oscillations33 of soliton planes; when two of these defects
overlap, they appear as solitons in a collision34, whose individual
structure is preserved except in the crossing region. Finally their size
after TOF is of the right order of magnitude. This can be deduced
by considering that the width of a soliton is of the order of the
healing length ⇠ = (8⇡an)�1/2, where a is the scattering length and
n is the spatial density. One can then assume that, during the initial
fast expansion of the gas in the radial direction, the healing length
increases by adiabatically following the density reduction, similarly
to what happens to the cores of quantized vortices in a disc-shaped
condensate subject to a rapid expansion in the axial direction35.
As a consequence, a long TOF allows for a better visibility and
counting resolution. The expansion times we chose for imaging
are indeed much longer than standard ones, thanks to an external
magnetic field gradient used for levitating the gas against gravity;
this is essential to reduce the optical density well below saturation
and for solitons to become large enough to be clearly detected.

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 1

Also:	proposal	to	observe	Josephson	
vor;ces	(topological	solitons)	by	
rapidly	cooling	a	double-ring	Bose-
Einstein	condensate.	

J

SW	Su,	SC	Gou,	AS	Bradley,	O	Fialko,	JB,	Phys.	Rev.	LeR.	110,	215302	(2013)	



From	linear	to	nonlinear	waves:	shallow	water	
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Nonlinear	waves:	wave	speed	depends	on	amplitude:	
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KdV:	an	integrable	soliton	equa;on	

1965:	Zabusky	and	Kruskal	discover		
	robust	collision	in	numerics,	
	invent	the	term	“soliton”	

	
1967:	Inverse	scaRering	transform	(Gardner,	Greene,	Kruskal,	Miura)	
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The	scaRering	problem	

L (x) = � (x) L = �@2
x

+ �with	
The	linear	Schrödinger	equa;on	

has	bound	state	solu;ons	
	
and	scaRering	states		

�i < 0

� � 0

“solitons”	

“radia;on”	

Long	term	fate	of	a	localised	ini;al	state	(finite	support)	
	
For					 	 	with		
	
•  Solitons	will	persist,	separate	
•  Radia;on	will	decay	to	zero	amplitude	

�(x, 0)

�(x, t) t ! 1

The	nature	of	the	scaRering	problem	does	not	change	as	;me	evolves,		
thus	solitons	are	eternal.	Moreover,	there	is	an	infinite	number	of		
constants	of	the	mo;on	–	the	problem	is	integrable.	



Examples	of	integrable	soliton	equa;ons	
•  Korteweg	–	de	Vries	equa=on:	
	
	

	real	wave	func;on,	bright	solitons	only	
	
•  Nonlinear	Schrödinger	equa=on:	
	
	

	complex	wave	func;on,	bright	and	dark	solitons 		
	
•  Sine	Gordon	equa=on:	
	
	

	rela;vis;c	covariant	wave	equa;on	(Lorentz	transforma;on);	
	real	wave	func;on,	topological	solitons	
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Theory:	Bose-Einstein	Condensate	(BEC)	

•  Bose	gas	in	an	external	poten;al	

Gross-Pitaevskii equation 

Interaction becomes a 
tunable parameter 

For BECs we may use the classical  
 or mean field (Hartree) approximation: 

s-wave scattering length 

Criterium of validity: 
      healing length                         particle distance 

length scale for solitons 

The GP equation is a nonlinear Schrödinger equation 

Is GP valid for soliton phenomena? 



cos(x) sin(x) 

g=0 g=0 

cn(x|k) 
sn(x|k) g<0 g>0 

sech(x) tanh(x) 

bright soliton 
dark soliton 

Solitons	as	sta;onary	solu;ons	of	the	
nonlinear	Schrödinger	equa;on	

For	a	tutorial-style	introduc;on	see	Reinhardt	1988	



Solitons	
in the nonlinear Schrödinger equation (NLS) 

bright 
soliton 

dark solitons 

Dispersion 

Nonlinearity 

From:	Kivshar	(1998)	
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Solitons	in	quantum	gases	

•  Bose-Einstein	condensate	in	quasi-1D	trap:	
Gross-Pitaevskii	equa;on	->	NLS	
–  Dark	solitons	with	repulsive	interac;ons	
–  Bright	solitons	with	aRrac;ve	interac;ons	

•  Superfluid	Fermi	gas	in	BEC	–	BCS	crossover	
–  BEC	regime	->	dark	solitons	as	above	(NLS)	in	quasi	1D	
–  BCS	regime	->	Bogoliubov-de	Gennes	equa;on	with	dark	
soliton	solu;ons	in	1D	

–  Unitary	regime,	3D,	strictly	1D	->	to	be	discussed	
•  Linearly	coupled	1D	BECs	->	coupled	1D	GPEs	

–  Not	integrable	but	features	both	NLS	and	sine	Gordon	
soli;ons	



Josephson	vor;ces	in	superconductor	

Long	Josephson	juc;on	



Solitons	of	the	sine	Gordon	equa;on	
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Classifica;on	of	solitons	

•  Non-topological	soliton:	
relies	on	the	balance	of	nonlinearity	and	dispersion		
	

•  Topological	soliton:	
owes	its	existence	to	a	mul;plicity	of	ground	states	that	
allow		topologically	non-trivial	field	configura;ons	

Topological	charge	for	sine-Gordon:	
	
	
Associated	conserved	current:	
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Two coupled Bose fields 

J
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 J is tunnel coupling 
 µ is the chemical potential 
 g>0 interaction between atoms 

� =
J

µ
Important parameter: 

Could be realised in double ring trap or two linear traps with narrow  
barrier (Schmiedmayer experiments). 



Field potential for coupled BECs 

Field potential for coupled BEC fields 
•  Relative phase and amplitude yield sine-Gordon equation – a 

relativistic field theory! 
•  Total phase and density yield nonlinear Schrödinger equation – 

with dark solitons and phonons. 
B Opanchuk, R Polkinghorne, O Fialko, JB, P Drummond, Ann Phys. (Berlin) (2013)  



Josephson vortex and dark soliton 
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The stationary solutions were found by Kaurov and Kuklov PRA (2005) 
Related:      JB,T Haigh, U Zuelicke PRA 2009 

L Wen, H Xiong, B Wu PRA 2010 



Josephson vortex vs dark soliton 

Dark soliton (unstable) 

Josephson vortex (stable) E
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coupling parameter � =
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Josephson vortex dispersion 
Josephson vortices can move 

They are quasiparticles with tunable effective mass 
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dark soliton 

Josephson vortex 

Sophie Shamailov and JB, arXiv:1709.00403 



Breathers and oscillons 
•  Breathers in the sine Gordon equation are not topological, but live forever 

Stationary large-amplitude breather 

•  In the coupled BECs, instead we find oscillons: breather-like excitations  
that live a long time SU, GOU, LIU, BRADLEY, FIALKO, AND BRAND PHYSICAL REVIEW A 91, 023631 (2015)
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FIG. 1. (Color online) Time evolution of the oscillon with imprinted SG breather parameters, u = 0.5 and ν = 0.01 [Eq. (9)]: (a) The
density profile of the two superposed atomic fields, |ψ1 + ψ2|2. (b) The spatial distribution of the relative phase, φ1 − φ2. (c) The spatial
distribution of the total phase, φ1 + φ2. (d) The density profile of the grand canonical GP energy E. (e) The measured frequency of the oscillon.
(f) The computed localized energy of the oscillon: blue circle indicates the energy EB obtained according to Eq. (12); black line indicates the
energy E obtained by integrating Eq. (1); red line indicates the energy HSG obtained by integrating Eq. (6).

and evolve this initial state in accordance with Eqs. (13)
and (14).

1. Weak coupling

We first consider the case of a weak-coupling energy
ν = 0.01, and u = 0.5 for the initially imprinted SG breather
profile. The created oscillon can be easily identified in the
pattern of superposition |ψ1 + ψ2|2 and in the time-varying
spatial distribution of the relative phase φ1 − φ2, as shown
in Fig. 1(b). Continuous emission of Bogoliubov sound
waves from the oscillon is revealed by the appearance of the
wavefronts in Figs. 1(a) and 1(c), which corresponds to the
up-chirping of the oscillon frequency as shown in Fig. 1(e).
To characterize the evolution of the oscillon, we measure the
frequency (period) of the relative phase oscillation shown in
Fig. 1(e). To verify the degree of deviation of the oscillon from
the SG breather, we compare the energy of the oscillon with
those calculated by integrating the GP energy functional (1)
and SG Hamiltonian (6) within the region of localization of
the oscillon, −7zw < z < 7zw. As shown in Fig. 1(f), the
energies EB of Eq. (12) obtained from the measured oscillon
frequency (blue circle), the GP energy E of Eq. (1) (black
line), and the SG Hamiltonian HSG of Eq. (6) (red line) agree
closely with each other, implying that the resulting oscillon
is almost identical to the SG breather. Furthermore, the red
line shows small-amplitude oscillation caused by the coupling
of the asymmetric degrees of freedom to the symmetric
ones and this suggests that the observed localized energy
oscillation is in the context of the oscillon. We also perform
the simulations for much smaller couplings, and the oscillation
of SG energy and the emission of the Bogoliubov sound are
suppressed which suggests that for sufficiently weak coupling

(ν ≪ 1) the coupled BECs support long-lived oscillon-type
excitations. Studies of both the φ4 and the perturbed SG
models have predicted the decay of the oscillon excitation via
phonon emission [26–28]. However, in the weakly coupled
BEC system we observe a slightly different decaying behavior
where the oscillon-type excitations in the asymmetric degrees
of freedom lose energy to the symmetric degrees of freedom by
emitting Bogoliubov phonons. Unlike the φ4 and SG model,
the decay which we observed could only occur in the coupled
BECs since the coupled BECs support different degrees of
freedom.

2. Strong coupling

In the strong-coupling regime, the relative phase dynamics
is beyond the SG description so the dynamical properties of
the oscillon are expected to be different from those of the
SG breather. To study the oscillon dynamics in the strong-
coupling regime, we follow the same simulation procedure in
the weakly coupled BECs by imprinting the SG breather onto
the ground state. We first consider a stronger coupling energy
of ν = 0.5 and an initially imprinted SG breather of u = 0.5.
The evolution is shown in Fig. 2, where the imprinted SG
breather is unstable and decays into two GP solitons instantly.
We see that the two GP grey solitons, which carry the majority
of the excitation energy, move towards the boundaries of the
coupled condensates. However, we find that the oscillon could
remain long lived by increasing u of the initially imprinted
SG breather. Now let us consider the same coupling energy
but with an otherwise different initial imprinted SG breather
of u = 10. The time evolution of this initial state is shown
in Fig. 3. In Fig. 3(a), the imprinted SG breather emits sound
waves initially to reduce its energy and then form the long-lived

023631-4

SU, GOU, LIU, BRADLEY, FIALKO, AND BRAND PHYSICAL REVIEW A 91, 023631 (2015)
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FIG. 1. (Color online) Time evolution of the oscillon with imprinted SG breather parameters, u = 0.5 and ν = 0.01 [Eq. (9)]: (a) The
density profile of the two superposed atomic fields, |ψ1 + ψ2|2. (b) The spatial distribution of the relative phase, φ1 − φ2. (c) The spatial
distribution of the total phase, φ1 + φ2. (d) The density profile of the grand canonical GP energy E. (e) The measured frequency of the oscillon.
(f) The computed localized energy of the oscillon: blue circle indicates the energy EB obtained according to Eq. (12); black line indicates the
energy E obtained by integrating Eq. (1); red line indicates the energy HSG obtained by integrating Eq. (6).

and evolve this initial state in accordance with Eqs. (13)
and (14).

1. Weak coupling

We first consider the case of a weak-coupling energy
ν = 0.01, and u = 0.5 for the initially imprinted SG breather
profile. The created oscillon can be easily identified in the
pattern of superposition |ψ1 + ψ2|2 and in the time-varying
spatial distribution of the relative phase φ1 − φ2, as shown
in Fig. 1(b). Continuous emission of Bogoliubov sound
waves from the oscillon is revealed by the appearance of the
wavefronts in Figs. 1(a) and 1(c), which corresponds to the
up-chirping of the oscillon frequency as shown in Fig. 1(e).
To characterize the evolution of the oscillon, we measure the
frequency (period) of the relative phase oscillation shown in
Fig. 1(e). To verify the degree of deviation of the oscillon from
the SG breather, we compare the energy of the oscillon with
those calculated by integrating the GP energy functional (1)
and SG Hamiltonian (6) within the region of localization of
the oscillon, −7zw < z < 7zw. As shown in Fig. 1(f), the
energies EB of Eq. (12) obtained from the measured oscillon
frequency (blue circle), the GP energy E of Eq. (1) (black
line), and the SG Hamiltonian HSG of Eq. (6) (red line) agree
closely with each other, implying that the resulting oscillon
is almost identical to the SG breather. Furthermore, the red
line shows small-amplitude oscillation caused by the coupling
of the asymmetric degrees of freedom to the symmetric
ones and this suggests that the observed localized energy
oscillation is in the context of the oscillon. We also perform
the simulations for much smaller couplings, and the oscillation
of SG energy and the emission of the Bogoliubov sound are
suppressed which suggests that for sufficiently weak coupling

(ν ≪ 1) the coupled BECs support long-lived oscillon-type
excitations. Studies of both the φ4 and the perturbed SG
models have predicted the decay of the oscillon excitation via
phonon emission [26–28]. However, in the weakly coupled
BEC system we observe a slightly different decaying behavior
where the oscillon-type excitations in the asymmetric degrees
of freedom lose energy to the symmetric degrees of freedom by
emitting Bogoliubov phonons. Unlike the φ4 and SG model,
the decay which we observed could only occur in the coupled
BECs since the coupled BECs support different degrees of
freedom.

2. Strong coupling

In the strong-coupling regime, the relative phase dynamics
is beyond the SG description so the dynamical properties of
the oscillon are expected to be different from those of the
SG breather. To study the oscillon dynamics in the strong-
coupling regime, we follow the same simulation procedure in
the weakly coupled BECs by imprinting the SG breather onto
the ground state. We first consider a stronger coupling energy
of ν = 0.5 and an initially imprinted SG breather of u = 0.5.
The evolution is shown in Fig. 2, where the imprinted SG
breather is unstable and decays into two GP solitons instantly.
We see that the two GP grey solitons, which carry the majority
of the excitation energy, move towards the boundaries of the
coupled condensates. However, we find that the oscillon could
remain long lived by increasing u of the initially imprinted
SG breather. Now let us consider the same coupling energy
but with an otherwise different initial imprinted SG breather
of u = 10. The time evolution of this initial state is shown
in Fig. 3. In Fig. 3(a), the imprinted SG breather emits sound
waves initially to reduce its energy and then form the long-lived

023631-4

S-W Su, S-C Gou, I-K Liu, AS Bradley, O Fialko, JB, PRA (2015) 

Small-amplitude breather 



Examples	of	integrable	soliton	equa;ons	
•  Korteweg	–	de	Vries	equa=on:	water	waves	
	
	
•  Focusing	nonlinear	Schrödinger	equa=on:	
	
	

	ARrac;ve	Bose-Einstein	condensates	in	quasi-1D	waveguide	
	Experiments	by	Hulet,	Salomon,	Cornish,	Kasevich	

•  Defocusing	nonlinear	Schrödinger	equa=on:	
		

	
	Repulsively	interac;ng	Bose-Einstein	condensates	
	Experiments	by	Sengstock,	Phillips,	Oberthaler	

•  Sine	Gordon	equa=on:	
	
	

	Realised	by	linearly	coupled	Bose-Einstein	condensates	(Schmiedmayer	
	experiments?)	

@
t

�+ @3
x

�+ 6�@
x

� = 0

@2
t

�� @2
x

�+ sin(�) = 0

i@
t

u = �@2
x

u� |u|2u

i@
t

u = �@2
x

u+ |u|2u


